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Chapter 1

Continuity and Games

1.1 Introduction to game theory

These unpublished notes are very rough and NOT proof-read or corrected. They were
originally intended to be part of the monograph “Separate and Joint Continuity” by Jiling
Cao and myself, published in Chapman & Hall/CRC Monographs and Research Notes in
Mathematics, 2024, but were ultimately determined to be surplus to requirements.

Although a combinatorial game was described back at the beginning of the 17*® century, the
notion of a positional game i.e., a two player game where the players alternate turns/moves
in order to achieve a predefined winning condition) with perfect information (i.e., the
players have available to them the same information concerning their next move, at the
time of making that move, as they would have at the end of the game) was not formally
introduced until the monograph of von Neumann and Morgenstern in 1944, [54]. In that
monograph the authors considered finite positional games and proved that each such game
can be reduced to a matrix game, and moreover, if the finite positional game is one with
perfect information, then the corresponding matrix game has a saddle point. For a proof of
this result and much more see, [54]. For more information on games also see [6,39,40,50,52].

However, infinite positional games with perfect information were discovered a little earlier.
In 1935, Stanislaw Mazur proposed a game related to the Baire category theorem, which
is described in Problem No. 43 of the Scottish book; its solution given by Stefan Banach
is dated August 4, 1935. This game, now known as the Banach-Mazur game, is the first
infinite positional game with perfect information. For more historical information on this
game see, [50].

In this chapter we shall, for the most part, restrict ourselves to games that are essentially
descendants of the Banach-Mazur game.

The first game that we shall consider is the Choquet game.

This game involves two players which we will call & and . The “field/court” that the
game is played on is a fixed topological space (X, 7). The name of the game is the Choquet
game and is denoted by, Ch(X).

After naming the game we need to describe how to “play” the Ch(X)-game. The player
labeled f starts the game every time (life is not always fair). For his/her first move the
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player 8 must select nonempty open subset B; of X. Next, a gets a turn. For a’s first
move he/she must select a nonempty open subset A; of B;. This ends the first round of
the game.

In the second round, [ goes first again and selects a nonempty open subset By C A;.
Player « then gets to respond by choosing a nonempty open subset As of By. This ends
the second round of the game.

In general, after a and 8 have played the first n-rounds of the Ch(X)-game, g will have
selected nonempty open subsets By, Bs, ..., B, and a will have selected nonempty open
subsets Ay, As, ..., A, such that

A, CB,CA,1CB,1C---CACB,CA CBy.

At the start of the (n + 1)-round of the game, 5 goes first (again!) and selects nonempty
open subset B, 1 of A,. As with the previous n-rounds, the player o gets to respond to
this move by selecting a nonempty open subset A, 1 of B,1.

Continuing this procedure indefinitely (i.e., continuing on forever) the players « and
produce an infinite sequence ((Ag, Bx) : k € N) called a play of the Ch(X)-game.

A partial play ((Ax, By) : 1 < k < n) of the Ch(X)-game consists of the first n-moves of a
play of the Ch(X)-game.

As with any game, we need to specify a rule to determine who wins (otherwise, it is a very
boring game). We shall declare that o wins a play ((Ak, By) ik € N) of the Ch(X)-game

if: (genAr = NienBr # 2.

If o does not win a play of the Ch(X)-game then we declare that 5 wins that play of the
Ch(X)-game. So every play is won by either v or 5 and no play is won by both players.

Continuing further into game theory we need to introduce the notion of a strategy.

By a strategy t for the player § we mean a ‘rule’ that specifies each move of the player g in
every possible situation. More precisely, a strategy t := (¢, : n € N) for 5 is an inductively
defined sequence of 7-valued functions. The domain of ¢; is the sequence of length zero,
denoted by (. That is, Dom(t;) = {0} and ¢t;(0) € (7 \ {@}). If t1,ts,...,tx have been
defined then the domain of #;; is:

{(Ay,...,Ap) €8 (A1,..., A1) € Dom(ty) and @ # A C (A, ..., Ap_1)}.
For each (A1, Ao, ..., Ax) € Dom(tgi1), trs1(A1, As, ..., Ay) := Biy1 € 7 is defined so that
& # Byy1 C Ay

A partial t-playis a finite sequence (A1, Ag, ..., A,) such that (A, As, ..., A,) € Dom(t,41).
A t-play is an infinite sequence (A, : n € N) such that for each n € N, (41, Ay, ..., A,) is
a partial t-play.

A strategy t := (t,, : n € N) for the player 3 is called a winning strategy if each play of the
form: ((An,tn(Al, A1) in e N) is won by S.

Similarly we can define a strategy for a. By a strategy s for the player o we mean a
‘rule’ that specifies each move of the player « in every possible situation. More precisely,
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a strategy s := (s, : n € N) for « is an inductively defined sequence of T-valued functions.
The domain of s; is {(B) : B € 7\{@}} and for each By € Dom(s;), s1(By) := Ay € T is
defined so that @ # A; C Bj.

If s1,89,...,s; have been defined then the domain of s;; is:
{(By,...,Byy1) € 7" (By, ..., By) € Dom(sg) and @ # Biyy C si(By,. .., Bi)}.

For each (By, B, ..., Bgi1) € Dom(sgi1), Sky1(Bi1, Ba,y ..., Bry1) = Agy1 € 7 is defined
so that @ # Agy1 C Briq.

A partial s-play is a finite sequence (By, Bs, . .., B,,) such that (B, Bs, ..., B,) € Dom(s,).
An s-play is an infinite sequence (B, : n € N) such that for each n € N, (By, By, ..., B,)
is a partial s-play.

A strategy s := (s, : n € N) for the player « is called a winning strategy if each play of the
form: ((sn(Bu,...,By,), B,) :n € N) is won by a.

Note that since it is not possible for any play of the C'h(X)-game to be won by both
players, it is not possible for both players to possess a winning strategy in the Ch(X)-

game. Hence, if for example, the player  has a winning strategy in the Ch(X)-game then
it is not possible for the player 5 to also have a winning strategy in the C'h(X)-game.

A space (X, 7) is called weakly a-favourable if o has a winning strategy in the Ch(X)-game.

Exercise 1.1.1. Show that the following classes of topological spaces are weakly a-favourable
in the Choquet game.

(i) Regular feebly compact spaces. Recall that a topological (X, T) is called feebly com-
pact if for every decreasing sequence (U, : n € N) of nonempty open subsets of X,
ﬂneNmT # @. It is known that all completely regular feebly compact spaces are
pseudo-compact i.e., every real-valued function defined on it is bounded, [12, p. 211].

(ii) All Cech-complete spaces (which includes all complete metric spaces), see [2,15].

Another important example, at least from the perspective of the study of separate and
joint continuity, is the following example of a weakly a-favourable topological space.

Example 1.1.2. Let I' be an uncountable set. For each countable subset C' of I and f € T'T
let

N(f.C):={g€T" : glc = flc}.
Recall from Ezercise 1.6.22 that {N(f,C): f € TV and C is a countable subset of T'} is a

base for a topology on T'V which we called the topology of coincidence on countable sets and
denoted Teguns- Then (TV, Teount) is a weakly a-favourable space.

Proof. We shall inductively define a winning strategy s := (s, : n € N) for the player a in
the Ch(X)-game.

Step 1. Suppose that B; is a nonempty open subset of (I'', Teount), i-e., we may think of
By as the first move of the player 3. Choose f(lBl) € B; and a countable subset C(lBl) of T

such that N(fl5,),Cp,y) € Bi. Then define s1(B1) := N(f(3,), C{s,))-

Now, let n € N and suppose that s;, f/ and C? have been defined for every partial s-play
(Bi,...,Bj) of length j with 1 < j < n so that:
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.....

(ii) C’(]‘B1 ..B,) 18 a countable subset of I such that N(f(jB1

----------

(111) Sj<Bl? ttt B]) = N(ngl ..... B])7 CgBl ..... B]))

Stepn+1. Let (By, ..., By,y1) be a partial s-play of length n+1. Then B,,; is a nonempty
open subset of sn(Bl, ..., B,) € B,. Choose f{g%_“BnH) € B,.1 and a countable subset
C?;{---,Bmt of I' such tha ( n+%---7 Brni1)? O&Z{---anﬂ)) C Bny1. Then define,
R n+1 n+1
Sn-i—l(Bl; ceey Bn—l—l) = N(f(B—t 77777 Bn+1)’ C(B+1 77777 Bn+1))‘

This completes the definition of s := (s, : n € N).

So it remains to show that s is a winning strategy for the player . To this end, let
(Bn : n € N) be an arbitrary s-play. Let f: I' = I' be defined by, f(7) = f(5, 5 (7)
if v € Upen C'(B1 Ba) and m is the smallest natural number such that v € C BroBon)- If
v & Unen Cls, . p,» then let f(y) := 70, where 7 is some fixed element of F. We claim
that f € ﬂneN ( IB1,.) OBy B )) = (\nen Brn- To substantiate this claim let us fix
_____ 8.y Clr,py)- To thisend, fix y € Cfy .

Let m := min{k € N: v € C )} Then 1 <m < n and vy € C’(B1 B Therefore,

----------

by the definition of the functlon f, f( ) = fiBy . B, )( ). On the other hand, since m <n

.....

.....

-----

.....

In particular, fip 5y € N(f(, 5.y Cls,

...............

B,,)) and so

F) = 18,8y V) = I(B1,..5) (V) asYECT 5y

..........

Since v € C(B B,) Was arbitrary, f € N(f( B’ C’” B, )) Furthermore, since n € N
was arbitrary, f € (),en N(f(nBl,...,Bn)? C(‘BLMB”)) ThlS completes the proof. ]

.....

Exercise 1.1.3. Let T' be an uncountable set and let G* := {0,1}F. Show that (G*, Teount)
s weakly a-favourable. Hint: Modify the proof of Example 1.1.2.

Exercise 1.1.4. Let I' be an uncountable set and let
Gr = {f €TV : f is a bijection and {y € T : f(y) #~} is at most countable}.

Show that (Gr, Teount) 18 a weakly a-favourable space. Hint: Modify the proof of Example
1.1.2.

Given that potentially, there are topological spaces (X, 7) where,
(i) the player 8 does not have a winning strategy and

(ii) the player « also fails to have a winning strategy,
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it makes sense to consider the following question.

“What topological spaces (X, 7) are characterised by the fact that the player 5 does not
have a winning strategy in the Ch(X)-game?”

The answer to this important question has many fathers, but before we get onto that,
let us first introduce some further notation that will expedite the proof of the following
theorem. Let (X, 7) be a topological space and let t := (t, € N) be a strategy for the
player § in the C'h(X)-game played on (X, 7). If p is a partial t-play of the Ch(X)-game,
then we define the length of p to be n if p := (Ay,... A,) for some n, or 0, if p = 0.
Furthermore, if p := (A;,..., A,) is a partial ¢-play and A, is a nonempty open subset
of t,11(A1,..., Ay,), then we write (p, A,41) for the partial t-play (A;,..., A, A1) of
length n + 1. Finally, if p := (A4;,... A,) is a partial ¢-play of length n, for some n € N
and 1 < m < n, then then we write p|,, for the partial t-play (A1, ..., A,,) of length m. If
m = 0, then pl|,, = 0.

Theorem 1.1.5 ([8,35,41,45,50]). A topological space (X, T) is a Baire space, (i.e., the
intersection of every countable family of dense open sets is dense), if, and only if, the
player B does not have a winning strategy in the Ch(X)-game.

Proof. We shall first show that if 5 does not possess a winning strategy in the Ch(X)-game
then (X, 7) is a Baire space. To do this, we shall prove the contrapositive statement. So
let us suppose that (X, 7) is not a Baire space. Then there exists a sequence (O,, : n € N)
of dense open subsets of X such that [, y O, is not dense in X. Therefore, there exists a
nonempty open subset W of X such that WM,y On = &. We shall now inductively define
a winning strategy t := (¢, : n € N) for the player 5. Let ¢1(0) := W. Now, if n € N and
(A; : 1 < j < n)isany partial t-play of length n then we define ¢,,11(Ay, ..., A,) = A,N0,,.

This defines a valid strategy t = (¢, : n € N) for 5. Furthermore, ¢ is clearly a winning
strategy for the player § as for any t-play (A, : n € N), (),cxn4n € WN(),enOn = 2.
This completes this direction of the proof.

Next, suppose that (X, 7) is a Baire space. Let ¢t := (¢, : n € N) be any strategy for the
player 8 in the Ch(X)-game. We need to show that there exists a t-play (4, : n € N)
where o wins, i.e., (,cyAn # @. For each n € N, let P, denote the set of all partial
t-plays of length n and for purely notional reasons, let us also set Ag := {0} - the reason
for this will become clear shortly. We shall inductively define a sequence (A, : n € N) of
subsets such that the following properties are fulfilled. For each n € N:

(an) A, C P, and t,41(p) Nt,e1(p') = @ for every distinct p,p’ € Ay;
(bn) U{tns1(p) : p € Ay} is dense in t1(0);
(¢,,) for each p e A, p|; € Aj forall 0 < j < n.

Step 1. Let Ay be a maximal subset of P; with the property that t3(p) Nta(p') = @ for
every distinct p,p’ € Ay and p|yg € A for every p € A;. By Zorn’s Lemma such a maximal
subset exists.



We claim that (J{t2(p) : p € A1} is dense in ¢;(0). Indeed, if (J{t2(p) : p € A1} is not
dense in ¢1(()), then there exists a nonempty open subset A of ¢(0) such that (J{t2(p) : p €
A1} N A = @. Note that (A) is a partial ¢-play of length 1. Let A* := Ay U {(A)}. Then
A* satisfies Property (a;) and Property (¢;). However, this contradicts the maximality of
Aq. Hence, | J{t2(p) : p € A1} must be dense in ¢, (0).

Let n € N, and suppose the subsets A, satisfying the Properties (ax), (bx) and (c¢x) have
been defined for each 1 < k£ < n.

Step n+1. Let A, 11 be a maximal subset of P, .1 with the property that ¢, o(p)Nt,ia(p’) =
@ for every distinct p,p’ € A4 and p|; € A; for every p € A4y and every 0 < j <n+ 1.
By Zorn’s Lemma such a maximal subset exists.

We claim that (J{t,+2(p) : p € Ays1} is dense in ¢1((). Indeed, if (J{tni2(p) : p € Ani1}
is not dense in t;(f)), then there exists a nonempty open subset A of ¢;(f)) such that
U{tns2(p) : p € Apsa} N A =@. Since, J{tnt1(p) : p € A, } is dense in ¢;(0) there exists a
p € A, such that A" :=t,,1(p)NA # &. Then (p, A’) is a partial ¢t-pay of length n+ 1. Let
A* =N, 1 U{(p,A)}. Then A* satisfies Property (a,+1) and Property (c,11). However,
this contradicts the maximality of A,,;. Hence, | J{t,12(p) : p € A1} must be dense in

t1(0).

This completes the induction. For each n € N, let W,, := J{t.s1(p) : p € A,}. By
Property (b,) we have that each set W), is a dense open subset of ¢;(()) and since (X, 7) is
a Baire space, (),onWn # 9. Let € (), oy Wn and let n € N. By Property (a,) there
exists a unique p,, € A, such that x € £, 11(pn).

We claim that if n < m then p,,|, = p,. To see this, first note that p,,|, € A,, by Property
(¢m), and secondly, that © € t,11(pm|n) N tni1(pn). Therefore, by Property (a,), it must
be the case that p,,|, = p,. Thus, p,, is a continuation of the partial ¢-play.

Let p := (A : n € N), where for each n € N, p,, := (A},..., A}). Clearly, x € [,y A as
T € typ1(pn) = thi1 (A7, ... AL) C A, forallneN.
So it remains to show that p is a t-play. To this end, let n € N. Then

AT C oty (AP AT (x)

Now, by above, for each 1 < j < n, p,11|; = p;. Therefore, for each 1 < j < n, A}”l = A;
Substituting this into Equation (x) we get that

Aﬁi% C tn-i—l(A%? te 7AZ)
This shows that p is a t-play where o wins. O

Since every weakly a-favourable topological space (X, 7) is S-unfavourable (i.e., the player
[ does not possess a winning strategy in the Ch(X)-game played on (X, 7)). It follows,
from Theorem 1.1.5, that all weakly a-favourable spaces are Baire spaces [though, one
can directly show this, without too much bother, without recourse to Theorem 1.1.5].
However, the validity of the converse statement is not clear, i.e., are all Baire spaces
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weakly a-favourable? Or, equivalently, in terms of games, are all S-unfavourable spaces
weakly a-favourable?

The answer to this question is no.

One way to see this, is to first show that if (X, 7) and (Y, 7') are both weakly a-favourable
then so is (X x Y, 7 x 7'), [8]. Here, 7 x 7" denotes the product topology on X x Y.

Since weakly a-favourable spaces are Baire spaces, the product X x Y will be a Baire
space. However, it is known that there exist Baire spaces (X, 7) and (Y,7’) such that
(X x Y, 7 x 1) is not a Baire space, [14]. These spaces are known as barely Baire spaces.

Hence, it follows that at least one of these spaces is a Baire space in which the player «
does not possess a winning strategy in the C'h(X)-game, or, in light of Theorem 1.1.5, a
space in which neither player, a nor 3, has a winning strategy. Such games, where neither
player has a winning strategy, are called undetermined games.

More simply, one can show that any Bernstein subset of R, with the relative topology,
is a Baire space that is not weakly a-favourable (i.e., neither player possesses a winning
strategy, or if you prefer, the Choquet game on a Bernstein set is an undetermined game).

Recall that a subset B of R is called a Bernstein set if neither B nor its complement
contains a perfect compact subset, [42, p.23]. In [42] the construction of a Bernstein set is
given.

So, in summary, there are topological spaces (X,7) in which neither player, « nor 3,
possesses a winning strategy in the C'h(X)-game played on (X, 7).

Exercise 1.1.6. Let (X, 7) be a weakly a-favourable topological space and let U be a
nonempty open subset of (X, 7). Show that U, equipped with the relative topology inherited
from (X, 1), is also weakly a-favourable.

Before we continue further into game theory, let us pause for a moment, to address the
anxiety that you may be feeling.

PRAENA

The phrasing of results in terms of “players”, “winners” and “strategies” etc. probably seems
very foreign to you, and you are most-likely deciding whether it is worth all the effort to
learn this exotic area of mathematics, when all you want, is to learn about “Separate and
Joint Continuity”.

Well, let us try to alleviate your fears. Firstly, all the phrasing in terms of “games”,
“winners” and “strategies” etc. are just window dressing. Lying underneath these terms
are basic notions from mathematics. In particular, everything concerning the Choquet
game can be simply rephrased in terms of trees and induction. So if one really wants to,
one can remove all the game terminology and replace it with more traditionally sounding
terminology.

However, below are a few passages that hopefully convince you to “stick” with the game
theory terminology.

The use of Banach-Mazur type games can often simplify the presentation of certain in-
ductive arguments. One can design a game that exactly suits/fits the particular inductive
argument under consideration. That is, the game can be tailor made to fit the situation.
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The proof then divides into two parts. In one part we use the tailor made game to expedite
the proof of the inductive argument. Strategies offering an effect way of recording the in-
ductive hypotheses. The other part of the proof is then to determine those space/situations
where the game conditions are satisfied. This dividing the proof into two parts is an im-
portant feature of the game approach - watch out for this in the future.

Another feature of the game formalism is the possibility of considering spaces where neither
player possesses a winning strategy (see Theorem 1.1.5). Initially perhaps, it is not at all
clear, how one might use the assumption: “I do not possess a winning strategy.” However,
the way in which one usually exploits the hypothesis/condition that 5 does not possess a
winning strategy is the following:

One uses a proof by contradiction. That is, assume that the conclusion of the statement
(that one wants to prove) is false. Then use this additional information to construct a
strategy t for the player 5. The fact that ¢ is not a winning strategy for the player § then
yields the ezistence of a play ((An, B,):n¢€ N) where o wins. This play ((An, B,):né€ N)
is then used to obtain the required contradiction.

Games are used in many places within analysis. Some of these are listed below. The study
of the Namioka property; the study of weak Asplund spaces and Gateaux differentiability
spaces; in the theory of selections (of set-valued mappings); in optimization of contin-
uous and lower semi-continuous functions; in active boundaries of set-valued mappings
(involves a game defined on filter bases); the study of closed graph theorems; the study
of fragmentability and o-fragmentability; in Baire category arguments; in differentiability
theory; in the study semitopological groups/topological groups; Plus many other places.

1.2 Namioka spaces defined by games

For this section of the Chapter we will require the ensuing generalisation the the Stone-
Weierstrass Theorem (see Theorem 1.6.18).

Corollary 1.2.1. Let (Y,7') be a compact topological space and let L be a sub-lattice of
CY). If f e " C RY and dist(f,C(Y)) < € then there exists an | € L such that
| f —l]]oc < 2¢. Here, ™) denote the closure of L in (RY,7,(Y)).

Proof. Choose g € C(Y') such that r := || f—g||l < &. Then for each pair of points z,y € Y,
there exists an l(, ) € L such that |f(x) =l (2)| < (e —7r) and |f(y) =L@y (y)] < (e—7).
Hence,

19(2) =l (@)| < lg() = @)+ 1f(2) =l (@) <r+(e—r)=¢

and
19(9) = lwwy W) < 19(y) = FWI + (W) = lay )] <7+ (e=7) =2
Therefore, by Theorem 1.6.18, there exists an [ € L such that ||g — {||oc < €. Thus,

1f = Uloo <N = glloo + lg = Uloo < & +& = 2e.

This completes the proof. O



Before we can state our most general theorem on Namioka spaces we will need to first
recall the definition of a much studied class of topological spaces. Our formulation of this
definition depends upon the notion of an “usco” mapping; which is what we present next.

Let (X,7) and (Y,7’) be topological spaces. We shall say that a set-valued mapping
®: X — 2Y is an usco on X if:

(i) ®(x) is a nonempty compact subset of (Y, 7’), for each z € X and
(ii) for each open subset W of (Y,7'), {x € X : ®(x) C W} is an open subset of (X, 7).

Building on this definition, we will say that a topological space (X,7) is K-countably
determined if (1) (X, 7) is completely regular and (ii) there exists a separable metric space
(S,d) and an usco mapping ® : S — 2% such that X = ®(S). This is, X is the usco image
a separable metric space.

It is easy to see that all separable metric spaces and all compact Hausdorff spaces are
IC-countably determined. On the other hand, it is reasonably straightforward to show that
all K-countably determined topological spaces satisfy the Lindelof property.

Proposition 1.2.2. Let (Y, 7") be a compact Hausdorff space and let f : X — C,(Y) be
a continuous function acting from a Baire space (X, 7). Suppose that 0 < € is given. If

for each nonempty open subset U of X there exists a nonempty open subset V of U and a
IC-countably determined subset A of C,(Y') such that f(V) C A+ eBeyy then

O. =U{Wer:| | —dam[f(W)] <8}
is dense in (X, ).

Proof. Suppose, in order to obtain a contradiction, that O, is not dense in (X, 7). Then
there exists a nonempty open subset U of X such that U N O, = &. Note that without
loss of generality we may assume that f(U) is norm bounded in C(Y'). Indeed, if for each
neN, U, ={recU: f(r) € nBew)}, then {U, : n € N} is a closed cover of U. Since U
is of the second Baire category there must exist a ko € N such that int(Uy,) N U # @. If
U':=1int(Ug,) NU then @ # U’ C U, f(U’) is norm bounded and U' N O, = @.

By the hypothesis there exists a nonempty open subset V' of U and a K-countably deter-
mined subset A of C,(Y) such that f(V) C A+ eBcy). Furthermore, by the definition of
a IC-countably determined set there exists a separable metric space (5, d) and a 7,(Y")-usco
®: S — 20 such that A = ®(S). Let (W, : n € N) be a countable base for the topology
on (S,d). For each n € N; let

p(Y)

Cy = d(W,) +eB

where, B := {h € RY : |h(y)| < 1 for all y € Y} and the closure is taken in (RY, 7,(Y)).

We shall inductively define a (necessarily non-winning) strategy ¢ := (¢, : n € N) for the
player 5 in the Choquet-game played on (X, 7).

Base Step. Set Ay := U, choose [(0) € f(Ao) and let L(D) denote the finite lattice (in
C(Y)) generated by [(0). (In this case L(0) = {l(#)}.) Since UN O, = @, it follows
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that f(U) € L(0) + (4¢)Bc(y). Therefore, there exists a point # € Ay such that f(x) ¢
[L(0)+(4¢) Bey)y). Now, because: (i) L(0)+(4e) Bo(yy is a closed set; (ii) the 7,(Y')-topology
is regular and (iii) the function f is 7,(Y)-continuous, there exists an open neighbourhood
V of z, contained in Ag, such that

N [L(0) + (4€)Bc(y)] = J.

Now, by possibly making V' smaller, we may assume that either, f (V)TP(Y)

f(V)Tp(Y) NC; = @. We then define, t;(0) := V.
Now, suppose that the points [(Aj,..., A;_1), the finite sub-lattices L(Ay,...,Aj_1) of

LAiZ1) o
C(Y) and the strategies ¢; have been defined for each partial ¢t-play (Ay,...,A;_1) of
length (j — 1) with 1 < j <n so that:

C (1, or else,

(Y)
(A]) f(tj(Al, ce ,Aj,l)) N [L(Al, c. ,Aj,1> + (48)3] = @, where L(Al, . ,Aj,l)
denotes the finite sub-lattice of C(Y') generated by {l1(0),1(A1),...,l(A1,..., A;_1)}.

(Y

(Y

(B]) either, f(tj(Al, .« 7Aj—1)) ) - Cj, or else, f(tj(Al, NP ;Aj—l)) ) N Cj = (.

Step n+ 1. Let (Ay,..., A,) be a partial t-play of length n. Then
) # ATL g tn(A17 s 7An71) g An,1 g U.

Choose, I(Ay,...,A,) € f(A,) and let L(A4, ..., A,) denote the finite sub-lattice of C(Y')
generated by {I(0),1(Ay),...,l(A1,..., A,)}. Note that L(Ay,..., A1) C L(Ay, ..., Ay).

Since A, N O, = @ we have, by Lemma 1.6.21, that f(A,) € [L(A1, ..., Ay) + (4e) Bow))-
Therefore, there exists a point « € A, such that f(z) & [L(A1,..., An)+ (4¢)Bey)]. Now,
because: (i) L(A4,...,A,) + (4e)Be(yy is a closed set (it is a finite union of closed balls);
(ii) the 7,(Y)-topology is regular and (iii) the function f is 7,(Y")-continuous, there exists
an open neighbourhood V' of z, contained in A,,, such that

FO" Y ALL(AL .., AY) + (46) Bow) = 2.

(Y
Now, by possibly making V' smaller, we may assume that either, f(V) »() C Cyuya, or

i

else, f(V)" ) N Cpy1 = @. We then define, t,,11(A;,...,A,) := V. This completes the
definition of ¢ := (¢, : n € N).

Since (X, 7) is a Baire space we have, via Theorem 1.1.5, that ¢ is not a winning strategy
for the player §. Hence there exists a t-play (A4, : n € N) where a wins, i.e., [ _; A, # &
Let g € f(No2;An) € f(U) € A+ eBewyy = O(S) + eBeyy. Therefore, there exists a
point s € S such that g € ®(s) + eBey) C (s) +B.

Let (W, : k € N) be a local base for the d-topology at s € S. Fix k € N. Since,

) P(Y)

g € P(s)+eB C (W, +eB=0C,,

it follows from (By,) that f{n (A1 A 1)) ") C Cp.
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Let I, € RY be a 7,(Y)-cluster-point of (I(Ai,..., A, 1) : k € N). Note that such a
cluster-point exists since the sequence (I(Ay,..., A, 1) : k € N) is pointwise bounded (in
fact, uniformly bounded) in RY. Furthermore,

»(Y)
as [(Ay, ..., Ap_1) € f(tn, (A1, ..., Ay 1)) Vk €N

loo S mzozlf(tnk (A17 s 7Ank*1))l
g ﬂ;ozl(]nk
= Miza[®W,) " " +eB]

= ®(s)+eB since, ¢ is an usco.

(Y)

Thus, dist(ls, C(Y)) < e < 2e. Now, since L(Ay,..., A1) C L(Ay,...,A,) foralln € N,
UoZ, L(Ay, ..., A,) is a sub-lattice of C'(Y). Therefore, by Corollary 1.2.1, there exists an

le U, L(Ay, ..., A,) such that ||l — l]jeo < 4e since, I € U~ L(A4, . .. ’An):p(Y).
On the other hand, since

00 (YY) S) p(Y)
lOO € ﬂk:lf(tnk (Ah cee 7Ank—1)) = ﬂk:lf(tk(Ah s 7A/€—1))

we have, by Property (Ag), that I & L(Ay, ..., Ax—1) + (4¢) B, for each k € N. However,
this contradicts the fact that [ € L(Ay,..., Ax_1) for some k € N. Thus, it must be the
case that O, is dense in (X, 7). O

Theorem 1.2.3. Let (Y,7') be a compact Hausdorff space and let f : X — C,(Y) be a
continuous function acting from a Baire space (X, 7). If, for each 0 < £ and nonempty open
subset U of X, there exists a nonempty open subset V' of U and a K-countably determined
subset A of Cp(Y') such that f(V) C A+ eBcyy, then f is norm continuous at the points
of a dense and G5 subset of (X, 7).

Proof. Fix 0 < ¢ and consider the set
O. =U{Wer:| |oe—diam[f(W)] <e}.

Clearly, O. is open, as it is a union of open sets and, by Proposition 1.2.2 it follows that
O. is also dense in (X, 7). Therefore, (1), .y Oz is a dense and G5 subset of (X, 7). So to
complete the proof it only remains to observe that f is norm continuous at each point of

ﬂnEN O% [

Corollary 1.2.4. Let (Y,7') be a compact Hausdorff space and let f : X — C,(Y) be a
continuous function acting from a Baire space (X, 7). If C,(Y) is K-countably determined
then f is norm continuous at the points of a dense and Gs subset of (X, 7).

Proof. This follows directly from Theorem 1.2.3. [

A compact Hausdorff space (Y, 7’) for which C,(Y") is C-countably determined is called a
Gul’ko compact. These spaces were first considered in [18,48] and then later in [53]. Since
these spaces were first introduced they have been extensively studied, particularly in regard
to renorming theory. Indeed, if G denotes that class of all Gul’ko compacta then it is known

11



that G is stable under taking: continuous images; closed subspaces; countable products
and finite unions, [48]. Furthermore, it is known that all Gul’ko compacta are Corson
compact, [18] and that all Gul’ko compacta are fragmentable by a complete metric, [43].
It is also know that if (Y, 7') € G then (Bg(y)-, weak™) € G, see [46]. For more information
on G see [13, Chapter 7).

In order to say something more about the implications K-countably determined sets have
concerning norm continuity of pointwise continuous mappings, we need to explore further
some of their basic properties.

Exercise 1.2.5. This exercise concerns the basic properties of usco mappings.

(a) Let (X1,7), (Xo,m), (Y1,7]) and (Ya,75) be topological spaces. Show that if ®q :
X, — 21 and @4 : Xy — 22 are usco mappings then the mapping ® : X; x Xy —
2Y1XY2 defined by,

D(z1,19) := Py(11) X Po(x2) for all (x1,19) € X1 X Xo
18 an usco on X1 X Xo.

(b) Let (X;,7:), 1 € Nand (Y;, 1), 1 € N be topological spaces. Show that if for eachi € N
the mapping ®; : X; — 21 is an usco mapping then the mapping ® : [ . Xi —
oLienYi defined by,

iEN
O(z1, 22, ..., Ty, .. .) = [Len@il@s)  for all (z1,20,...,2,,...) € [Liey Xi

is an usco on [ [,y Xi.

(c) Let ® : X — 2Y be an usco mapping acting from a topological space (X, T) into
subsets of a topological space (Y, 7') and let f 1Y — Z be a continuous mapping from
Y into a topological space (Z,7"). Then the mapping (f o ®) : X — 2% defined by,

(fod®)(z) ={fly) € Z :yeP(x)} alreX
18 an usco on X.

Exercise 1.2.6. We can now use FExercise 1.2.5 to deduce some facts concerning K-
countably determined spaces.

(a) Show that if (X, 7) and (Y,7") are K countably determined topological spaces then so
is (X x Y, 7 x 71'). Hint: use Ezxercise 1.2.5 part (a).

(b) Show that if (X;,7;), i € N are K-countably determined topological spaces then so is
[Licn Xi, endowed with the product topology. Hint: use Evercise 1.2.5 part (b).

(¢) Show that if (X, 7) is a K-countably determined topological space and f : (X,7) —
(Y, 7') is a continuous function into a completely reqular space (Y,7') then f(X),
with the relative topology, is a K-countably determined space. Hint: use Exercise
1.2.5 part (c).
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(d) Let (X,7) be a completely reqular topological space. If (X; : i € N) are K- countably
determined subspaces of X then so is |J;cy Xi. Hint: note that (i) N x [[..n X
endowed with the product topology, is a K-countably determined space; (ii) if f
N X [[;en Xi = X defined by, f(m, (2;)72,) := @y, for all (m, (2;)72,) € N X [[;cy Xi
then f is a continuous function; (m) JINX [Len Xi) = Ujen Xi-

We can now establish a very useful fact concerning K-countably determined subspaces of
C(Y)-spaces, in the case when (Y, 7') is a compact Hausdorff space.

Proposition 1.2.7. Let (K,7') be a compact Hausdorff topological space and let A be a
IC-countably determined subspace of C,(Y). Then L(A) - the smallest sub-lattice in C(Y),
containing A, is also a IKC-countable determined topological space.

Proof. Let us start by recalling that the functions M : C,(Y) x C,(Y) — C,(Y) and
m : Cp(Y) x Cp(Y) = C,p(Y) defined by, M(f,g) := fV g and m(f,g) := f A g for all
(f,9) € C(Y) x C(Y), are continuous, see Exercise 1.6.17.

Let L be an arbitrary sub-lattice of C(Y') containing the set A. We will inductively define
an increasing sequence (A, : n € N) of C-countably determined subspaces of C,(Y).

Base Step. Let Ag := A.
Next, suppose that Ay, Ay, ..., A, have been defined so that:

(i
(ii

) A
) A

(ili) each A;, with 0 < j <, is K-countably determined;
V)

(i

Step n + 1. If n is even then define A, = M(A, x A,). If n is odd then define
Anp1 = m(A, x A,). By Exercise 1.2.6 parts (a) and (c¢) we have, in both cases, that
A, 11 is K-countably determined. Furthermore, since M(f, f) = f and m(f, f) = f for all
f € C(Y) we have that A, C A,+1. Finally, A,.; C L since A,, C L, by assumption, and
L is a sub-lattice.

g1 =M(A; x A;)if 0 < j <nand jis even;

1 =m(A; x A;)if 0 <j <nand jis odd;

A CAjy CLforall0<j<n.

This completes the induction. Let Ay := [J,,cyy An- It follows from Properties (i), (ii) and
(iv) that A is a sub-lattice of L. Since L was an arbitrary sub-lattice containing the set
A we must have that A is the smallest sub-lattice in C'(Y'), containing A. To see that A
is IC-countably determined we just appeal to Property (iii) and Exercise 1.2.6 part (d). O

Corollary 1.2.8. Let (Y,7') be a compact Hausdorff space and let f : X — C,(Y) be a
continuous function acting from a Baire space (X, 7). If (X,7) has a dense K-countably

determined subset then f is norm continuous at the points of a dense and Gs subset of
(X, 7).

Proof. Let K be a dense, K-countably determined subspace of (X, 7). Then, by Exercise
1.2.6 part (c) f(K) is a K-countably determined subspace of C,(Y"). Therefore, by Propo-
sition 1.2.7, L(f(K)) - the smallest sub-lattice in C(Y") that contains f(K), is K-countably
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determined. Furthermore,

f(X)=f(K) C f(K) " Since [ is 7,(Y)-continuous
(

C L(f(K)) ) L(f(K))”'HOO by, Exercise 1.6.19.

Thus, for each 0 < ¢, f(X) C L(f(K)) 4+ €Bcy). The result now directly follows from
Theorem 1.2.3. [
By appealing to game theory we can improve upon Corollary 1.2.8.

Let P be a nonempty collection of subsets of a topological space (X, 7). We shall use this
collection of sets to generalise the Choquet game played on (X, 7). As before the game
involves two players which we will call a and 5. The game is played on the topological
space (X, 7) and is called the Gp-game played on (X, 7).

As with the Choquet game we need to describe how to “play” the Gp-game. The player
labeled f starts the game. For his/her first move the player 5 must select nonempty open
subset By of X. Next, «a selects a pair (A;, K7) consisting of a nonempty open subset A;
of By and a set K, € P.

In the second round, [ goes first again and selects a nonempty open subset By C Aj;.
Player a then gets to respond by choosing a pair (As, K3) consisting of a nonempty open
subset As of By and a subset K, € P.

In general, after o and (8 have played the first n-rounds of the Gp-game, g will have selected
nonempty open subsets By, Bs, ..., B, and a will have selected pairs

(Ala K1)7 <A27 KQ): R (Ana Kn)
consisting of nonempty open sets A; of B; and subsets K; € P such that
A, CB,CA,1CB, 1 C---CACBCA CB.

At the start of the (n+1)-round of the game, § goes first and selects nonempty open subset
By1 of A,. Then player « gets to respond to this move by selecting a pair (A, .1, Kyi1)
consisting of a nonempty open subset A, 1 of B, and K, ;1 € P.

Continuing this procedure indefinitely (i.e., continuing on forever) the players « and
produce an infinite sequence (((Ak, Ky),By) : k € N) called a play of the Gp-game.

A partial play (((Ag, Ki), By) : 1 < k < n) of the Gp-game consists of the first n-moves of
a play of the Gp-game.

We shall declare that o wins a play (((Ax, Ki), Bx) : k € N) of the Gp-game if:

(mnENA”) N UneNKn 7é J.

If o does not win a play of the Gp-game then we declare that § wins that play of the
Gp-game. As with the Choquet game we need to define the notion of a strategy.

By a strategy t for the player § we mean a ‘rule’ that specifies each move of the player g in
every possible situation. More precisely, a strategy t := (¢, : n € N) for (3 is an inductively

14



defined sequence of 7-valued functions. The domain of ¢ is the sequence of length zero,
denoted by (. That is, Dom(t;) = {0} and ¢ (0) € (7 \ {@}). If t1,ts,...,tx have been
defined then the domain of t;; is:

{((A, K)o (A, K)) € (1< PYF 2 (AL Ky, -+ (Ag1, K1) € Dom(t) and
@+ A Cte(Ar, ..., Ay}

For each ((Al, Kl), ceey (Ak, Kk)) € Dom(tk+1), tk+1((A1, Kl), ey (Ak, Kk)) = Bk:-i—l S
is defined so that @ # By, C Ag.

A partial t-play is a finite sequence ((Ay, K1), .., (Ay, K,,)) such that
(A1, Ky), ..., (An, Ky)) € Dom(t,41).

A t-play is an infinite sequence ((4,, K,) : n € N) such that ((Ay, K3),...,(4,, K,)) is a
partial ¢t-play for each n € N, .

A strategy t := (t, : n € N) for the player 3 is called a winning strategy if each play of the
form: (((An, Kn), tn((A1, K1), ..., (Ay_1, Kno1))) s n € N) is won by 8.

Similarly we can define a strategy for a. By a strategy s for the player a we mean a
‘rule’ that specifies each move of the player « in every possible situation. More precisely,
a strategy s := (s, : n € N) for « is an inductively defined sequence of 7 x P-valued
functions. The domain of s; is {(B) : B € 7\{@}} and for each B; € Dom(s), s1(By) :=
(A1, K1) € 7 X P is defined so that @ # A; C By.

If s1,89,...,s; have been defined then the domain of s;; is:

{(By,...,By1) € ™" (By, ..., By) € Dom(sg) and @ # Biyy C A
where (Ak, Kk) = Sk<Bl7 cey Bk>}

For each (B, By, ..., Byy1) € Dom(sgy1), Sp1(B1, Ba, - -+ Bry1) i= (Apgr, K1) €7 X P
is defined so that @ # Ax1 C Bgis.

A partial s-play is a finite sequence (By, Bs, ..., B,,) such that (By, B, ..., B,) € Dom(s,).
An s-play is an infinite sequence (B, : n € N) such that for each n € N, (By, By, ..., B,)
is a partial s-play.

A strategy s := (s, : n € N) for the player « is called a winning strategy if each play of the
form: ((sn(Bu,...,By), B,) :n € N) is won by a.

The following result, while not surprising, serves to demonstrate the structure of game
theoretic proofs.

Proposition 1.2.9. Let P be a nonempty collection of subsets of a (X, T) be a topological
space. If (X, 1) is B unfavourable in the Gp-game played on (X, 1) (i.e., the player ( does
not possess a winning strategy in the Gp-game), then (X, 7) is a Baire space.

Proof. We shall consider the converse statement. To that end, let us suppose that (X, 7)
is not a Baire space. Then, by Theorem 1.1.5, the player g has a winning strategy t :=
(t, : n € N) in the Ch(X)-game, i.e., ),y An = @ for every t-play (A, : n € N). We shall
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use the strategy t to inductively construct a winning strategy t' := (¢, : n € N) for the
player (3 in the Gp-game played on (X, 7). This will then show that (X, 7) is § favourable
in the Gp-game (i.e., not 8 unfavourable).

Step 1. Let ¢} (0) := t1(0).
Now, let n € N and suppose that t;» have been defined for every partial ¢-play
(A1, K1), - (A1, KGoa)
of length (j — 1) with 1 < j <n so that: (A4;,...,A;_1) is a partial ¢-play and
(A K, (Ao, KGo) == t( Ay, A,
Step n+ 1. Let ((A1, K1),..., (A, K,)) be a partial #-play of length n. Then,
A, Ctl (A, K)o (A1, K1) = th(Ar, .0, Anr) € Ay

Since, by assuption (Aj, ..., A,_1) is a partial ¢-play and A,, C t,(Ay,..., A1) we have
that (Aq,..., A,) is a partial t-play of length n. In particular, ¢,,,1(A;, ..., A,) is defined.
Let t, ((A1, K41),...,(An, Ky)) = taa(Ar,..., Ay). This completes the definition of
t':=(t :neN).

We now show that ¢’ is indeed a winning strategy for the player S in the Gp-game. To
this end, let ((A4,, K,) : n € N) be an arbitrary t’-play. By construction (A, : n € N) is a
t-play and so (), oy An = @. Thus, in particular, ((,cy An) N U,eny K = @. This shows
that ¢’ is a winning strategy for the player § in the Gp-game played on (X, 7). ]
Theorem 1.2.10 ([44]). Let (Y,7') be a compact Hausdorff space and let f: X — C,(Y)
be a continuous function acting from a topological space (X, ). If (X, T) is f-unfavourable
in the G.q-game played on (X, T), then f is norm continuous at the points of a dense and

Gs subset of (X, T).
Proof. We shall suppose, in order to obtain a contradiction, that
C(f):={x € X : f is norm continuous at x}

is not residual in (X, 7). Then, by Theorem 1.2.3, there must exist an 0 < ¢ and a
nonempty open subset U of X such that, for every nonempty open subset V of U and
every C-countably determined subset A of C,(Y), there exists a point x € V, such that
f(;l') ¢ A + EBC(Y).

We will use this assumption to create a (necessarily non-winning) strategy ¢ := (¢, : n € N)
for the player § in the G.4-game played on (X, 7).

Base Step. Set Ay := U, Ko := {t} for some t € Ay and let L(()) denote the lattice
generated by f(Kj). (In this case L(0) := {f(¢)}.) By assumption f(Ao) € L(0)+eBe(y).
Therefore, there exists a point x € Ay such that f(z) ¢ L(0) + eBcy). Now, because

L(0) 4+ eBeyy is 1p(Y')-closed there exists an open neighbourhood V' of z, contained in Ay,
such that f(V) N [L(0) + eBevy] = @. Then we define t;(0) := V.

Now, suppose that the strategies ¢; have been defined for each partial ¢-play
(A, K1),y (Ajor, KGa)
of length (j — 1) with 1 < j < n so that:
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(A;) t;((A1, Ky),...,(Aj-1, K;_1)) is a nonempty open subset of A;_;;

(Bj) f<tj((Alv Kl)ﬂ RE) (Aj—lﬁ Kj—l))) N [L<(Alv Kl)ﬂ SRRE) (Aj—lﬁ Kj—l)) + (5/2)BC(Y)] =4,
where L((A1, K1), ..., (Aj_1,K,_1)) denotes the lattice generated by,

f(Ko) U f(K1) U~ U f(Kj1).

Step n+ 1. Let ((A1, K1), .., (A, K,,)) be a partial t-play of length n. Then
1%} 7& An g tn((Ala Kl)a SR (Anfla anl)) g U

and K, is a K-countably determined subset of (X, 7). Let L((Ay, K1), ..., (A,, K,)) denote
the lattice generated by, f(Ko) U f(K1)---U f(K,). By Exercise 1.2.6 part (a), part (c)
and Proposition 1.2.7 we see that L((A1, K1),...,(A,, K,)) is K-countably determined.
Hence, by assumption, f(A,) € [L((A1, K4),..., (A, Ky)) + €Bewyy]. Therefore, there
exists a point z € A, such that f(z) & [L((A1,K1),..., (A, Ky)) + €Beyy). Thus, by

Lemma ??, f(z) & [L((An, K1),y (Am Kn)) + (6/2)Beor] ™. Tt now follows from the
7,(Y)-continuity of f that there exists an open neighbourhood V' of z, contained in A,
such that

FO) N EAL KD, (A K + (/9 Ber) " = 2.

We now define t,,11((A1, K1),...,(An, K,,)) := V. This then completes the definition of
t:=(t,:n eN).

Since (X, 7) is f-unfavourable in the G.4-game, t is not a winning strategy. Hence there
exists a t-play ((An, K,) : n € N) where a wins, i.e., ((,cnAn) N Upen Kn # D. Let
t € (MNhen An) NU,en K - Then,

y
o) since, f is 7,(Y)-continuous

7t € f(Unankn' ) € TUnenkn)

= UneNf(Kn) ’
C Uncnk((AnL K, (A )™

)

Since L((Al, K1>, Cey (Arm Kn)) - L((Al, Kl), RN (An+17 Kn+1)) for all n € N,

UnENL((A17 K1), SRR (Am Kn))

is a sub-lattice of C(Y’). Thus, by Exercise 1.6.19, f(t) € U,enL((A1, K1), ..., (An, Kn))”'Hw.
In particular, there exists an | € L((Ay, K1), .., (An, K,)) for some m € N, such that
| f(t) — l]|oo < €/2. However, this contradicts Property (B,,41) since

t€tm1((A, K1)y oo (A, Ki)) and || f() — 1|eo < /2.

Thus, it must be the case that f is norm continuous at the points of a dense and G subset
of (X, 7). O
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When Theorem 1.2.10 came out it generalised several earlier results which we now present.

In the following Corollary the G,-game will denote the Gp-game when P is the set of all
singleton subsets of (X, 7); the Gx-game will denote the Gp-game when P is the set of all
compact subsets of (X, 7) and the Gg,-game will denote the Gp-game when P is the set
of all K-analytic subsets of (X, 7). Recall that s subset K of a topological space (X, 7) is
KC-analytic if it is the usco image of N, endowed with the Baire metric, [48].

Corollary 1.2.11. Let (Y, 7') be a compact Hausdorff space and let f: X — C,(Y) be a
continuous function acting from a Baire space (X, T).

(i) If (X, 7) is B-unfavourable in the G,-game played on (X, T), [45] or
(ii) (X, 7) is B-unfavourable in the Gx-game played on (X, T), [49] or
(iii) (X, 7) is B-unfavourable in the Giq-game played on (X, T), [9]

then f is norm continuous at the points of a dense and G5 subset of (X, 7).

One of the short comings of Theorem 1.2.10 is that it is not particularly easy to directly
show that a given topological space is S-unfavourable in the G.-game played on (X, 7).
One way to over come this problem is to consider Baire spaces where the player a has a
strategy that is “almost” a winning strategy. In this way one can show, in a more natural
way, that many Baire spaces are actually S-unfavourable in the G.;-game,

Let P be a nonempty collection of subsets of a topological space (X, 7). We shall say
that a topological space (X, 7) is conditionally c-favourable in the Gp-game if the player
« possesses a strategy s := (s, : n € N) such that for every s-play (B, : n € N) either,
Mnen Br = @ or else, (N,,en Brn) MU, ey Kn # @, where (A, K,) == s,(By, ..., B,) for all
n € N.

Theorem 1.2.12. Let P be a nonempty collection of subsets of a Baire space (X, 7). If
(X, 1) is conditionally c-favourable in the Gp-game then, (X, T) is f-unfavourable in the
Gp-game played on (X, T).

Proof. We shall start by introducing some notation. Let 7 : 2% x 2¥ — 2% be defined by,
(A, B) := A for all (A, B) € 2X x 2%, Let t := (t, : n € N) be an arbitrary strategy
for the player 8 in the G.4-game played on (X, 7). Our goal is to construct a t-play where
player o wins.

Let s := (s, : n € N) be a strategy for the player « in the G.4-game played on (X, 7) such
that for every s-play (B, : n € N) either, (), oy Bn = @ or else ey Kn N[, ey Brn # 9,
where (A, K,,) := s,(B1, ..., B,) for all n € N.

We shall now consider the C'h(X)-game. Specifically, we shall inductively define a strategy
t':= (¢}, : n € N) for the player  in the Ch(X)-game.

Step 1. Define t(0) := w(s1(¢1(0))).
Now, let n € N and suppose that ¢} have been defined for every partial ¢"-play (Ay, ..., 4; 1)
of length (j — 1) with 1 < j < n so that:
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(i) (A1,..., A1) is a partial ¢-play and
(i) (t1(0),...,t;(Ay, ..., A;_1)) is a partial s-play and
(iil) 5(Ar, ..., Ajor) = w(s(t(D), ..., t(Ar, 0 A1)
Step n+ 1. Let (Ay,..., A,) be a partial t'-play of length n. Then
A, C (A, .. Anr) = 7(sn(t1(0), .. tn(Ar, o A1) Sta(Ag, o Apg).

Since, by assumption, (A, ..., A,_1) is a partial ¢t-play and A,, C ¢,(A;,..., A,_1) we have
that (Aj,..., A,) be a partial t-play. Therefore, ¢,,1(A1,...,A,) is defined. Moreover,

tosrt(Ary . Ay) C A Ca(sn(ti(0),. o ta(ArL .o Au)))). (%)

Since, by assumption, (¢1(0),...,¢,(Ay, ..., A,_1)) is a partial s-play and by (x) we have
that (t1(0),...,tns1(A1, ..., Ay)) is a partial s-play. We then define

tfn—l—l(Ala <o 7An) = 7T(Sn-&-l(tl(@)> R 7tn+l(A1a v aAn)))

This completes the definition of ¢ := (¢, : n € N). Since (X, 7) is a Baire space we
have, via Theorem 1.1.5, that there is a t'-play (A, : n € N) of the Ch(X)-game where
a wins, i.e., (),cyAn # @. Since, by the construction of the strategy t', we have that
(tn(Ar, ..., Ap—1) : n € N) is an s-play, we must have that J, .y Kn N[ ),enAn # D,
where (B, K,) 1= sp(A;,...,A,) for all n € N, as (), .y An # @. Thus, again by the
construction of the strategy t', (A, : n € N) is a t-play. Hence, (A, : n € N) is a t-play
where v wins, in the Gp-game played on (X, 7). This completes the proof. ]

The previous theorem is useful because there is a large class of spaces that are easily shown
to be conditionally a-favourable in the G.4-game.

Exercise 1.2.13. Let (X, 7) be a topological space. Show that (X, T) is conditionally a-
favourable in the G.q-game played on (X, T) if:

(i) (X, 7) is pointwise countably complete (which includes all metric spaces, p-spaces and
all Cech-complete spaces);

(il) (X, 7) is fragmented by a metric whose topology on X is at least as strong as T;

(iii) (X, 7) contains, as a dense subset, a K-countably determined subspace (which includes
all separable spaces).

For the class of completely regular conditionally a-favourable spaces we have the following
characterisation of Namioka spaces.

Theorem 1.2.14. Let (X, 1) be a completely regular topological space that is conditionally
a-favourable in the G.q4-game played on (X, 7). Then (X,7) is a Namioka space if, and
only if, (X, T) is a Baire space.
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Proof. Suppose that (X, 7) is a completely regular Namioka space. Then, by Theorem ?7,
(X, 7) is a Baire space. Conversely, if (X, 7) is conditionally a-favourable in the G.4-game
and a Baire space then, by Theorem 1.2.12, (X, 7) is f-unfavourable in the Gp-game played
on (X, 7). Therefore, by Theorem 1.2.10, (X, 7) is a Namioka space. ]

To further increase the significance of Theorem 1.2.10 we will show that, in addition to
the earlier examples of conditionally a-favourable, in the G.4-game, spaces there is another
large class of topological spaces that are also conditionally a-favourable, in the G.4-game.

Let (X, 7) be a Hausdorff topological space and let Y C X. A family a of subsets of X is
said to separate Y from X \ 'Y if, for every pair of points y € Y and x € X \ Y, there is
some H € a which contains one of the points (no matter which one) and does not contain
the other.

Since the space (X, 7) is Hausdorff the family of all open sets in X certainly separates Y
from X \ Y, whatever Y C X. Among all families « of open sets which separate Y from
X \'Y there is one with least cardinality. It is this least cardinal number which we denote
by sx(Y') and call the separation index of Y in X or, simply, separation of Y in X, [32, p.
205]. For example, if the set Y is open (or closed) in X, then sx(Y) = 1 because the
set Y (or its complement) separates Y from X \ Y. More generally, since every family
« that separates Y from X \ YV also separates X \ Y from Y = X \ (X \ Y), we have
sx(Y)=sx(X\Y).

If a family « of open sets separates Y from X \ Y, then so does also the family of closed
sets {X \ H : H € a}. Therefore, in the definition of sx(Y’) one could take families of
closed sets or even “mixed” families of sets which are either closed or open.

There is a close relation between sx (V) and s3(Y), the separation index of Y in Y. Clearly,
s#+(Y) < sx(Y). On the other hand, the open set X \ Y can be added to any family o
of closed subsets of Y that separates Y from Y \ Y. The new family o/ = a U {X \ Y}
separates Y from X \ Y. Hence sx(Y) < s¢-(Y) + 1. In particular, if sy(Y) is infinite,
then sx(Y) = s5-(Y). Therefore, the important case is when X =Y. As will become clear
later in this section, every completely regular space (Y, 7') has one and the same separation
index in every compactification of Y. This is why we will write s(Y") instead of sx(Y) and
will use the term separation of Y instead of separation of Y in X.

Given an infinite cardinal number s we denote by O(X, s) the family of all subsets Y C X
for which sx(Y) < s. ©(X, s) contains all open subsets and all closed subsets of X. In the
special case when s = Ny, we say that the members of O(X, s) have countable separation
in X. It is easy to see that if s is an infinite cardinal number then the family O(X,s) is
closed under taking countable unions, countable intersections and the Souslin operation.
In particular, for every infinite cardinal s the family ©(X, s) contains all Borel subsets of
X and all other subsets that can be obtained from the Borel sets by means of the Souslin
operation. Therefore, all such sets have countable separation index in X. Other examples
of subsets with countable separation are given by the following exercise.

Exercise 1.2.15. Let (Y, T) be the continuous image of some separable metric space (Z,d).
Then sx(Y') is at most countable for every regular Hausdorff space (X, 7’) containing Y.
Hint: Let (U; : i € N) be a countable topological base for (Z,d) and let h : Z — 'Y be a
continuous mapping onto Y. Verify that the family (h(U;) : i € N) separates Y from X \Y.
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We now present one of the fundamental properties of the separation index.

Theorem 1.2.16 ([32]). Let (Xi,7) and (Y1,7') be compact Hausdorff spaces and let
h : X1 — Y1 a continuous mapping from Xy onto Yy. Suppose X and Y are respectively,
subsets of X; and Yy, such that Y = f(X) and X = h=Y(Y). Then either, sx,(X) and
sy, (Y') are both finite, or else, both infinite. In the latter case, sx,(X) = sy, (Y).

Proof. Let a be a family of open subsets of Y7 which separates Y from Y] \ Y. Consider
the family o/ = {H' € 2%t : H' = h™'(H) for some H € a} which consists of open subsets
of Xi. Tt is clear that o separates X from X; \ X. This shows that sx, (X) < sy, (Y).

We will now prove that the inverse inequality also holds. Suppose « is a family of closed
subsets of X; that separates X from X; \ X. Without loss of generality we may assume
that the family « is closed under taking finite intersections. If this is not the case, then we
can add to « all such intersections. If & was an infinite family, the new family will have the
same infinite cardinality. If a was finite, the new family will be finite again. We will prove
now that h(a) := {h(F) : F € a} (a family consisting of closed subsets of Y;) separates
Y from Y1\ Y. Indeed, let a € Y, b € Y, \ Y and put A := h~'(a), B := h71(b). Let us
assume, for the purpose of obtaining a contradiction, that a and b cannot be separated by
sets of the type h(F'), where F' € a.. Then the families ay == {F € o : FN A # @} and
ag :={F € a: FN B # @} coincide. Indeed, if there is some F' € a4 \ ap, then h(F)
would contain a but not b and we would have the separation. Similarly if there is some
F € ag \ a4, then h(F) would contain b but not a and we would have the separation in
this case too.

Put o* := a4 = apg. Note that o is a nonempty family. Indeed, take some u € A C X
and v € B C X; \ X. Then there exists an F' € o which contains one of the points u, v
but not the other. If w € F then ' € a4 = o and if v € F then ' € ag = o*. So in
either case, F' € a*.

Denote by A the set of all subfamilies § C a* for which (\{F : FF € 0} N A # @. For
every finite 6 € § € A the set (\{F : FF € §} belongs to a (as « is closed under finite
intersections) and intersects A. Therefore, (\{F : F € §'} is a member of a,. Since
ay = ap it follows that ({F : F € 6’} N B # @. Since B is compact, this implies that
({F:Fed}nNB+o.

Next, note that A # @. To see this, simply take F' € o # @ and note that {F'} € A.

Order A by set inclusion. Using the compactness of the set A once again we see that the
union of any increasing chain of elements of A is again in A. Thus, by Zorn’s lemma, there
exists a family 0,,,, C o, which is a maximal element of (A, C).

There exist points ug € ({F : F € dpax }NAC X and vg € (J{F : F € nae }NB C X7\ X.

Since « separates the points uy and vy, there is some Fy € o which contains just one of
these points. We consider the two cases.

If ug € Fy then Fy € ay = o and the family {Fo} U 4. belongs to A. This implies,
because of the maximality of 0,4, that Fiy € d,4.. Therefore, vy € Fyy which is the desired
contradiction.
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If vg € Fy then Fy € ap = o and the family {Fy} U 0,4, belongs to A. To see this last
assertion consider the following. For every finite 0 C a0, the set {F : F € §'} N F,
belongs to a (as « is closed under finite intersections) and intersects B, indeed vy € ({F :
F € d}nFynB. Therefore, {{F : F € §}NF, € ap. Since ap = au, ({F : F €
§YNEFy,NA#@. As Ais compact, this implies that (\{F : F € pae} N FoNA # @.
Thus, {Fo} U dmaz € A.

However, because of the maximality of 0,,,., we must have that Fy € 0,,,,. Therefore,
ug € Fy, which is the desired contradiction.

Since, in both cases, we obtained our desired contradiction, we have proven the claim. [J

Theorem 1.2.17 ([32]). Let (X,7) be a completely reqular space. If X has finite a sep-
aration index in some compact Hausdorff space, then it has finite separation index in any
compact Hausdorff space. If X has infinite separation index in some compact Hausdoff
space, then it has the same separation index in any compact Hausdorff space. In partic-
ular, if (3X,75) is the Stone-Cech compactification of (X, ), then syx(X) = sax(X) for
every Hausdorff compactification (bX,m,) of (X, 7).

Proof. We appeal to Theorem 1.2.16 with X =Y X; := X and Y; := bY, for some
compactification of Y and h is the unique continuous extension of the identity mapping
1: X — Y to a mapping from X onto bY, ]

The above theorem allows us to use the terms “separation index of X” or simply, “separa-
tion of X” without mentioning the larger compact Hausdorff space where the separation
index of X is measured. Correspondingly, we will denote this index simply by s(X).

The next assertion shows further that the separation index is preserved under perfect
mappings, i.e., continuous surjective mappings that send closed sets to closed sets and
have the property that every point in their codomain has a compact preimage.

Corollary 1.2.18. Let h : X — Y be a perfect mapping from a completely reqular space
(X, 7) onto a completely reqular space (Y,7"). Then s(X) and s(Y') are simultaneously
finite or infinite. In the latter case (i.e., both infinite) we have that s(X) = s(Y).

Proof. Let h : X — Y be a perfect mapping and let h* : X — (Y be the unique
continuous extension of h to SX. Then: (i) h* is continuous; (ii) ~* is surjective and (iii)
h*(X) = h(X) =Y. So, to apply Theorem 1.2.16, we need only show that (h*)~1(Y) = X.
In fact, because X = A~ 1(Y) C (h*)"'(Y) we need only show that (R*)~1(Y) C X.
Therefore, in order to obtain a contradiction, let us assume that (h*)"1(Y) € X. Then
there exists a point = € (h*)"1(Y) \ X.

Let y := h*(z) € Y. Now, h~'(y) is a nonempty compact subset of X. Since x & h™(y) C
X there exist disjoint open subsets W and V of 3X such that h~'(y) C W and z € V.
Since h is a perfect mapping there exists an open neighbourhood U of y in 8Y such that
LY UNY) CWNX CW. Now, since h* is continuous and h*(z) = y € U there exists an
open neighbourhood V"’ of x, contained in V', such that h*(V’) CU. Let 2’ € V'NX # @.
Then h(2') = h*(2') € U and so 2’ € h"}(UNY) C W. However, this contradicts the fact
that 2/ € V' CV and VNW = @. Hence (h*)"'(Y) C X. The result now follows from
Theorem 1.2.16. [
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Theorem 1.2.19. Let (X, 7) be a completely regular topological space. If (X,T) has a
countable separation index then (X, T) is conditionally o-favourable in the G,-game (and
hence in the G.q4-game) played on (X, T).

Proof. Let (O, : n € N) be a countable family of open subsets of (58X, 753) that separate X
from X \ X and let m; : 2% x 2% — 2% and my : 2% x 2% — 2% be defined by,

m(A,B):=A and my(A,B):=B forall (4, B) € 2¥ x 2%,

We shall inductively define a strategy s := (s, : n € N) for the player « in the G,-game
played on (X, 7).

Step 1. Suppose that Bj is a nonempty open subset of (X, 7), i.e., we may think of B
as the first move of the player 5. If By N O; = @ then choose x € B; and an open
neighbourhood U of x such that z € U C U C By. Then define s,(B;) := (U, {z}). On
the other hand, if B NO; = @ then choose x € B; N O; and an open neighbourhood U of
z such that z € U C U C Oy and U C By. Then define s1(B;) := (U, {z}). Note that
in both cases: Wl(Sl(Bl)) Q B1 and either 7T1(81(B1)) ? g 01 or 7'('1(81(31))7—5 N 01 = J.

Now, let n € N and suppose that s; have been defined for every partial s-play (B, ..., B;)
of length j with 1 < j <n so that:

(i) mi(s;(Bi,...,B;)) C Bj;

(11) either, Wl(Sj(Bl, “ ey Bj))lﬁ g Oj or Wl(Sj(Bl, .. ,Bj))TB N Oj = J.

Step n + 1. Let (By,...,Byy1) be a partial s-play of length n + 1. If B,,1 N O, = @
then choose z € B, 1 and an open neighbourhood U of = such that z € U C U’ C By
Then define s,41(B1,...,Bnt1) := (U, {x}). On the other hand, if B,11 N O,y = &
then choose = € B,.1 N 0,41 and an open neighbourhood U of = such that z € U C
U”® C Ops1 and U C B,yq. Then define Spt1(Biy ... Bpy1) == (U, {x}). Note that in
both cases: m(s,4+1(Bi, ..., Bnﬂ))' C B,1 and either m(sp41(By, - - ., BnH))'ﬁ C Oyt
or T (Sps1(B1, - -, Bup1)) N Opi1 = @.

This completes the definition of s := (s, : n € N). So it remains to show that s is a
conditionally winning strategy for the player « in the G,-game played on (X, 7). To this
end, let (B, : n € N) be an arbitrary s-play with (), _y Bn # .

Let 2o € X be a cluster-point of the sequence (ma(s,(Bi,...,B,)) : n € N). Since
mo(sx(B1, ..., Bi)) € By € B, for all n < k we have that xo € [),cy B,,’”. Further, since
the points of C := ),y Bn~ are not distinguished by the sets (O, : n € N) either C C X
or C C X\ X. However, as @ # (),en Bn € CN X, C C X. In particular, 7o € X.
Therefore, z, is a cluster-point of the sequence (ma(s,(Bi,...,B,)) : n € N) in (X, 7).
Thus,

neN

T -7

Too € (NpenT2(8n(B1, - Bn)) € MNhenBrn = NpenBn-
This shows that s is a conditionally winning strategy for the player « in the G,-game played
on (X, 7). O

Also, later (in the comments section) mention the generalisation V. V. Mykhaylyuk in
BAMS 2006. Mention results of Pol and Chaber (and later Moors and Lin). Also result of
A. Bouziad and A. Bareche.
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1.3 co-Namioka spaces defined by games

We shall introduce a new game that is somewhat different to the Choquet and Gp-game.
As with the earlier games this game involves two players which we will call o and .

Given a topological space (X, 7) and a dense subset D of (X, 7) the Gp(A)-game is played
on (X x X, 7 x 7).

As with the Choquet game and the Gp-game we need to describe how to “play” the Gp(A)-
game. The player labeled § starts the game. For his/her first move the player 5 must select
an open subset By of X x X that contains A := {(z,y) € X x X : z = y}. Next, « selects
a point (x1,y1) € D x D such that (x1,y1) € By.

In the second round, [ goes first again and selects an open subset B, of X x X that
contains A. Player a then gets to respond by choosing a point (xs,y2) € D x D such that
(72, Y2) € Ba.

In general, after @ and  have played the first n-rounds of the Gp(A)-game, § will have
selected open subsets By, Bs, ..., B, of X x X, containing A and « will have selected points

(x1, 1), (T2, y2), -« oy (Tnyyn) In D X D

such that (z;,y;) € B; forall 1 < j <n.

At the start of the (n+ 1)-round of the game, § goes first and selects an open subset B, ;1
of X x X that contains A. Then player a gets to respond to this move by selecting a point
(Tna1sYns1) € D x D such that (2,41, Ynt1) € Bni1-

Continuing this procedure indefinitely (i.e., continuing on forever) the players « and
produce an infinite sequence ((Bg, (zx,yx)) : k € N) called a play of the Gp(A)-game.

A partial play ((By, (z, yx)) : 1 < k < n) of the Gp(A)-game consists of the first n-moves
of a play of the Gp(A)-game.

We shall declare that 8 wins a play (B, (x5, yx)) : k € N) of the Gp(A)-game if for every
open neighbourhood U of A, {k € N : (z4,yx) € U} is infinite. Note that if (X, 7) is a
compact space, then the sequence ((xy,yx) : k € N) has a cluster-point in A.

If 8 does not win a play of the Gp(A)-game then we declare that a wins that play of the
Gp(A)-game. As with the earlier games we need to define the notion of a strategy.

By a strategy o for the player 5 we mean a ‘rule’ that specifies each move of the player § in
every possible situation. More precisely, a strategy o := (0, : n € N) for § is an inductively
defined sequence of functions. The domain of oy is the sequence of length zero, denoted
by 0. That is, Dom(oy) = {0} and o1(() is an open neighbourhood of A. If o1, 09, ..., 0%
have been defined then the domain of o4y is:

{((x1, 1), .-, (@, y) € (D x D) : ((x1,41), ... (Tp—1,yx—1)) € Dom(oy) and
(@k, yk) € ow((@1,91), -+, (Th1, Y1) }-

For each ((x1,y1),- .., (zk,yx)) € Dom(ogi1), ops1((x1,41), ..., (2, yx)) is an open neigh-
bourhood of A.
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A partial o-play is a finite sequence ((z1,v1), ..., (Tn, Yn)) such that

((mla yl)v SR (mnv yn)) € DOHl(O’n_H).

A o-play is an infinite sequence ((zn,y,) : n € N) such that ((z1,21),...,(Tn,yn)) is a
partial o-play for each n € N, .

A strategy o := (0, : n € N) for the player g is called a winning strategy if each play of
the form: (((wn,yn), on((x1, 1)y ooy (X1, Yn-1))) : M € N) is won by .

Suppose that (X, 7) and (Y, 7’) are topological spaces and f: X xY — R. If 0 < € and
(x0,90) € X x Y then we say that f is e-jointly continuous at (zo,yo) € X x Y if there
exist open neighbourhoods U of xy and V' of yy such that diam[f(U x V)] <e.

To prove the main theorem in the section it is helpful to first consider the following pre-
liminary result regarding e-continuity.

Lemma 1.3.1. Suppose that (X, 7) and (Y, 7') are topological spaces and f: X xY — R
is a separately continuous function. Suppose also that D is a dense subset of (Y,7') and
0 <e. If(xo,y0) € X XY and f is not e-continuous at (xg,yo) then, for every pair of
open neighbourhoods U of xo and V' of yy there exists points (d,d') € (D x D)nN(V x V)
and x € U such that /3 < |f(x,d) — f(z,d)].

Proof. Let us prove the contrapositive statement. Suppose that Uy and V; are open neigh-
bourhoods of xy and yg respectively, such that, for every (d,d’) € (D x D) N (Vy x Vp) and
every = € Uy, |f(x,d) — f(x,d')| < e/3. Firstly, note that since f is separately continuous

|f(z,y) — f(x,y")| <e/3 forall z € Uy and all (y,y') € Vo x V.
Next, note that by possibly making Uy smaller, if necessary, we may assume that
|f(‘r7y0)_f(x,7y0)’ <€/3 for all .T,I/ € UO'

We claim that diam[f(Uy x Vp)] < e. To this end, let (z,y), (2',y’) € Uy x V. Then,

[f(wy) = FE )] < 1f(2y) = Feyo)l + 1 (2, 00) = F(@ y0) [+ 1 (2 90) = £(2,9)]
< ¢/3+¢/3+¢/3=c.
Therefore, | f(z,y)—f(2',y")| < e; which shows that f is e-jointly continuous at (zg,yo). O

Theorem 1.3.2 ([5, Theorem 2]). Suppose that (Y, 7') is a compact topological space such
that for some dense subset D of (Y, 7'), the player  has a winning strategy in the Gp(A)-
game played on'Y XY, then (Y,7') is a co-Namioka space.

Proof. Let (X, 7) be a Baire space and f : X XY — R be a separately continuous function.
Fix 0 < ¢ and consider the set

O. :={x € X : f is e-jointly continuous at each point of {z} x Y}.

It follows from the definition of e-joint continuity and a simple compactness argument that
the set O. is an open subset of (X, 7). We claim that O, is dense in (X, 7). So, for the
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purpose of obtaining a contradiction, let us suppose that there exists a nonempty open
subset W of X such that O. N W = @. Let ¢ := (0, : n € N) be a winning strategy for
the player (5 in the Gp(A)-game played on Y x Y.

We shall inductively define a (necessarily non-winning) strategy ¢ := (¢, : n € N) for the
player 5 in the Choquet-game played on (X, 7).

Step 1. Let x € W. Then x ¢ O.. Therefore, there exists a point y € Y such that
f is not e-jointly continuous at (x,y). Let V be an open neighbourhood of y such that
(y,y) € V xV C o1(0). By Lemma 1.3.1 there exist a point (yp,yp) € (D x D)N(V x V)
and a point x; € W such that £/3 < |f(z1,y9) — f(z1,yp)| Let

t(0) :={x e W:e/3 <|f(z,y0) — flz,p)l}-

Note that ¢,(0) is open and nonempty, as z1 € t;(0)). Furthermore, (yp,y;) € (D x D) N
0'1(@).

Step 2. Suppose that A; is a nonempty open subset of ¢1(0)). We may think of A; as the
first move of the player « in the Ch(X)-game.

Let x € A;. Then z € O.. Therefore, there exists a point y € Y such that f is not e-jointly
continuous at (x,y). Since (yg,yp) € (D x D)No1(0), o2((ye, yy)) is defined.

Let V' be an open neighbourhood of y such that (y,y) € V x V' C 03((yp, yp)). By Lemma
1.3.1 there exist a point (y(a,),¥(4,)) € (D x D) N (V x V) and a point z € A; such that

8/3 < ‘f(x%y(/h)) - f($27yEA1))|‘ Define

to(Ar) == {r € Ay /3 <|f(7,yay) — f(@,y(a)]}-
Note that t5(A;) is open and nonempty. Furthermore, (y(4,), Y(4,)) € (D> D)No2((yo, ¥p))-

.........

t; have been defined for each partial ¢-play (Ay,..., Aj_1) of length (j —1) with2 < j <n
so that:

.......
77777

,,,,,

Step n+ 1. Let (Ay,...,A,) be a partial t-play of length n. Let z € A,. Then x ¢ O..
Therefore, there exists a point y € Y such that f is not e-jointly continuous at (x,y).

.......

-----

~~~~~
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Note that t,1(A,...,A,) is open and nonempty as x,11 € tn,11(A1,..., A,). Further-

This completes the definition of the strategy t := (¢, : n € N). Now, since (X, 7) is a Baire
space t is not a winning strategy for the player 3, see Theorem 1.1.5. Hence there is a
t-play (A, : n € N) where the player o wins, i.e., (), ey An 7# D. Let 2o € [,y An- Note

also

.........

cluster-point (Yoo, Yoo) € A. Let Vi={y € Y : | f(Zo0,Y) — (%0, Yo )| < €/6}. Then:
(i) V is an open subset of Y, since f is a separately continuous function;
(i1) (Yoos Yso) € V x V and

(iil) [f(Too,y) — f(2e0, ¥)| < /3 for all (y,y') € V x V, by the triangle inequality.

.........

.........

assumption that O. is not dense, is false, i.e., O, is dense in (X, 7).

It now only remains to see that f is jointly continuous at each point of (", O1/n) xY. O

neN

We now show that there are some non-trivial spaces where the player § has a winning
strategy in the Gp(A)-game.

Theorem 1.3.3 ([5, Theorem 3]). Let (Y, 7') be a compact topological space, D be a dense
subset of (Y, 7') and % be an open cover of (Y x Y)\ A such that:

(i) for everyU € %, UNA = @;
(ii) for every (z,y) € D x D, {U € % : (x,y) € U} is at most countable

then the player B has a winning strategy in the Gp(A)-game played on'Y X Y. In particular,
(Y, 7') is a co-Namioka space.

Proof. For (z,y) € D x D, let {U,(z,y) : n € N} be an enumeration of all U € %
with (z,y) € U. The winning strategy o := (0, : n € N) is inductively defined by,
o1(0) ==Y xY. If n € Nand ((x1,41),--.,(Zn, yn)) is a partial o-play of length n then

Ons1((z1,11), oy (T, yn)) = (Y x YY)\ UH{Ui(zj,y;) : 1 <i<nand 1 <i<n}.

This completes the definition of ¢ := (0, : n € N).

We now show that o is a winning strategy for the player 5. To this end, let ((x,,y,) :
n € N) be a o-play of the Gp(A)-game played on Y x Y. Let (z,y) be a cluster-point of
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((xn,yn) : n € N). We claim that (z,y) € A. Indeed, if (x,y) ¢ A then there exists a
U € % such that (z,y) € U. Since (x,y) is a cluster-point of the sequence ((z,,y,) : n € N)
there exists a k € N such that (zx,yx) € U. Therefore, there exists an m € N such that
U = Un(zg, yr). Let N :=max{m,k}. Then (z,,y,) & Un(xk,yx) = U for all N <n. So
(x,y) cannot be a cluster-point of ((z,,y,) : n € N) after all. Therefore, (x,y) € A. This
shows that o is indeed a winning strategy for the player 5. [

We shall call a compact Hausdorff space (Y, 7') a Valdivia compact if there exists a home-
omorphism h : Y — Z from Y onto a topological space (Z,T) and there exists an index
set I such that Z C [0,1]f and X(I)N Z is dense in Z where, (1) := {x € [0,1)! : {i € I :
x(i) # 0} is at most countable}.

Corollary 1.3.4 ([5,10]). Every Valdivia compact space is a co-Namioka space.

Proof. Let (Y, 7') be a Valdivia compact space. We may assume, after possibly considering
a homeomorphic copy of (Y, 7’), rather than the original space (Y, 7’), that there exists an
index set I such that Y C [0,1]! and $(I) NY is dense in Y where, X(I) := {x € [0,1]’ :
{i € I : 2(i) # 0} is at most countable}.

Let D :=X(I)NY. For each (i,n) € I x N, let
Uiny = {(z,y) €Y xY : 1/n <|y(i) — x(i)|}

then let % = {Ujn : (i,n) € [ x N} If (z,y) € D x D then {U € % : (z,y) € U} is at
most countable. Furthermore, U N A = @ for each U € % . Hence, the cover % satisfies
the hypotheses of Theorem 1.3.3. Therefore, (Y, 7’) is a co-Namioka space. O

1.4 Fragmentable spaces and games

In this section we will review the relationship between fragmentability and separate and
joint continuity. We shall start with the following slight generalisation of Theorem 1.6.23,
which is phrased in terms bitopological spaces. Recall that an ordered triple (X, 7,7’) is
called a bitopological space if both (X, 7) and (X, 7’) are topological spaces.

Theorem 1.4.1 ([30,31]). Suppose that (X, T) is a topological space, (Y, 7', 7") is a bitopo-
logical space and f : X — Y is a 7' -quasicontinuous function. If (Y,7') is fragmented by
a metric d whose topology on'Y is at least as strong as 7" then, [ is T"-continuous at the
points of a residual subset of (X, T).

Proof. The proof of this is left to the reader. However, the proof only requires a slight
modification of the proof of Theorem 1.6.23. O

The next result reveals our interest in fragmentability in bitopological spaces.

Corollary 1.4.2. Let (Y,7') be a compact Hausdorff topological space. If C,(Y) is frag-
mented by a metric d whose topology on C(Y) is at least as strong as the norm topology
on C(Y), then (Y,7') is a co-Namioka space.
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Proof. This follows directly from Theorem 1.4.1 with 7" = 7,(Y) and 7", the topology on
C(Y') generated by the supremum norm on C(Y). ]

To progress further in our studies of fragmentable spaces we will need to consider a new
topological game.

As with all the earlier the games, this game involves two players, but unlike the previous
games, the players are named ¥ and 2. The game is played on is a fixed bitopological
space (X, 7,7).

The name of the game is the fragmenting game and is denoted by, G(7,7') .

We now describe how to “play” the G(7,7’)-game. The player labeled 3 starts the game,
(every time). For his/her first move the player 3 must select nonempty subset A; of X.

Next, Q gets a turn. For 2’s first move he/she must select a nonempty subset B; of Aj,
which is relatively 7-open in B;. This ends the first round of the game.

In the second round, ¥ goes first again and selects a nonempty subset As C B;. Player ()
then gets to respond by choosing a nonempty subset By of Ay, which is relatively 7-open
in As. This ends the second round of the game.

In general, after ¥ and 2 have played the first n-rounds of the G(7, 7’)-game, ¥ will have
selected nonempty subsets Aq, As, ..., A, of X and € will have selected nonempty subsets
Aq, Ay, ..., A, of X such that

B, CA,CB,1CA, 1C--CBCACB CA

and B, is relatively 7-open in A; for all 1 < j < n. At the start of the (n+ 1)-round of the
game, Y goes first (again!) and selects nonempty subset A, 1 of B,. As with the previous
n-rounds, the player {2 gets to respond to this move by selecting a nonempty subset B,
of A, 1, which is relatively 7-open in A,,1.

“Plays” and “partial plays” etc. are defined in an analogous way to our earlier games.
As with any game, we need to specify a rule to determine who wins. We shall declare that

Q wins a play ((Ay, Bg) : k € N) of the G(, 7')-game if:

(1) ﬂkeNAk = nkeNBk = @, or

(i) NpenAr = NkenBr = {z} for some x € X and for every U € 7" with € U there
exists a k € N such that A, C U.

If ©2 does not win a play of the G(7, 7’)-game then we declare that ¥ wins that play of the
G(7,7')-game. So every play is won by either {2 or ¥ and no play is won by both players.

Strategies and t-plays/partial ¢-plays etc. are defined in an analogous way to our earlier
games.

In order to provide a game characterisation of fragmentability we will need to introduce
and intermediate notion. Let (X, 7) be topological space. Then we call P C 2%\ {@} a
partial exhaustive partition of X if:

(i) UPGPPET;
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(ii) the members of P are disjoint;

(iii) for every nonempty subset A of |Jp.p P there exists a P € P such that AN P is
nonempty and A N P is relatively 7-open in A.

If Upep P = X, then we simply call P an eshaustive partition of X.

We shall need the following technical lemma.

Lemma 1.4.3. If P is a partial exhaustive partition of a topological space (X,T) and
X\Upep P # @ and W is a nonempty subset of X \ Upep P that is relatively T-open in
X\ Upep P, then PU{W} is also a partial exhaustive partition of X.

Proof. Since W' is a relatively T-open subset of X \ (Jp.p P, there exists a 7-open subset
U of X such that W = (X \ Upep P) NU. Therefore,

UPEPU{W}P = (UpepP) UW = (UpepP) UU.

Hence, as the union of two open sets, | PEPU{W} P is 7-open in X. Furthermore, it is
easy to see that the members of P U {W} are pairwise disjoint. Next, suppose that A is
a nonempty subset of Upcp py P- Let V= Upep P. If VN A # & then there exists a
member Py € P such that (V N A)N Fy is nonempty and (V N A) N B is relatively 7-open
in (ANV). Since ANV is relatively 7-open in A, (V N A) N P, is relatively 7-open in A.
Moreover, since Py C V,

ANP=(ANV)NPF #2

and so AN F, is a nonempty and relatively 7-open in A. f VN A = @ then A C W and
so ANW = A; which is of course relatively 7-open in A. Hence, in both cases there exists
a member P € P U{W} such that AN P # @ and AN P is relatively 7-open in A. This
completes the proof of the lemma. [

Theorem 1.4.4 ([32]). Let (X, 7,7") be a bitopological space. Then (X, T) is fragmented
by a metric d whose topology on X is at least as strong as 7' if, and only if, the player €
has a winning strategy in the G(7,7')-game played on (X, 7,7').

Proof. Suppose that (X, 7) is fragmented by a metric d whose topology on X is at least
as strong as 7'. Then the strategy s := (s, € N) for the player Q is clear.

Step 1. If A; is a nonempty open subset of X then s1(A;) is defined to be any nonempty
subset of A; that is relatively 7-open in A; and d — diam[s;(A4;)] < 1. Such a set is
guaranteed by the fact that (X, 7) is fragmented by the metric d.

Now, let n € N and suppose that s; has been defined for each partial s-play (A, ..., 4;)
of length j with 1 < j < n so that: sj(Ay,...,A4;) is any nonempty subset of A;,
s;(A1, ..., A;) is relatively 7-open in A; and d — diam[s;(A;,...,4;)] < 1/j.

Stepn+1. Let (Ay,..., Any1) be a partial s-play of length n+1. Then A, is a nonempty
subset of X. Let s,.11(A;,..., Ant1) be defined to be any nonempty subset of A, that
is relatively 7-open in A,; and d — diam[s,+1(A1, ..., Ani1)] < 1/(n+1). Such a set is
guaranteed by the fact that (X, 7) is fragmented by the metric d.
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This completes the definition of s := (s, : n € N). To see that s is a winning strategy
for the player 2, consider the following: Let (A, : n € N) be an arbitrary s-play. If
Mhen An = @, then Q wins this play. If (), .y An # @ then [,y An = {2} for some
r € X, since diam|[(), oy Ax] < diam[A, 1] < 1/n for all n € N and so diam[(),.y Ax] = 0.
Furthermore, if U € 7/ and x € U then there exists an n € N such that

By(xz,1/n) :={y € X : d(y,z) < 1/n} CU,
since the d-topology at x is at least as strong as the 7’-topology at x. Therefore,
x € A1 € By(z,1/n) CU.

Thus, the player 2, wins the play (A, : n € N) in this case too.
We now consider the converse.

Suppose the player 2 has a winning strategy s := (s, : n € N) in the G(7, 7’)-game played
on (X, 7,7’). We need to firstly, construct a metric d on X, then show that the d-topology
on X is at least as strong as the 7’-topology on X and then finally, show that the metric
d actually fragments the topological space (X, 7).

Part I: For each n € N, let P, denote the set of all partial s-plays of length n, and for
purely notational reasons, let us set Ag = {#}. We shall inductively define a sequence
(A, : n € N) of subsets such that the following properties are fulfilled. For each n € N:

(a,) A, C P, and s,(p) N s,(p') = @ for every distinct p,p’ € Ap;
(bn) {sn(p) : p € A,,} is an exhaustive partition of X;
(¢,) for each p e Ay, pl; € A; for all 0 < j < n.

Step 1. Let Ay be a maximal subset of P, such that (a;) and (¢;) are satisfied and {s;(p) :
p € A1} is partial exhaustive partition of X. By Zorn’s Lemma such a maximal subset
exists.

We claim that {s;(p) : p € A1} is an exhaustive partition of X. To see this, suppose that
A:=X\{s1(p) : p € A1} # @. Note that (A) is an s-play of length 1. Let A* := AjU{(A)}.
Then A* satisfies (a;) and (¢;). Furthermore, by Lemma 1.4.3, {s1(p) : p € A*} is a partial
exhaustive partition of X, since s1(A) is a relatively 7-open subset of X \ {s1(p) : p € A1}
However, this contradicts the maximality of A;. Hence, {s1(p) : p € A1} must indeed be
an exhaustive partition of X.

Let n € N, and suppose the subsets Ay satisfying the Properties (ax), (bx) and (c¢x) have
been defined for each 1 < k < n.

Step n+1. Let A, 11 be a maximal subset of P, such that (a,,1) and (¢,41) are satisfied
and {s,+1(p) : p € Any1} is partial exhaustive partition of X. By Zorn’s Lemma such a
maximal subset exists.

We claim that {s,1(p) : p € Ay41} is an exhaustive partition of X. If not, then

A= X \U{sn+1(p) :p € Api} # 2.
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Since {s,(p) : p € A, } is an exhaustive partition of X there exists a p € A,, such that A" :=
sn(p) N A is nonempty and relatively 7-open in A. Note also that (p, A’) is a partial s-play
of length n+1. Let A* := A, 11 U{(p, A’)}. Then A* satisfies (a,1), obviously, and (c,41).
Furthermore, since s, 1(p, A’) is a relatively 7-open subset of A" and A’ is relatively T-open
subset of A, s,11(p, A') is a relatively 7-open subset of A = X \ (J{s,11(p) : p € Api1}

Therefore, by Lemma 1.4.3, {s,41(p) : p € A*} is a partial exhaustive partition of X.
However, this contradicts the maximality of A, ;. Hence, {s,11(p) : p € Apy1} must be
an exhaustive partition of X. This completes the induction.

We now claim that for each x € X there exists a unique s-play p := (A, : n € N) such
that x € (), ey An and pl, € A, for all n € N.

We first show existence. To this end, let us consider x € X and n € N. Then, by the
Properties (a,) and Property (b,), there exists a unique p, € A,, such that = € s,(p,).

We show that if 1 < n < m then p,|, = p,. To see this, first note that p,,|, € A,, by
Property (c¢,,), and secondly, that © € s, (pm|n) N $n(pn). Therefore, by Property (a,), it
must be the case that p,,|, = p,. Thus, p,, is a continuation of the partial s-play. Let

p = (A} :n € N), where for each n € N, p,, := (A}, ..., A}). Clearly, € [),,cy An as

T € 5,(pn) = sn(AY,...,A}) C AL foralln € N.

We now demonstrate that p is an s-play and that p|, = p, € A, for all n € N. To this end,
let n € N. Then by above, for each 1 < j < n, p; = p,|;. Therefore, for each 1 < j < n,
A = A?. Thus,

Plo = (A1, A) = (AT, ..., A}) = pn € A,

. 1 1
Furthermore, since p,,; = (A}, ... ,AZL) €M1 C P,

AT C s (AT AT (x)

Now again, by above, for each 1 < j < n, ppy1|; = p;. Therefore, for each 1 < j < n,
A;"Ll = Aj. Substituting this into Equation () we get that

ANy Cosa(Ay, . AR).

This show that p is an s-play.

We now show uniqueness. Suppose that p := (4, : n € N) and p’ := (A, : n € N) are
s-plays such that:

(i) z € N,eny An and x € ),y 4}, and
(i) p|, € A, and p'|,, € A, for every n € N.

Fix n € N. Since = € s,(p|n) N sp(p|n), it follows from the second part of Property (a,),
that that p|, = p'|,. In particular, A, := A!. This shows the uniqueness.

For each z € X, let p(x) denote the unique s-play (A4, : n € N) such that x € (), .y An
and p|, € A, for all n € N.
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We now define a metric d on X as follows. Suppose that =,y € X, p(x) := (4, : n € N)
and p(y) := (A}, : n € N). Then

0 if p(z) = p(y) o
d(z,y) = . where, n:=min{i € N: A; # A’}
@3] { I/nif p(z) # p(y) { # AL
Clearly, 0 < d(z,y) for all z,y € X, and d(z,x) = 0 for all z € X follows from the
uniqueness of p(z) and p(y). On the other hand, if d(z,y) = 0 then Ay = Aj for all k € N.
Furthermore, since both (A, : n € N) and (A!, : n € N) are s-plays and [ _y A4n # @ and

Nnen Ay # 9, it must be the case that

{z} = ﬂk;eNAk = ﬂkeNA;c ={y}.

neN

Therefore, x = y. It follows directly from the definition of d that it is symmetric, i.e.,
d(z,y) = d(y,z) for all z,y € X. So it remains to show the triangle inequality. Let
z,y,z € X. We will show that d(z,z) < d(x,y) + d(y,z). Let p(z) := (4, : n € N),
p(y) == (A, : n € N) and p(z) := (A : n € N). Set n,, := min{i € N : A; # A/}
Ngy = min{i € N: A; # A’} and n,, == min{i € N: A, # A’}. If i < min{n,,,n,.} then
A; = A and A, = A. That is, A; = A”. Therefore,

{ieN: A # A’} C{i € N: min{ng,,n,.} <i}.
Hence, min{ng,, n,.} < n,,. Thus, either
d(z,z) =1/ng, <1/ng, =d(z,y) or d(z,z)=1/n,, <1/n,, =d(y,z) (or both).
It now follows that d(z, z) < d(z,y) + d(y, 2).

Part II: The next thing we have to show is that the d-topology on X is at least as strong
as the 7’-topology on X. To this end, let x € X and let U € 7/ be such that x € U. Since
p(z) == (A, : n € N) is an s-play and (), .y An = {2} C U there exists an n € N such
that A, C U. We claim that By(z,1/n) C U. To see this, consider y € By(z,1/n). Then
p(y) == (A, :neN)and d(z,y) < 1/n. If 2 =y then y € U. So let us suppose that = # y.
Then n < 1/d(z,y), i.e., n < min{k € N: A, # A;}. Thus, A, = A, and so

Y € Npendr € A, =A, CU.
This shows that By(z,1/n) C U.

Part III: Thus, it remains to show that d fragments (X, 7). So with this in mind, let
us consider an arbitrary nonempty subset C' of X and an arbitrary positive real number
e. Choose n € N such that 1/n < . Then, since {s,(p) : p € A,} is an exhaustive
partition of (X, 7), [recall Property (b,)], there exists a ¢, € A, such that C' N s,(g,) is
nonempty and relatively 7-open in C. Let x,y € C'Ns,(g,). We assert that d(z,y) < 1/n.
To justify this assertion we need to examine the definition of d. To this end, let p(z) :=
(Ap : k € N) and p(y) := (A}, : k € N) be the unique s-plays such that x € (,.yAx and
(Ar,...,Ag) € Apforall k € Nand y € (), nA) and (A7,..., A}) € Ay forall k € N. Since
T € Sp(qn) Nsp(Ar, ..., A,) and y € s,(qn) N sp(AY, ..., Al), it follows from the second
part of Property (a,), that (Ay,..., A,) = ¢, = (A],..., Al). Hence, by the definition of
d, d(z,y) < 1/n. Since z,y € C'Ns,(g,) were arbitrary, diam[C'Ns,(g,)] < 1/n < €; which
completes the proof. O
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The significance of Theorem 1.4.4 stems from the fact that it associates two disparate
properties, namely, it relates the global property of fragmentability (of the whole space)
to the local property of a winning strategy for the player €2 in the G(7,7’)-game. Indeed,
Theorem 1.4.4 is usually employed as a tool for showing that certain topological spaces are
fragmentable, by simply displaying a winning strategy for the player € in the G(7, 7’)-game
played on (X, 7,7').

Exercise 1.4.5. Suppose that (X, 7) is a reqular Hausdorff topological space. Show that if
(X, 7) has a countable network, then (X, T) is fragmented by a metric whose topology on
X is at least as strong as 7. Recall that N C 2% is a network for the topology T if for each
r€X and U € 7 with x € U, there exists an N € N such that x € N C U.

Hint: Construct a winning strategy for the player Q0 in the G(1,7)-game played on (X, 1)
and then apply Theorem 1.4.4.

In the ensuing lemma we shall exploit the following notion. Suppose that A is a nonempty
subset of RY, for some nonempty set Y and U, is a nonempty subset of Y. Then Var,(U) :=
sup{|f(u) — f(«')| : u,u’ € U and f € A}. If, in addition, the set Y is endowed with a
topology 7' then we write w(z) := inf{Vara(U) : z € U € 7'}, for each x € Y.

Lemma 1.4.6. Let (Y, 1) be a nonempty compact topological space and let @ # A C C(Y').
If 0 < e and W is an open neighbourhood of Ay := {(x,y) € Y?: x = y} then there exists
a nonempty relatively 7,(Y)-open subset U of A and a point (zo,y0) € W such that

(1) min{l,s —e} <|g(zo) — g(yo)| for all g € U and
(ii) || - |lo — diam[U] < 2s + ¢ where, s := sup{wa(z) : z € Y}.

Proof. Choose z € Y such that min{l,s — e} < wa(x). Since (z,z) € W, and W is open
in the product topology there exists an open neighbourhood V' of z such that (x,z) €
VxV CW. Now,

min{l,s — e} <wa(x) < Vary(V) =sup{|g(y) — 9(¢')| : y,y € V and g € A}.
Choose f € A and zg,yp € V such that min{1,s — e} < |f(zo) — f(vo)|. Let
U':={ge€ A:min{l,s —e} <|g(zo) — 9(vo)|}
Note that U* is nonempty, as f € U* and U* is relatively 7,(Y)-open in A. Let s* :=
sup{wy+(z) : € Y} < s. For each € X, we may choose an open neighbourhood V;, of x
such that Vary-(V,) < (wu«(7) +¢/3) < (5" +¢/3) < (s +¢/3). Let {V,, : 1 < j <n} be
a finite subcover of the open cover {V, : x € Y} of Y. Let

U:={geU":|g(x;) — f(x;)] <e/6 for all 1 < j < n}.

Then @ # U, as f € U and U is relatively 7,(Y)-open in U* and hence, relatively 7,(Y)-
open in A.
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We claim that || - || — diam[U] < 2s+¢. To verify this claim, let us consider and g,h € U
and any x € Y. Then, since {V,, : 1 < j < n} is a cover of Y, there exists a 1 < jo < n
such that = € V,,, . Furthermore,

l9(2j0) — hl(wjo)| < 1g(wjo) = f o)l + [f (o) — ()| <e/6+¢/6=¢/3
since g,h € U. Now,
() = h(z)| < [g(z) — gzl + lg(je) — hlzjo)| + [h(xj,) — h(z)]
< (s+¢/3)+¢/3+(s+¢/3)=2s+c¢.

Since € Y was arbitrary, ||¢g — h|l«c < 2s + € and since g,h € U were arbitrary too,
| - [0 — diam[U] < 2s 4 . This completes the proof. O

The following important theorem relies heavily upon Theorem 1.4.4.

Theorem 1.4.7 ([32]). Let (Y,7') be a nonempty compact Hausdorff topological space and
let X be a nonempty subset of C(Y'). Then the following are equivalent:

(i) X s fragmented by a metric whose topology on X is at least as strong as the || - ||co-
topology on X ;

(il) X is fragmented by a metric whose topology on X is at least as strong as the pointwise
toplogy on X ;

(i) The player Q@ possesses a strategy w := (wy, : n € N) for the G(1,(Y), 7,(Y))-game
played on (X, 7,(Y)) such that, for every w-play (A, : n € N) either, (a) (,en An =
@ or (b) N,eny An # @ and every sequence (x,, : n € N) with x,, € A, for alln € N,
has a 7,(K)-cluster-point in C(Y').

Proof. Clearly (i) = (ii) and (i) = (i7i) follows from Theorem 1.4.4. So we need only
show that (iii) = (i); which is what we do now. We shall apply Theorem 1.4.4. More
precisely, we will construct a winning strategy s := (s, : n € N) for the player € in the
G(1(Y), |l - [l )-game played on X and then deduce from Theorem 1.4.4 that (X, 7,(Y))
is fragmented by a metric d whose topology on X is at least as strong as the supremum
topology on X.

Let w := (w, : n € N) be a strategy for the player Q such that, for every w-play (4, : n € N)
either (), oy An = @ or else, [,y An # @ and every sequence (z, : n € N) with z, € A
for all n € N, has a 7,(Y)-cluster-point in C'(Y").

Step 1. Let Ay be a nonempty subset of X and let A := w;(A;). Note that A is a nonempty
relatively 7,(Y)-open subset of A;.

Let t(a,) :=sup{wa(z) :x € Y}, fa,) € A, e:=1and

W= {(z,y) € Y*: |fay (@) — fan)| < 1}

Then 0 < ¢ and W is an open neighbourhood of Ay. Hence, by Lemma 1.4.6, there exists
a nonempty relatively 7,(Y")-open subset U of A and a point (z(a,),y(4,)) € W such that
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(i) min{1,¢4,) — 1} < [9(®a,)) — 9(y(a,)| for all g € U and
(i) - [l — diam[U] < 2t(ay + 1.

Let s1(A;) := U. Note that this is well-defined since U is nonempty and a relatively
7,(Y)-open subset of A = w;(A;) and hence, a relatively open 7,(Y")-open subset of A;.

...............

,,,,,

ej) min{1,ta, ) — 1/} <|9(w(a;, . a;)) — 9(ya,,..a;)| for all g € s;(Ay, ..., Aj);

Step n + 1. Suppose that (Ay, ..., A,+1) is a partial s-play of length n 4 1. Then
%) # An+1 g Sn(Al, ce 7An)

By (a,), (Ay,...,Ay,) is a partial w-play and s,(A1,..., A,) C w,(A4,...,A,). Thus,
(A1,..., A1) is a partial w-play (and the first part of (a,,1) is satisfied). Therefore,
@ # A:=wy1(A, ..., Ayq1) is well-defined. Note also that A is relatively 7,(Y)-open in
Angr. Let ta,, a0 =sup{wa(®) :x € Y}, fa,,.a,0) €A, e:=1/(n+1) and

W= {(z,y) € Y?: |fiar,oa0(®) = flar,an@)| < 1/(n+1) forall 1 <k < (n+1)}.

Note that (b,41) and (c,41) are satisfied. Then 0 < & and W is an open neighbourhood of
Ay. Hence, by Lemma 1.4.6, there exists a nonempty relatively 7,(Y)-open subset U of A
and a point (T4, A1), Y(Ar,..Ans)) € W such that

(i) min{lvt(z‘h ----- Ant1) — 1/(” + 1)} < |g(x(A1 ----- An+1)) - g(y(A1 ----- An+1))| for all g€ U and

Note that since (4, a,,1): YA, Ans1)) € W, (dyir) s satisfied.

Let sp41(A1, ..., Auy1) := U. Note that this is well-defined since U is nonempty and a
relatively 7,(Y")-open subset of A = w,,4+1(41, ..., A,4+1) and hence, a relatively open 7,(Y)-
open subset of A, ;1. Finally, let us note that: the second part of (a,1) is satisfied; (e,11)
is satisfied by (i) above and (f,41) is satisfied by (ii) above.

This completes the definition of s := (s, : n € N). We now show that s is a winning
strategy for the player 2 in the G(7,(Y),| - ||)-game played on X. To this end, let
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(A, : n € N) be an arbitrary s-play. If (), .y A, = @ then Q wins this play. So, let us
consider the case when (1), .y An # @. At this point we shall also simplify our notation.
For each n € N, let @, := x4, 4,), Yn = YA, An)s tn = tay,.,a,) and fr = fla,,. 4,)-
By construction

min{l,¢, — 1/n} <|fi(z,) — felyn)| iH1<n<k (%)
since f, € Ay C Api1 C s,(Aq, ..., A,), see Property (e,,) and

|fo(k) = folyr) < 1/k if1<n<k ()

see, Property (di). Since f, € A, for alln € N, (), .y An # @ and (4, : n € N) is an
w-play, see Property (a,), (f, : n € N) had a 7,(Y)-cluster-point fo, € C(Y'). Moreover,
by inequality (x)

min{1,t, — 1/n} <|fo(xn) — foo(yn)| for all n € N. ()

On the other hand, since Y? is compact and (x,,y,) € Y2 for all n € N, the sequence
((2n,yn) : n € N) has a cluster-point (Zeo,¥oo) € Y? and furthermore, by (%), we have
that

0 <|fu(Tso) = fn(yso)| <0 forall n € N.

That is, f1(%o) = fn(Yso) for all n € N. Therefore,
foo(@oo) = foo(Yoo)- (%)

We now claim that inf,cyt, = lim, o t, = 0. Firstly, note that 0 < ¢,,; < ¢, for all
n € N. Therefore, by the Monotone Convergence Theorem, lim,, ... ¢, exists and equals
inf,cnt,. Next, suppose, in order to obtain a contradiction, that 0 < ¢ := inf,cyt,. Then
min{l,¢ — 1/n} < min{l,¢, — 1/n} for alln € N. If N € N and 2/t < N then

0 < min{1,¢/2} <min{l,¢ — 1/N} <min{l,t —1/n} forall N <n.
Hence, by (k%)
0 <min{l,t/2} < |foo(xn) — foo(yn)| forall N <n.

Since, (,y) + | foo(T)— foo(y)], is continuous on Y2, 0 < min{1,¢/2} < | foo(Too) — foo (Yoo)|;
which contradicts Equation (sx%x). Therefore ¢ must equal zero, i.e., lim, o t, = 0.

It now follows from Property (f,,) that
0 <"l —diam[A, 1] < - |loo — diam][s, (A1, ..., An)] < 2t, +1/n  for all n € N.

Thus, lim, 0 || * [ec — diam[A,,] = 0. This shows that the s-play (A, : n € N) is won by
the player €2 in this case too. This completes the proof. [

Corollary 1.4.8. Suppose that (Y1, 1) and (Ya, 75) are nonempty compact Hausdorff topo-
logical spaces. Suppose also that X is a nonempty subset of C(Y1) and Xo is a nonempty
subset of C(Y2). If (X1,7,(Y1)) is homeomorphic to (Xa, 7,(Y2)) then (X1, 7,(Y1)) is frag-
mented by a metric whose topology on X; is at least as strong as the || - ||« topology on X
if, and only if, (Xa, 7,(Y2)) is fragmented by a metric whose topology on Xs is at least as
strong as the || - || topology on Xs.
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Proof. This follows directly from Theorem 1.4.7, since Property (ii) of Theorem 1.4.7 is
preserved by 7,(Y})-to-7,(Y2) homeomorphisms. O

Corollary 1.4.9. Suppose that (Y, 7') is a nonempty compact Hausdorff topological space.
Then (Begyy, 7,(Y)) is fragmented by a metric whose topology on Be(yy is at least as strong
as the || - | topology on Begyy if, and only if, (C(Y),7,(Y)) is fragmented by a metric
whose topology on C(Y') is at least as strong as the || - ||« topology on C(Y').

Proof. Clearly, if (C(Y),7,(Y)) is fragmented by a metric whose topology on C'(Y) is at
least as strong as the || - || topology on C(Y') then (Begyy,7,(Y)) is fragmented by a
metric whose topology on Bey) is at least as strong as the || - ||« topology on Be(y).
So we consider the converse statement. Suppose that (Be(yy, 7,(Y)) is fragmented by a
metric whose topology on Be(y) is at least as strong as the || - ||o topology on Beyy. Then
B:={feCY):|fllx <1} C Begy) will also be fragmented by a metric whose topology
on B is at least as strong as the || - ||« topology on B. We now claim that (B, 7,(Y))
is homeomorphic to (C(Y),7,(Y)). To see this, let us first consider a homeomorphism
g:(=1,1) = (—o00,00) [e.g. g:(—1,1) = (—00,00), defined by, g(z) := tan(Fx) for all
x € (—1,1)]. Then define 7, : B — C(Y") by,

Ty(f)(x) = (go f)(z) = g(f(x)) forallzeY.

Note that T, is well-defined, i.e., T,(f) € C(Y) for all f € B, since f(z) € Dom(g)
for all z € Y and (g o f) is continuous, as it is a composition of continuous functions.
Furthermore, it is easy to see that T, is 1-to-1 and onto. In fact (T,)"! = T,-1. In
addition to this, it is not difficult to show that both T} : (B, 7,(Y)) = (C(Y),7,(Y")) and
Ty (C(Y), 7(Y)) = (B, 7p(Y)) are continuous. This completes the proof the claim.

The result now follows from Corollary 1.4.8. [

As our next application of Theorem 1.4.7 we have the following result.

Theorem 1.4.10 ([32]). Let (Y, 7’) be a nonempty compact Hausdorff space. If (Beyy, p(Y))
has a countable separation index (in some Hausdorff compactification) then (C(Y), 7,(Y))
is fragmented by a metric whose topology on C(Y') is at least as strong as the || - || -topology

on C(K).

Proof. By Corollary 1.4.9, it is sufficient to show that (Bcyy), 7,(Y)) is fragmented by a
metric whose topology on Bey) is at least as strong as the || - ||« topology on Be(y).
Furthermore, by Theorem 1.4.7, it is sufficient to show that the player () possesses a
strategy w := (w, : n € N) for the G(7,(Y), 7,(Y'))-game played on (Bcy), 7,(Y)) such
that, for every w-play (A, : n € N) either, (i) (,,cy An = @ or (ii) ),cn An # @ and every
sequence (z, : n € N) with z,, € A, for all n € N, has a 7,(K)-cluster-point in C(Y').

We now inductively define a strategy w := (w, : n € N) that possesses the properties
described above. Let (O, : n € N) be a countable family of open subset of (5(Bc(yy), 75)
that separate Beo(yy from B(Beyy) \ Beoy)-

Step 1. Suppose that A; is a nonempty subset of Be(yy. If A;yNO; = & then A"°NO, = 2.
In this case, let wy (A1) := Ay. If A;NO; # @ then choose x € A; N O;. Then choose a 75-
open neighbourhood U of z such that z € U C U ° C O;. In this case, let w1(4y) = ANU.
Note that in both cases wy (A7) ” is not separated by the set O.
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Now, let n € N and suppose that w; has been defined for every partial w-play of length j
with 1 < j <n so that either, wj(Al, ce 7Aj>lﬂ N Oj or wj(Al, ce ,Aj)m - Oj.

Step n+ 1. Let (Ay,..., Any1) be a partial w-play of length n+ 1. If A,,1 N0, = @
then mfg N On—l—l = . In this case, let wn+1(A1, ceey An+1) = An+1. If An+1 N On+1 7é 1)
then choose z € A, 41 N Opy1. Then choose a 7g-open neighbourhood U of x such that
€U CU” C Oy,ys. In this case, let Wnt1(A1, ..., Apyr) == Ay NU. Note that in both
cases, Wni1(A1, ... ,Anﬂ)lﬁ is not separated by the set O, ;1.

This completes the definition of the strategy w := (w, : n € N). Let (4, : n € N) be an
w-play and suppose that (), .y An # @. We need to show that every sequence (x, : n € N)
with z,, € A, for all n € N, has a 7,(K)-cluster-point in C(Y). So, let (z, : n € N)
be a sequence with x,, € A, for all n € N. Since (8(Bc(y)), 7p) is compact the sequence
(z,, : m € N) has a cluster-point zo € 3(Bc(y)). We need to show that ., € Bey). Fix
n € N and let n < k. Then

x, € Ay C A, CA”.

Therefore, z,, € A" Since n € N was arbitrary, z,, € ﬂneN A,””. Since the points
of O := ,en An " are not distinguished by the sets (O, : n € N) either, C' C Bey) or
CC ﬁ(BC(y)) \ Bc(y). However, as @ # nneN A, CCn Bc(y), CC Bc(y). In particular,
Too € Be(y). Therefore, x4 is a 7,(Y')-cluster-point of the sequence (z,, : n € N). O

A related notion to fragmentability, that was first considered in [25], (even though the
papers [22,23] came out earlier, due to publication delays), is that of o-fragmentability.

A topological space (X, 7) is said to be sigma-fragmented by a metric d defined on X if|
for every 0 < e there exists a countable family {X¢ : n € N} of subsets of X such that
(i) X = U,en X5, (e, {X; : n € N} is a cover of X) and (ii) for every n € N, and
every nonempty subset A of X, there exists an open subset U such that ANU # @ and
d—diam(ANU) <e.

Sometimes we write o-fragmented in place of “sigma-fragmented”. Sigma-fragmentability
was studied extensively in the 1990’s, particularly in the setting of Banach spaces and
C(Y)-spaces. See for example, [16,22-28,30,32,37]. During this period the connection be-
tween renorming theory and sigma-fragmentability was studied, as well as, the connection
between the co-Namioka property and sigma-fragmentiability, [21,36,38]. For a paper that
contains a little of the history of fragmentability /sigma-fragmentability, in its introduction,
see [34].

In the last part of this section, we will explore the connection between fragmentability and
o-fragmentability.

Proposition 1.4.11 ([32]). Let (X, 7) be a topological space that is fragmented by a metric
d, whose topology on X, is at least as strong as the topology generated by some other (but
not necessarily distinct) metric p defined on X. Then (X, T) is sigma-fragmented by p.

Proof. For every x € X and r € (0,00) define, By(z,r) :={y € X : d(y,z) < r}. Given
0 <e, put X¢:={z € X :p—diam[By(z,1/n)] < e}. Since the d-topology on X is at
least as strong as the p-topology on X, X = J, .y X;. Fix n € N and let A be a nonempty
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subset of X:. Since (X, 7) is fragmented by d there exists a nonempty relatively 7-open
subset U of A with d — diam[U] < 1/n. Choose o € U C X:. Then U C By(xo, 1/n). By
the definition of the set X

p —diam[U] < p — diam[By(xo, 1/n)] < e.
That is, (X, 7) is sigma-fragmented by the metric p. ]
Of particular interest to us is the following corollary.

Corollary 1.4.12. Let (Y, 7') be a nonempty compact Hausdorff space. If (C(Y), 7,(Y)) is
fragmented by a metric d, whose topology on C(Y') is at least as strong as the ||-||s-topology
on C(K), then (C(Y),7,(Y)) is sigma-fragmented by the metric generated by || - |-

Proof. We define p : C(Y) x C(Y) — [0,00) by, p(f,g) := || f — glle for all f,g € C(Y).
Then p is a metric on C(Y). We now just apply Proposition 1.4.11. O

Proposition 1.4.13 ([32]). Let (X, 7,7") be a bitopological space with the property that:
(i) (X,7) is T\ and
(ii) for every U € 7' and every x € U there exists a V € 7' such that x € V' C V' CcUu.

If (X, 1) is sigma-fragmented by a metric d, whose topology on X, is at least as strong as
7', then (X, T) is fragmented by a metric whose topology on X, is at least as strong as 7.

Proof. We shall appeal to Theorem 1.4.4. Indeed, to prove the theorem, we will construct a
winning strategy s := (s, : n € N) for the player  in the G(7, 7')-game played on (X, 7, 7'),
but first we shall make some preliminary observations and remarks. Let {(m,n) € NxN:
k € N} be an enumeration of N x N and for each n € N, let {X(,,,) € 2¥ : m € N} be a
cover of X such that, for every m € N and every nonempty subset A of X, ) there exists
a nonempty relatively 7-open subset U of A such that d — diam[U] < 1/n.

Step 1. Let A; be a nonempty subset of X. We shall consider two cases:
(1) if A1 g A1 N X(ml,nl) then we define 81<A1) = A1 \Al N X(ml’nl)T. Note that 81(141)

is a nonempty relatively 7-open subset of Ay;

(ii) if Ay € A1 N Xy my) then there exists a 7-open subset U of X such that U N (AN
Xomimy) # @ and d — diam[U N (A N Xny )] < 1/n1. In this case we define
s1(Ay) := U N A;. Note that s1(A;) is a nonempty relatively 7-open subset of A;.

So either s1(A1) N X, i) = @, or else, s1(A1) C s51(A1) N X(mhm)l.

Now, let k € N and suppose that s; has been defined for every partial s-play (A,...,A;)
of length 5 with 1 < j < k so that: either

(aj) sj(A1, ..., Aj) N Xy ;) = 9, or else,

(b]> d—diam[sj(Al, A 7Aj>mX(mj,n]-)] < % and Sj(Al, .. ,Aj) - Sj(Al, .. ,Aj) N X(mj,nj)‘
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Step k+ 1. Let (Aq,..., Agy1) be a partial s-play of length k& + 1. We shall consider two
cases.

(i) if App1 € Arpr N X " then we define

mk+1’nk+1)

5k+1(A17 cee 7Ak+1) = Arna \ A1 N X(mk+1:nk+1)l :

Note that sgy1(A1, ..., Axr1) is a nonempty relatively 7-open subset of Ag,1;

(ii) if Apsr C Aprr 0 X
U ﬂ (Ak+1 ﬂ X(mk+1:nk+1
this case we define

miamesy) then there exists a 7-open subset U of X such that
y) # @ and d — diam[U N (Ags1 O X(mpqnes)] < 1/nkg1. In

Spa1(Ars ooy Apgr) == U N A,

Note that sgy1(A1, ..., Agr1) is a nonempty relatively 7-open subset of Ag. .

Finally, observe that either (ajy1) or (bgyq) is satisfied.

This completes the definition of s := (s, : n € N). So it remains to show that s is
indeed a winning strategy for the player 2 in the G(7, 7")-game played in (X, 7,7’). To this
end, let (A, : n € N) be an arbitrary s-play in the G(7,7')-game played in (X, 7,7’). If
MNnen An = @ then Q wins this play. So let us consider the case when (), .y An # @.

Let x € (),en An- To verify that the s-play (A, : n € N) is won by § it is sufficient to
show, because of the assumed properties of 7 and 7/, that for each 7’-open neighbourhood
V of x there exists an n € N such that A, C V. [Take a minute to convince yourself
that this is really true]. So let V an an arbitrary 7/-open neighbourhood of z. Since the
d-topology on X is at least as strong as the 7'-topology on X there exists an n’ € N such
that By(x,1/n") C V. Now, since { X : m € N} is a cover of X there exists a m’ € N
such that € X ).

Let £ € N be chosen so that (my,n;) = (m/,n'). Then x € sp(A1, ..., Ax) N Ximpnp)-
Therefore, Property (ax) does not hold and so Property (by) must hold. That is,

neN

d — diam[sg (A1, ..., Ax) N X < 1/ngp =1/70

and
Sk<A1, Ce ,Ak) g Sk(Al, Ce ,Ak) N X(mk,nk) .
Therefore,
Ak+1 Q Sk(Al, Ce ,Ak) Q Bd({E, 1/77/) g Vr
since si(A1, ..., Ar) N X(myne) € Balz, %) This completes the proof. O

Corollary 1.4.14. Let (Y,7') be a nonempty compact Hausdorff topological space. If
(C(Y),1,(Y)) is sigma-fragmented by the metric generated by || - ||oo, then (C(Y),7,(Y))
is fragmented by a metric, whose topology on C(Y), is at least as strong as the supremum
norm topology on C(Y').

Proof. Let 7 := 7,(Y), let d be the metric generated by || - ||~ and let 7" be the topology
generated d. Then we may simply apply Proposition 1.4.13. [
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Corollary 1.4.15 ([22, Corollary 3.1]). Let (Y, 7') be a nonempty compact Hausdorff topo-
logical space. If (C(Y), 1,(Y)) is sigma-fragmented by the metric generated by || - ||, then
Y is a co-Namioka space.

Proof. This follows from Corollary 1.4.14 and Corollary 1.4.2. [

Corollary 1.4.16. Let (Y,7') be a nonempty compact Hausdorff topological space. Then
(C(Y),1,(Y)) is o-fragmented by the metric generated by |||« if, and only if, (C(Y), 7,(Y))
is fragmented by a metric, whose topology on C(Y), is at least as strong as the supremum
norm topology on C(Y').

Proof. Simply combine Corollary 1.4.12 and Corollary 1.4.14. ]

1.5 Game characterisation of class(7*)-spaces

In this section we present a characterisation of those compact Hausdorff spaces (Y, 7’) such
that N(X,Y") holds for all weakly a-favourable spaces (X, 7).

Proposition 1.5.1. Let f : X — Y be a quasicontinuous, open mapping from a topological
space (X, T) onto a topological space (Y, 7). If (X,T) is weakly a-favourable, then so is
(Y, 7).

Proof. Let s := (s, : n € N) be a winning strategy for the player « in the Ch(X)-game
played on (X, 7). We shall use s to inductively define a winning strategy o := (o, : n € N)
for the player « in the C'h(Y')-game played on (Y, 7).

Step 1. Let (By) be a partial o-play of length 1 in the Ch(Y")-game played on (Y, 7'), i.e., By
is a nonempty open subset of Y. Since f is 7/-quasicontinuous and surjective there exists a
nonempty 7-open subset A,y of X such that f(A,)) C Bi. Let 01(B1) == f(s1(A))))-

This definition is well-defined because (i) f(s1(A(p,))) is a nonempty open subset of Y, as f
is an open mapping and s;(Ap, ) is a nonempty open subset of (X, 7) and (ii) o1(By) C By
as 01(B1) = f(s1(A)))) € f(Asy) € B

Now, let n € N and suppose that o; and Ap, . p,) have been defined for each partial
o-play (Bi, ..., Bj) of length j with 1 < j < n so that:

77777

(111) O'j(Bl, ce ,Bj) = f(sj(A(B1)7 PN ,A(Bl ..... Bj)))'

Step n+1. Let (By, ..., B,y1) be a partial o-play of length n+1. Then B, is a nonempty
open subset of 0,(By,...,B,) = f(sn(ABy),--->A,...B.)))- Therefore, since f is 7'-
quasicontinuous, there exists a nonempty open subset A, . 5,,,) of sn(AB), - -, ABy,...Bn))
such that f(As,,. . B.1)) © Bnti1. Then define

,,,,,

0n+1(Bla ceey Bn—f—l) = f(8n+1<A(B1)7 o 7A(B1 ----- Bn+1)))'
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This definition is well-defined because (i) ¢,41(B4, ..., Byy1) is a nonempty open subset
of Y, as f is an open mapping and sn41(A(B,); - - -, A(Bi,..,B,,1)) 1S @ nonempty open subset
of (X,7) and (ii) 0p41(B1, ..., Bny1) C By, as

.....

0n+1(BI; s 7B’n+1) = f(Sn-i-l(A(Bl), s 7A(B1 ----- Bn+1)) - f(A(Bl ----- Bn+1)) C Bn-‘rl'

This completes the definition of o := (0, : n € N). So it remains to show that o is indeed
a winning strategy for the player « in the Ch(Y)-game played on (Y, 7’). Let (B, : n € N)
be an arbitrary o-play. Then, by construction, (A(g, .. 5,) : n € N) is an s-play. Hence,

.....

9 7é nTLGNA(Bl ----- Bp) — ﬂneNSn(A(Bﬂa s 7A(B1 ..... Bn))

Furthermore,

D # f(Mnensn(ABy), - ABrB)) S (eenS (Sn(Aiyys - As,...Ba)))
ﬂneNan(Bla cee 7Bn) = ﬂneNBn;

which shows that o wins this play. This completes the proof. O

Proposition 1.5.2. Let f : X — Y be a quasicontinuous mapping from a topological space
(X, 1) into a topological space (Y,7'). If (X, T) is weakly a-favourable, then so is the graph
of f, Gr(f), endowed with the relative product topology of (X, 7) and (Y, 7').

Proof. Let f : X — Y be a quasicontinuous mapping from a weakly a-favourable topo-
logical space (X, 7) into a topological space (Y,7'). Let g : X — Gr(f) be defined by,
g(x) := (x, f(x)) for all x € X. Then clearly, (i) g is surjective and (ii) g is open, since for
any 7-open subset U of X, g(U) = (U x Y)NGr(f); which is obviously open in the relative
product topology on Gr(f). We now show that ¢ is quasicontinuous on (X, 7). To this
end, let g € X, W be an open neighbourhood of g(x¢) and U be an open neighbourhood
of xy. By the definition of the product topology, there exist open subsets U’ of X and W’
of Y such that
(zo, f(x0)) = g(x0) €U x W C W.

Therefore, xo € U’ and f(xg) € W’. Now, since zo € U NU’ and f(xy) € W', it follows
from the quasicontinuous of f that there exists a nonempty open subset V' of U N U’ such
that f(V) C W’. Thus,

g(V) S (VX W)AGH(f) SV x W C U x W' =W,

This shows that g is quasicontinuous on (X, 7). The result now follows from Proposition
1.5.1. [

Proposition 1.5.3 ([31]). Let (Y, 7’) be a topological space and let d be some metric defined
on it. Then the following conditions are equivalent:

(i) every 7'-continuous mapping f : X — Y from a weakly a-favourable space (X, T)
into (Y, 7') is d-continuous at the points of a dense subset of (X,T);
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(ii) every 7'-quasicontinuous mapping f : X — 'Y from a weakly a-favourable space (X, T)
into (Y, 7'), is d-continuous at the points of a dense subset of (X, 7).

Proof. 1t is clear that condition (iz) implies condition (7). So it suffices to show that
(2) = (¢i). In this direction suppose that (i) holds. Let f : X — Y be a 7/-quasicontinuous
function acting from a weakly a-favourable space (X, 7) into (Y, 7). Fix 0 < £ and consider
the set

O. = {U € 7:d — diam[f(U)] < e}.

Since O is a union of T-open subsets, it is itself, a 7-open subset of X. We claim that O,
is also dense in (X, 7). In order to verify this claim let us consider an arbitrary nonempty
T-open subset Uy of X.

Let Z := Gr(f) and let 7" denote the relative product topology of (X,7) and (Y,7’)
on Z. From Proposition 1.5.2, (Z,7") is a weakly a-favourable topological space. Let
7 (X, 1) x (Y, 7)) = (Y, 7') be defined by, m(z,y) :=y for all (z,y) € X xY. Clearly, 7 is
7'-continuous on X x Y. Let ¢ := 7|z be the restriction of 7 to Z. Then g is 7'-continuous
on (Z,7").

Therefore, by condition (i), there exists a 7”-dense subset D of Z such that g is d-continuous
at each point of D. In particular, there exists a point

zeDN[(UyxY)NZ]=Dn[U xY)NGr(f)],

since (Up x Y)NGr(f) is 77-open in Z and nonempty. Moreover, since z € Gr(f)N(UyxY)
there exists a point xy € Uy such that z = (x¢, f(xo)).

Since g is d-continuous at z, there exist open subsets U’ of X and W’ of Y such that
(o, f(x0)) =2€ (U xW)NZ=U xW)NGr(f) ie.,xoeU and f(xy) € W’

and
d—diam[g((U' x W NZ)] <e.

Now, as xy € Uy N U’ and f(z9) € W', we have, by the 7/ quasicontinuity of f, that there
exists a nonempty 7-open subset V of UyNU’ such that f(V)) C W’'. Therefore, if z,y € V,
then (z, £(2)), (3, £(5)) € (U x W") N Gr(f) and so

d(f(l’), f(y)) - d(g('I’ f(m)),g(x, f(y))) < E.

Hence, @ # V C O.NUy. This shows that O, is dense in (X, 7). It now only remains to ob-
serve that (1), .y O1/n is dense in (X, 7) (since weakly a-favourable spaces are Baire spaces,
see remarks just after Theorem 1.1.5) and f is d-continuous at each point of (), .y O1/. O

Corollary 1.5.4. Let (Y,7') be a nonempty compact Hausdorff topological space and let
X be a nonempty subset of C(Y). Then the following conditions are equivalent:

(i) every 7,(Y)-continuous mapping f : Z — X from a weakly a-favourable space (Z,T)
into C(Y) is || - ||o-continuous at the points of a dense subset of (Z,T);
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ii) every 7,(Y)-quasicontinuous mapping f : Z — X from a weakly a-favourable space
P
(Z,7) into X, is || - ||o-continuous at the points of a dense subset of (Z,T).

Next, we explore the connection between norm continuity and the G(7,(Y), || - ||oo)-game.

Lemma 1.5.5. Let (X, 7,7') be a bitopological space and let t := (t,, : n € N) be a strategy
for the player 3 in the G(1,7')-game played on (X, 7,7"). Then (P,d) is a nonempty
complete metric space, where P denotes the set of all t-plays and d : P x P — [0,00) is

defined by,
0  ifp=yp
d(p,p) == :
0= e
where, p = (B : k € N), p' := (B}, : k € N) and n := min{i € N: B; # B/}.
Furthermore, for every partial t-play (B, ..., By) there exists a t-play p := (B}, : k € N)

such that By = By, for all1 < k <mn, i.e., every partial t-play has at least one continuation
to a full t-play.

Proof. We will prove the last claim of the lemma and the proof that P is nonempty first.
Let n € N and let (By, ..., B,) be a partial t-play in the G(7,7")-game played on (X, 7, 7’).
Let p := (B}, : k € N) be defined in two parts. Firstly, if 1 <k < n, then Bj := Bj. Note,
of course, that (B],..., B)) is a partial t-play.

If n < k then we define By, inductively as follows. Let n < k and suppose that (By, ..., By,)
is a partial ¢-play then By, := tp1(By, ..., By,) is well-defined and (Bf,..., B ) is a
partial ¢-play. Indeed, this follows from the fact that t4.,(Bjy,..., B}) is a nonempty
relatively 7-open subset of ty1(B], ..., By). Hence, ty11(By,...,By}) is a valid move for
the player Q in the G(7,7’)-game. This defines the play p := (B}, : k € N). It follows from
the construction that p is a t-play.

Next we will show that (P, d) is a metric space.

(i) Clearly, 0 < d(p,p’) for all p,p" € P. Moreover, it follows directly from the definition
of d that d(p,p’) = 0, if and only if, p = p'.

(ii) The symmetry of d also follows directly from the definition of d. As is usually the
case, the triangle inequality is the most difficult property to check.

(iii) Let p,p’,p" € P. We will show that d(p,p”) < d(p,p’) + d(p',p"). Suppose that
p:=(Br:keN),p:= (B, :keN)and p":= (B} : k€ N).

Let ny, v :=min{i € N: B; # B/}, n,,, := min{i € N: P, # P/} and
Ny i=min{i € N: P/ # P}

If i < min{n, ,ny .} then B; = B} and B, = B/. That is, B; = B!. Therefore,
{ieN:B;# B!} C{i e N:min{n,,ny»} <i}.

Hence, min{n, s, ny ,} < n,,. Thus, either

d(p,p") = 1/nppr < 1/npy =d(p,p') or  dp,p") =1/nyp < 1/ny = d@,p").

It now follows that d(p,p”) < d(p,p’) + d(p', p").
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Finally, we need to show that (P,d) is complete. To do this end, let (p™ : n € N) be a
Cauchy sequence in (P,d). For each n € N, let p" := (B} : k € N). Since (p" : n € N)
be a Cauchy sequence there exists a strictly increasing sequence (ny : k € N) of natural
numbers such that d — diam[{p’ : ny <i}] < 1/k for all k € N. In particular,

d(p™,p') < 1/k for all k € N and all ny, < i.

Therefore,
B?’“:B;- forall k e N, all 1 < j <k and all n, <.

By setting 7 := k we get that
B = B; forall k € N and all n; <. (%)

We now define a new sequence p := (By : k € N) by, By, := B.* for all k € N. Notice that
for each fixed k € N, it follows from the definition of p and Equation (%) (with k replaced
by j and i replaced by ny) that

B =B =B foralll1<j<k (%)
since n; < ng. Now, for each k € N,
By = B* Ctyp(BY*,...,B* ) =te(B1, ..., Bp_1).

Therefore, p is a t-play. Finally, note that d(p,p) < 1/k for all n, < i. To see this, fix
k € N and let 1 < j < k. Then, by the definition of p and Equation (x), (with k replaced
by j) we have that

B; = B;” = B;- for all n; <.

Since n; < ny it follows that B; = B; for all nj, <. This show that (p" : n € N) converges
top e P. O]

In order to delve deeper into the connection between norm continuity of 7,(Y")-continuous
mappings and the G(7,(Y), | - ||~ )-game we will need to recall some definitions from set-
valued analysis.

We say shall say that a set-valued mapping F' : X — 2Y acting from a topological space
(X, 7) into subsets of a topological space (Y, 7’) is a 7/-minimal mapping if: for each pair
of open subsets U of X and W of Y such that F(U) N W # &, there exists a nonempty
open subset V' of U such that F(V) C W.

The following three exercises establish some of the most fundamental properties of minimal
mappings.

Exercise 1.5.6. Let F : X — 2T be a set-valued mapping acting from a topological space
(X, 1) into subsets of a topological space (Y, 7"). Show that if D is a dense subset of (X, 1)
and F is a 7'-minimal mapping, then F|p : D — 2Y defined by, F|p(z) := F(x) for all
x € D, is also a T'-minimal mapping.
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Exercise 1.5.7. Let F : X — 2T be a 7'-minimal mapping acting from a topological space
(X, 7) into subsets of a topological space (Y,7'). Show that if G : X — 2Y is a set-valued
mapping and G(x) C F(z) for allz € X, i.e., Gr(G) C Gr(F), then G is also a 7'-minimal
mapping.

Exercise 1.5.8. Let f : X — Y be a function acting between topological spaces (X, T) and
(Y,7') and let F :— 2 be defined by, F(x) := {f(z} for all z € X. The F is 7’-minimal

if, and only if, f is T'-quasicontinuous on (X, T).

Lemma 1.5.9. Let (X,7,7') be a bitopological space and let t := (t, : n € N) be a
winning strateqy for the player ¥ in the G(7,7')-game played on (X, 7,7"). Let P denote
the space of all t-plays endowed with the metric d, defined in Lemma 1.5.5. Then the
mapping F : P — 2% defined by, F(p) := (\,en Bn, where p :== (B, : n € N) is a 7-
minimal mapping with nonempty images. Furthermore, if p € P, n € N and A C X with
F(B(p,1/n)) C A, then B,y C A, where p := (B, : n € N).

Proof. Since t is a winning strategy for the player 3 in the G(7, 7')-game played on (X, 7, 7’),
Mnen Bn # @ for each t-play (B, : n € N) € P. Therefore, F' has nonempty images.

Let U be an open subset of P and W be a 7-open subset of X such that F(U)NW # &.
Choose p := (B, : n € N) € U such that F(p) "W =, .yB.NW # @, ie., B,NW # &
for each n € N. Since U is open there exists a k € N such that B(p,1/k) C U. Then

(Bla R Bka Bk+1 N W)

is a partial ¢-play of length k£ + 1, since Bi,1 N W is a nonempty relatively open subset
of tyr1(By, ..., By). Let p' :== (B, : n € N) be a continuation of (B, ..., By, Bgr1 N W).
Note that by Lemma 1.5.5 such a continuation exists. Then p’ € B(p,1/k) since B,, = B,
for all 1 < n < k. Furthermore, if V := B(p,1/(k+ 1)) then, V is a nonempty open subset
of B(p,1/k) and F(V) C W. Indeed, if p” := (B! :n € N) € V.= B(p/,1/(k + 1)) then
B!'=DB! foralll1 <n <k+1 and so

F(") = MuenBy € Biya = Biyy = (B NW) S W

To justify the last assertion of this lemma consider p := (B : £k € N) € P, n € N and
A C X such that F(B(p,1/n)) C A and suppose, in order to obtain a contradiction, that
Bni1 € A" Then (By,...,B,, Bai1\A) is a partial t-play of length (n-+1), since B4\ A
is a nonempty relatively T-open subset of t,,.1(Bs,..., B,). Let p’ := (B!, : n € N) be any
continuation of (By,..., By, By \ZT) Note that by Lemma 1.5.5 such a continuation
exists. Moreover, p’ € B(p,1/n) since B, = By, for all 1 < k < n. However,

F(p') = MewBr € Bir = (Basn \A') © (X \AT) C (X \ A);
which contradicts the assumption that & # F(p') C F(B(p,1/n)) C A. O

Suppose that (X, 7) and (Y,7’) are topological spaces and ® : X — 2¥. If zy € X then
we say that ® is 7/-upper semicontinuous at xy if, for every W € 7/ that contains ®(x)
there exists a neighbourhood U of x such that ®(U) C W. Here we are using the notation
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OU) == H{P(u) : uw € U}. If & is 7/-upper semicontinuous at every point of X then we
say that ® is 7'-upper semicontinuous on X. When there is no ambiguity concerning the
topology 7/, we shall simply say that ® is upper semicontinuous on X.

From this definition one can immediately deduce the following.

Exercise 1.5.10. Suppose that (X, 7) and (Y,7') are topological spaces and ® : X — 2¥.
Show that ® : X — 2Y is upper semicontinuous on X if, and only if, for each open subset
Woof YV, {x € X :P(x) CW} is an open subset of X.

An important bridge between the study of set-valued mappings (and minimal mappings
in particular) and quasicontinuous mappings, is the notion of a selection. A function
s: X — Y acting from a set X into a set Y is called a selection of a set-valued mapping
d: X — 2V if s(x) € ®(z) for all x € X. In the case when (X,7) and (Y,7') are
topological spaces and ® is a 7/-minimal mapping, it is easy, but important, to see that
every selection s : X — Y of &, is 7/-quasicontinuous on (X, 7). Of particular significance
to us is the following proposition.

Proposition 1.5.11. Let (Y, 7,7') be a bitopological space with the property that:
(a) (Y, 7) is T} and
(b) for every U € 7" and every x € U there exists a V € 7' such that z € V C V' Ccu.

Consider a T-minimal mapping ® : X — 2¥ acting from a topological space (X,7") into
subset of Y and a selection s : D — Y of ® defined on a dense subset D of (X, 7"). Then,

(i) for any open subset W of (X,7"), ®(W) C s(W N D) ;

i) if s : D =Y is 7'-continuous at xg € D, then ®(xg) = {s(x and ® is T -upper
(ii) df 0 ; 0 0 pp
semicontinuous at xg.

Proof. (i) Suppose, in order to obtain a contradiction, that W is an open subset of (X, 7”)
and (W) € s(W N D) . Then, since ¢ is a 7-minimal mapping there exists a nonempty
open subset V' of W such that ®(V) N s(W N D) . Therefore,

(

g#s(VNnD)ceV)C (Y\s(WnD))CY\s(VND)

which is impossible. Therefore, (W) C s(UN D) .

(ii) Let zp € D and suppose that s : D — Y is 7'-continuous at . It will be sufficient to
show, because of the assumed properties of 7 and 7/, that for each 7’-open neighbourhood
V of s(xo) there exists an open neighbourhood W of xy such that ®(W) C V'. In fact,
because of part (i) it will be sufficient to that for each 7’-open neighbourhood V' of s(x)
there exists an open neighbourhood W of zy such that o(W N D) C V'. However, this
follows directly from the fact that s is 7’-continuous at x. ]

We can now state and prove the main theorem of this section.

Theorem 1.5.12 ([31]). Let (Y,7,7') be a bitopological space with the property that:
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(a) (Y,7') is T} and

(b) for every U € 7' and every z € U there exists a V € 7' such that z € V C V' C U.
Then the following are equivalent:

(i) the G(1,7")-game played on (Y, 7,7") is L-unfavourable;

(i) every T-quasicontinuous mapping f : X — Y from a complete metric space (X, p)
into'Y has at least one point of T'-continuity;

(i) every T-quasicontinuous mapping f : X — Y from a weakly a-favourable space
(X, 7") into Y is T'-continuous al each point of a dense subset of (X, 7").

Proof. (i) = (iii). Let f : X — Y be a 7-quasicontinuous mapping from a weakly a-
favourable space (X, 7”) into Y and let W be a nonempty 7”-open subset of X. We wish
to show that

{z € X : fis 7'-continuous} N W # @.

To accomplish this, we will inductively define strategy ¢ := (¢, : n € N) for the player 3
in the G(7,7’)-game played on (Y, 7,7’), and then exploit the assumption that the G(r, 7')-
game is Y-unfavourable. Since (X, 7") is weakly a-favourable there exists a winning strat-
egy s := (s, : n € N) for the player « in the C'h(X)-game played on (X, 7").

Let t1(0) := f(W). Then t;() is a nonempty subset of Y and hence a valid move for the
player ..

Step 1. Let (B;) be a partial t-play of length 1 in the G(7, 7')-game played on (Y, 7,7'), i.e.,
By is a nonempty relatively 7-open subset of ¢;(0) = f(W). Since f is T-quasicontinuous
there exists a nonempty open subset A(p,) of X such that f(Ap,)) € By. Let to(By) :=
f(51(A(p,))). Then t5(By) is nonempty and to(B1) = f(s1(Ay)) € f(Awiy) € Bi.

Let n € N and suppose that ¢;,; and Ap, . ;) have been defined for each partial ¢-play
(By,...,B,) of length j with 1 < j < n so that:

-----

(111) tj+1(B1, ce ,Bj) = f(sj(A(Bl)7 ce 7A(B1 ..... Bj)))-

Step n + 1. Let (By,...,B,y1) be a partial t-play of length n + 1. Then B, is
a nonempty relatively 7-open subset of t,.1(Bi,...,By) = f(sn(Aw)s - AB,..B)))-
Therefore, since f is T-quasicontinuous, there exists a nonempty open subset A, . B,
of s,(AByys -+ Ap,...,B,)) such that f(A,,. .B..1)) € Bny1. Then define,

,,,,,

t(n+1)+1(Bla e >Bn+1) = f(sn-l-l(A(Bl)v SR 7A(Bl ----- Bn+1)>>‘

This completes the definition of ¢ := (¢, : n € N). Since the game G(7,7')-game is -
unfavourable there exists a t-play (B, : n € N) where the player €2 wins. However, by
construction (A(g,,..,) : 7 € N) is an s-play. Hence,

.....

@ # ﬂnENA(Bl 7777 B’n) - ﬂnENSn(A(Bl)7 cety A(B1 ..... Bn))
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and so

%) 7é f(mnGNSn(A(Bl)7 s 7A(Bl ~~~~~ Bn))) C mneNf(sn(A(B1)7 s 7A(B1 ,,,,, Bn)))
mnENtn-i-l(Bl: CIII) Bn) = mnENBn'

Therefore, (,,cny Bn = {y} for some y € Y and for every U € 7" with y € U there exists
a k € N such that By, C U. Let x € (e A(Bi,...8,) © W. Then f(z) =y and for every
U € 7" with f(z) € U there exists a k € N such that f(Ap,,. B,)) € Br C U. This shows
that f is 7/-continuous at x € W; which in turn shows that {r € X : f is 7’-continuous}
is dense in (X, 7").

(17i) = (i) is obvious as every complete metric space is weakly a-favourable.

(17) = (7). Let t :== (t, : n € N) be an arbitrary strategy for the player ¥ in the G(7,7’)-
game played on (X, 7, 7). For the sole purpose of obtaining a contradiction, let us assume
that ¢ is not a winning strategy for the player ¥. Let P denote the set of all t-plays.Then,
by Lemma 1.5.5, (P, d) is a nonempty complete metric space, where d : P x P — [0,00) is

defined by,
n |0 ifp=yp

where, p:= (By : k € N), p' := (B, : k € N) and n :=min{i € N: B, # B/}.

Let F' : P — 2¥ be defined by, F(p) := [,y Bn, where p := (B, : n € N). Then by
Lemma 1.5.9, we have that F'is a 7-minimal mapping with nonempty images. Next, let
s : P — Y be any selection of F'. From the discussion just prior to Proposition 1.5.11,
or simply, by direct observation, we have that s is a 7/-quasicontinuous mapping. Hence,
by assumption, there exists a t-play pg := (B, : n € N) € P, where s is 7/-continuous.
By Proposition 1.5.11 part (ii), it follows that {s(po)} = F'(po) = (,en Bn and F is 7'-
upper semicontinuous at pg. We now claim that the play pg is won by €. To confirm this
assertion let U be any 7’-open neighbourhood of s(pg). From the assumed properties of
the topologies 7 and 7’ there exists a V' € 7/ such that s(py) € V C V' C U. Since, F is
7/-upper semicontinuous at py there exists an n € N such that F(B(po,1/n)) C V. Then,
by Lemma 1.5.9, B,.1 C V' C U. This shows that the play po is won by ; which in turn
completes the proof. ]

Theorem 1.5.13 ([31]). Let (Y,7') be a nonempty compact Hausdorff topological space
and let X be a nonempty subset of C(Y). Then the following conditions are equivalent:

(1) the player ¥ possesses a winning strateqy in the G(1,(Y), 7,(Y))-game played on
(X7 TP(Y)v TP(Y));

(i) the player ¥ possesses a winning strategy in the G(1,(Y),| - ||)-game played on
(X, (V) - loc)

(iii) the player ¥ possesses a strateqy o = (o, : n € N) for the G(1,(Y), 7,(Y))-game
played on (X, 7,(Y),7,(Y)) such that, for every o-play (B, : n € N); (a) (,en Bn #
@ and (b) there exists a sequence (f, :n € N) in C(Y), with f, € B, for alln € N,
that has no 1,(Y)-cluster points.
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Proof. The implications (iii) = (i) and (i) = (i) are evident. Therefore, we need only
prove that (i7) = (ii7).

To this end, suppose that (i7) holds. Let ¢ := (¢, : n € N) be a winning strategy for the
player 3 in the G(7,(Y), || - || )-game played on (X, 7,(Y),| - ||)). We shall inductively
define a strategy o := (0, : n € N) for the player ¥ in the G(7,(Y), 7,(Y'))-game played on
(X, 7(Y), 7(Y)).

Base Step. Let o1(0) := t1(0); which is a nonempty subset of X.

Step 1. Let (B;) be an o-play of length 1, i.e., By is a nonempty relatively 7,(Y")-open
subset of o1(0). Let A := t5(B;). Then A is well-defined, since By is a nonempty relatively
7,(Y)-open subset of t;(0) = o1(0). Furthermore, A is a nonempty subset.

Let sp,) = sup{wa(z) :x € Y}, fip,) € A, e:=1 and

W= {(z,y) € Y |fis)(®) — fim)(y)| < 1}

Then 0 < ¢ and W is an open neighbourhood of Ay. Hence, by Lemma 1.4.6, there exists
a nonempty relatively 7,(Y)-open subset U of A and a point (z(g,), y(s,)) € W such that

(i) min{1,s,) — 1} < |9(xs,)) — 9(yBy))| for all g € U and
(i) || - [loc — diam[U] < 2s(p,) + 1.
Let 02(By) := U. Note that o9(B;) is a nonempty relatively 7,(Y)-open subset of t5(By).

Now, let n € N and suppose that o1, (¥(s,,...5,), Y(Bi,...B,)) € Y2 fBr. B, € C(Y) and
8(Bi,...8;) € [0,00] have been defined for every partial o-play (B, ..., B;) of length j with
1 < j < n so that:

(a;) (B, ...,Bj) is a partial ¢t-play and 0;41(By, ..., B;) is a nonempty relatively 7,(Y")-
open subset of t;11(B1,. .., B;);

(bj) 8(B....B;) = sup{wa(z) : v € Y}, where A:=1t;,1(By,..., Bj);

Cj

)
)
d;) |fi,.., Bk)(x(Bl ..... B,)) = JB1,.B) W(Bi,...BH)| < 1/j forall 1 <k < j;
€; ) mln{l S(Bu,...,Bj) — 1/j} < |9($(B1 ,,,,, Bj)) - g(y(B ..... )| for all g € Ug+1(31, .- -,Bj);
)

f] dlam[aj+1(Bl, ey BJ)] S 28(31 ..... Bj) + 1/]

(
(
(€5
(

Step n + 1. Suppose that (By,..., B,y1) is a partial o-play of length n + 1. Then B, is
a nonempty relatively 7,(Y)-open subset of ¢,,41(By, ..., B,), which in turn, is by (a,), a
relatively 7,(Y)-open subset of ¢,11(B1, ..., B,). Therefore, B, is a nonempty relatively

7,(Y)-open subset of t,41(B1,...,By,). Thus, (By,...,B,+1) is a partial t-play, since by
(an), (Bi,...,By,) is a partial t-play. This shows that the first part of (a,41) is satisfied.

Let A :=t(11)+1(B1, ..., Bny1). Note that A is nonempty subset of B, .
Let 5(p,,..Boy) = sup{wa(z) : 2 €Y}, fip,. a5, €A, e:=1/(n+1) and

W= {(z,y) €Y*: |fBr..)(®) — fBr ()| <1/(n+1) forall 1 <k < (n+1)}
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Note that (b,4+1) and (¢,4+1) are satisfied. Then 0 < € and W is an open neighbourhood of
Ay. Hence, by Lemma 1.4.6, there exists a nonempty relatively 7,(Y)-open subset U of A
and a point ((p,,..By. 1) Y(Br,...Bnr1)) € W such that

(i) min{1,sp,,..B,.) — 1/(n+ 1)} <|g9(@(B,...B.11) — 9W(Bi....Ba))| for all g € U and

(i) |- o — diam[U] < 265, 5,y + 1/(n +1).

Note that since (2(s,,..B,, 1) Y(B1,..Bni1)) € W, (dny1) is satisfied.

Let o(nt1)+1(B1, ..., Bny1) := U. Note that U is a relatively 7,(Y)-open subset of A =
t(n+1)+1(Bla ..., Bny1) and hence, the second part of (a,41) is satisfied. Note also that
(ens1) is satisfied by (i) above and (f,,+1) is satisfied by (ii) above.

This completes the definition of o := (0, : n € N).

We now show that o has the desired properties. Let (B, : n € N) be an arbitrary o-play.
By construction, (B, : n € N) is also a t-play. Therefore, (", .y B, # @, since ¢ is a
winning strategy for the player ¥. Furthermore, fg,, . 5, € B, for all n € N, however, the
sequence (f(p,,..B,) : n € N) does not possess any 7,(Y’)-cluster points. To prove this last
assertion, we will assume, for the purpose of obtaining a contradiction, that the sequence
(f(B1,...Bn) : 1 € N) does in fact possess a 7,(Y")-cluster point, which we will call f.

At this point we shall also simplify our notation.

For each n € N, let z,, := x(B,,...B.)s Yn = Y(B1,...Bn)> Sn ‘= S(Bi,...B,) a0d fr = f(B,,..B.)-
By construction

min{l,s, — 1/n} < |fi(z,) — fi(yn)| f1<n<k (%)
since f € By C Byy1 € 0p11(By, - .., By), see Property (e,) and
|fn<xk) - fn(yk) < 1/k if 1 <n< k (**)

see, Property (di). By inequality (x)
min{l,s, — 1/n} <|fw(zn) — foo(ys,)| forall n € N. (%)

On the other hand, since Y? is compact and (z,,y,) € Y? for all n € N, the sequence
((2n,yn) : n € N) has a cluster-point (Zeo,¥so) € Y? and furthermore, by (s*), we have
that

0 <|fu(Too) = fu(¥Yso)| <0 forall m € N.

That is, f1(Zo) = fn(Yso) for all n € N. Therefore,
foo(Too) = foo(Yoo)- (k%)

We now claim that inf,cy s, = lim, .o s, = 0. Firstly, note that 0 < s,,; < s, for all
n € N. Therefore, by the Monotone Convergence Theorem, lim,, .., s, exists and equals
inf,cn s,. Next, suppose, in order to obtain a contradiction, that 0 < s := inf,cy s,,. Then
min{l,s —1/n} <min{l,s, — 1/n} for alln € N. If N € N and 2/s < N then

0 < min{l,s/2} <min{l,s —1/N} <min{l,s — 1/n} forall N <n.
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Hence, by (%)

0 <min{l,s/2} <|fool(Tn) — foolyn)| forall N <mn.
Since, (x,y) = | foo(2)— foo(y)], is continuous on Y2, 0 < min{1,#/2} < | foo(Too) — foo (Yoo)|;
which contradicts Equation (xx*x). Therefore s must equal zero, i.e., lim,_, s, = 0.

It now follows from Property (f,) that
0<| - |loc = diam[B,11] < - ||oc — diam[o,41(B1, ..., B,)] <2s,+1/n  for all n € N.

Thus, lim, 0 || * [ — diam[B,,] = 0. This shows that the t-play (B,, : n € N) is won by
the player €2; which contradicts the assumption that ¢ is a winning strategy for the player
¥. Hence, our supposition that (f(s, ., :n € N) has a 7,(Y)-cluster point must have
been false. O

We now state and prove our main theorem for this section of the monograph.

Theorem 1.5.14 ([31]). Let (Y,7') be a nonempty compact Hausdorff topological space
and let X be a nonempty subset of C(Y). Then the following conditions are equivalent:

(i) every 1,(Y)-quasicontinuous mapping f : Z — X from a complete metric space (Z, p)
into X has at least one point of 7,(Y)-continuity;

(ii) the player ¥ does not possess a winning strategy in the G(1,(Y), 7,(Y"))-game played
on (X7 TP<Y)7 TP<Y));

(ili) the player X does not possess a winning strategy in the G(17,(Y),| - ||le)-game played
on (X, 5 (Y), || - lle);

(iv) every 7,(Y')-quasicontinuous mapping f : Z — X from a complete metric space (Z, p)
into X has at least one point of || - ||oo-continuity;

v) every 7,(Y)-quasicontinuous mapping f : Z — X from a weakly a-favourable space
P
(Z,7) into X is || - ||o-continuous at each point of a dense subset of (Z,T);

(vi) every 1,(Y)-continuous mapping f : Z — X from a weakly a-favourable space (Z,T)
into X is || - ||eo-continuous at each point of a dense and Gs subset of (Z,T).

Proof. (i) = (ii). This follows directly from Theorem 1.5.12.
(17) < (i1i). This follows directly from Theorem 1.5.13.
(i7i) = (iv) and (iv) = (v) follow directly from Theorem 1.5.12.

Now, (v) < (vi) follows from Corollary 1.5.4 and the fact that the set of points of norm
continuity always form a Gy set.

(v) = (i) is obvious, after one recalls that all complete metric spaces are weakly a-
favourable. O
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Motivated by Theorem 1.5.14 we introduce the following definition.

We shall say that a nonempty compact Hausdorff topological space (Y, 7’) belongs to T*
if every 7,(Y')-continuous mapping f : Z — C(Y') from a weakly a-favourable space (Z, 7)
into C(Y') is || - ||so-continuous at each point of a dense and G4 subset of (Z, 7).

Clearly, N* C T* and an example of R. Haydon, [20, Theorem 3.3], based upon a tree of
Todorcevié, [51] shows that N* is, in fact, a proper subclass of T*.

Note also that any compact space (Y,7') € T*\ N* is an example of a space where the
G(1(Y), | - |o)-game played on (C(Y),7,(Y), || - ||s) is undetermined, i.e., neither player,
Y nor €2, possesses a winning strategy. Indeed, if the player 2 has a winning strategy in
the G(7,(Y), ] - |l )-game, then C(Y") would be fragmented by a metric whose topology
on C(Y) would be at least as strong as the norm topology on C(Y') (see Theorem 1.4.4),
and so, (Y,7') would be a co-Namioka space (see Corollary 1.4.2), which it is not. On
the other hand, by Theorem 1.5.14, the player 3 does not possess winning strategy in the
G(1,(Y), |l - |oc)-game either, since (Y, 7) € T*.

Thus, topological games, appear to be a natural tool for exploring the connection between
separate and joint continuity.

Corollary 1.5.15 ([31]). Suppose that (Y1,7]) and (Ya,75) are nonempty compact Haus-
dorff topological spaces. Suppose also that X, is a nonempty subset of C(Y1) and Xy is
a nonempty subset of C(Ya). If (X1,7,(Y1)) is homeomorphic to (Xa,7,(Y2)) then the
following properties are equivalent:

(i) every 7,(Y')-continuous mapping f : Z — X; from a weakly a-favourable space (Z, 1)
into Xy is || - ||-continuous at each point of a dense and G subset of (Z,7);

(i) every 7,(Y')-continuous mapping f : Z — Xo from a weakly a-favourable space (Z, 1)
into Xy is || - ||so-continuous at each point of a dense and Gy subset of (Z, ).

In particular, if C,(Y1) is homeomorphic to C,(Y2), then (Yi,7{) € T* if, and only if,
(Yo, 75) € T™.

Proof. This holds because either of the conditions (i) or (ii) of Theorem 1.5.14 characterise
the class T* solely in terms of the 7,(Y")-topology. ]

The fourth-coming

Lemma 1.5.16 ([7, Corollary C]). Let (Y, 7) be a nonempty compact Hausdorff space and
let D be a countable dense subset of Y. Then every subset of C(Y') which is compact with

respect to the 1,(D)-topology and Lindeldf with respect to the 7,(Y)-topology, is separable
in (C(K), | - [l)-

For the ensuing theorem we will let 7" denote the set of all finite sequences of 0’s and
1’s, including the sequence of length 0, which will be denoted by 0. It ¢t € T, (i.e.,
t := (t1,ta,...,t,) for some n € N, or t = ()) then we define the length of t , denoted |¢|,
to be n if, t := (t1,ts,...,t,) for some n € N or 0 if ¢ = (. We will also write ¢1 for the
sequence (t1,ta,...,1,,1) and t0 for the sequence (t1,ts,...,t,,0). Of course, if [t| = 0
then 01 = (1) and (0 = (0).
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Theorem 1.5.17 ([31,33]). Let (Y, 7') be a nonempty compact Hausdorff space and let X
be a Lindeldf subspace of C,(Y). Then every 1,(Y)-continuous mapping f : Z — X from

a weakly a-favourable space (Z,T) into X is || - ||oo-continuous at each point of a dense and
Gys subset of (Z,T).

Proof. We shall apply Theorem 1.5.14. Specifically, we shall use the fact that condition
(iv) of Theorem 1.5.14 implies condition (vi) of Theorem 1.5.14. Let (Z, p) be a complete
metric space and let f : Z — X be a 7,(Y)-quasicontinuous mapping. Fix 0 < ¢ and
consider the set

O. = J{U €2%: Uisopen and || - ||oc — diam[f(U)] < &}.

Since O, is a union of open sets, it is itself, an open subset of Z. We claim O, is also
dense in (Z, p). To verify this claim, we will assume, for the sole purpose of obtaining a
contradiction, that O, is not dense in (Z, p). Then there exists a nonempty open subset
W of Z such that O.NW = @. In particular, € < || - ||oc — diam[f(U)] for every nonempty
open subset U of W.

We shall inductively (on the length [t| of t € T') define the following: nonempty open
subsets U; of Z, elements z; € Y and dense open subsets {Of : k € N} of Z that fulfil the
following properties:

(a) the mapping, z — f(z)(x;), is continuous at each point of (,cy Of;
b) UpUUs CUNNOL 1<k <|t|+1and |¢'| <|t|]} and diam[U;] < 1/2;
(c) it h € f(Uy) and g € f(Up) then e < (g — h)(z¢).

First, let Uy be any nonempty open subset of W with diam|[U;] < 1 = 1/2°.

Base Step. By assumption € < || - || — diam[f(Uy)], hence there exist x,y € Uy such
that ¢ < ||f(x) — f(y)||oo. After possibly interchanging the names of x and y we may
choose xy € Y such that (f(z) — f(y))(zg) = € + J for some 0 < §. Furthermore, since the
mapping, z — f(z)(zp), is quasicontinuous, there exist dense open subsets {Og : k € N}
of Z such that, z — f(2)(zy), is continuous at each point of (), oy O0Y. Let

Uy ={z€Up: f(2)(xp) > f(x)(wg) — g} and Uy :={z € Up: f(2)(xg) < f(y)(zp) +g},

Then, € < (g — h)(xp) for all h € f(Uq) and g € f(Uqy). Note that by possibly making
Uy and U(;) smaller we may assume that:

(1) Uy UUq) € UpNOY and
(ii) diam[Uqy] < 1/2 and diam[Uy] < 1/2.

Clearly, U(g) and U(;) are nonempty open subsets of Uy, 7p € Y and {O% : k € N} are dense
open subset of Z, which together satisfy the properties (a), (b) and (c).

Now suppose that U;, 2, and {O% : k € N} have been defined for all ¢ € T with [t| < n
and all ¢ € T with [t'| < n.
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Inductive Step. Consider t € T of length n. By assumption € < || - ||oc —diam[f(U;)], hence
there exist z,y € Uy such that € < ||f(2) — f(y)||co. After possibly interchanging the names
of x and y we may choose z; € Y such that (f(z) — f(y))(x;) = € + d for some 0 < 4.
Furthermore, since the mapping, z — f(2)(x;), is quasicontinuous, there exist dense open
subsets {O}, : k € N} of Z such that, z — f(2)(x;), is continuous at each point of [,y Oj.-
Let

Uy :={z€U: f(z)(x) > f(x)(zy) — g} and Uy :={z € Uy : f(2)(z¢) < fy)(xy) + g}

Then, ¢ < (g — h)(x;) for all h € f(Uy) and g € f(Uy). Note that by possibly making Uy
and U;; smaller we may assume that:

(i) UpUUy CUNN{OY -1 <k <|t|+1and |t'| <|t|} and
(ii) diam[Uy] < 1/2/® and diam[U};] < 1/2#1,

Clearly, Uy and Uy; are nonempty open subsets of U, x; € Y and {O} : k € N} are dense
open subset of Z, which together satisfy the properties (a), (b) and (c).

This completes the induction. Let D := {x; : t € T} and let K := D. By construction,
the set C' :=(),,cy Cn, Where C, := U\t|:n U,, is a closed and totally bounded subset of Z
(and hence compact, since (Z, p) is complete). Furthermore, the construction also yields
that for each t € T, C' C (,cy O}, Indeed, if t € T and and k € N, then K C K41 C Of,
where m := max{k, |t|}. Thus, for each ¢t € T, the mapping, z — f(2)(z;), is continuous
on C. Note also that for each pair of distinct points x and 2’ in C' there exists a t € T
such that ¢ < |f(z)(z:) — f(2')(x¢)|. Next, we consider the mapping Z : C(Y) — C(K)
defined by, Z(f) := f|kx. Then (Z o f)(C) is a non-separable subset of (C(K),| - ||)
that is compact with respect to 7,(D). Moreover, since that 7,(D)-topology on C(K)
is Hausdorff, (Z o f)(C) is closed in the 7,(D)-topology and hence closed in the 7,(K)-
topology on C'(K'). However, by Lemma 1.5.16, this is impossible since (Zo f)(C) C Z(L);
which is Lindel6f. This shows that O, is dense in (Z, p). It now only remains to observe
that f is || - [[-continuous at each point of (7, .y O1/n- O

Corollary 1.5.18. If (Y, 7') is a nonempty compact Hausdorff space and C,(Y") is Lindeldf,
then (Y, 7") € T*.

Proof. This follows directly from Theorem 1.5.17. [

Corollary 1.5.19 ([33]). If (Z,7) is weakly a-favourable and Lindeldf, then (Z,7) € N,
i.e., (Z,7) is a Namioka space.

Proof. Let f : Z — C(Y) be a 7,(Y)-continuous mapping. Let X := f(Z). Then X is a
Lindeldf subset of C,(K). The result now follows form Theorem 1.5.17. O

We now demonstrate how Theorem 1.5.14 may be used, to show that certain compact
spaces are not members of 7*. Our results depend upon the following two lemmas.

Lemma 1.5.20 ([4]). Let z* € (*(N)* and let M be an infinite subset of N. Then
there exists an infinite subset M' C M such that |x*(z)| < 1 whenever ||z||o < 2 and
supp(z) € M'. Here, supp(z) := {n € N: z, # 0}.

26



Proof. Suppose that the lemma is false. Take some d € N with 2||z*|| < d and find a
disjoint family {M; : 1 < i < d} of infinite subsets of M. Since each M;, i € {1,...,d}
fails the property stated in the lemma, there are some elements x; € (*°(N), i € {1,...,d}

such that (i) [|z]ls < 2; (ii) supp(z;) € M; and (i) 1 < 2*(z;). Then, for z := 3¢ |

we have that ||z||. < 2 and
* d * * * *
20|z*| < d < 3oyt (@) = 2" () < l27([[[eflo < 2[|27-
This contradiction completes the proof of the lemma. [

For the next lemma we need to introduce some more notion. Firstly, we shall denote by
P, (N) the set of all subsets of N whose complement, in N, is infinite. For each M € P, (N)
and each z := (z, : n € N) € £*°(N) we denote by

S(x, M) :={y € £°(N) : ||lylloo <1 and y,, = z,,, for all m € M}.
Note that for each € *°(N) and M € Py (N), || - |[|o — diam[S(z, M)] = 2.

Lemma 1.5.21 ([32]). Let z € (*(N) and let M € Py (N). Then for each weak open subset
U of ¢>°(N) with U N S(x, M) # @ there exists a ' € S(x, M) and a set M' € P (N),
containing M, such that S(z', M") CU N S(z, M).

Proof. Let © € (*(N), M € Po(N) and let U be a weak open subset of /*°(N) such that
UNnS(x,M) # @. Let 2’ be any element of U N S(x, M). By the definition of the weak
topology on ¢*(N) there exists x}, 1 <14 < k such that

o' € M {y €L°(N) : |2i(y —2)| <1} CU. (%)

We now apply Lemma 1.5.20 consecutively to the functionals 7,3, ..., x} to arrive at
an infinite subset L of (N'\ M) such that |zf(z)] < 1 whenever 1 < i < k, ||z]|o0 < 2
and supp(z) € L. Let M’ := (N\ L). Then M’ € Po(N) and M C M'. We claim
that S(z', M') C U N S(xz, M). Firstly, we will show that S(z’', M’) C S(x, M). To this
end, let y € S(2', M'). Then y; = 2} for all j € M’. In particular, y; = 2} for all
j € M, as M C M'. On the other hand, 2’ = x; for all j € M, as 2’ € S(z, M).
Therefore, y; = 2 = x; for all j € M. Since ||yl < 1, it follows that y € S(z, M).
Thus, S(z/, M') C S(x, M). We now show that S(z/, M') C U. Let y € S(2/, M’). Then
|Yllo < 1 and supp(y —2') € (N\ M’) = L. Let z := y —a’. Then, ||z« < 2 and
supp(z) € L. Therefore, |zf(y — 2')| = |xf(2)] < 1 for all 1 < i < k. Hence, by the
set-inclusion (x), y € U. O

Example 1.5.22 ([32,37]). B(N) & T*.
Proof. By Theorem 1.5.14 it is sufficient to show that the player ¥ has a winning strategy
in the G(7,(5(N)), [| - [[oc)-game played on (5(N), 7(8(N)), || - [|sc)-

Let m: £~ — C(B(N)) be defined by, m(x) := Z, where  is the unique continuous extension
of z, from N to S(N). Note that 7 is linear and ||7(x)||s = ||z||o for all z € £°(N).

We now inductively define a winning strategy ¢ := (¢, : n € N) for the player X. Let
zg € £>*°(N) be defined by, [zg]; = 1 for all j € N and let My € P, (N) be defined by,
My := @. Then let, t1(0) := 7(S(zg, My)).
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Step 1. Let (By) be a partial t-play of length 1. Then B is a nonempty relatively 7,(8(N))-
open subset of

t1(0) := m(S(xo, Mp)).
Therefore, there exists a 7,(5(N))-open, and hence weak-open, subset U of C(3(N)) such
that B; = U N7w(S(zg, Mp)). Then 771 (U) is a weak-open subset of (*°(N) and 7~ (U) N
S(xg, My) # @. Hence, by Lemma 1.5.21 there exists z(p,) € m (U) N S(xg, Mp) and
Mg,y € P (N) such that My C Mp,) and

S<x(B1)7 M(B1)) g 7T-_1((]) N S(l'@,MQ))

Let t5(B1) == m(S(x(8,), M(5,)))-

,,,,,,,,,, B;) € Px(N) have been
defined for each partial t-play (B, ..., B;) of length j with 1 < j <n so that:

(i) 2(s....B;) € S(xB,,...B,_1), M(B,,...B,_1)), here (B, ... By) denotes (;

-----

(iii) tj+1(31, e 7Bj) = W(S(QJ(Bl ..... Bj)> M(31 ..... B]-)))-

Stepn+1. Let (By, ..., B,+1) be a partial ¢-play of length n+1. Then B,,;; is a nonempty
relatively 7,(5(N))-open subset of

tn+1(Bla---7Bn) ZZW(S(IU(Bl ..... Bn),M(Bl ,,,,, Bn)))-

.....

..........

Let t(n+1)+1(Bl, c. 7Bn+l) = W(S(.T(Bl ..... Bni1)) ]\4(31 ..... Bn+1))' Then t(n+1)+1 (Bl, c. >Bn+1)
is a nonempty subset of B, ;. This completes the definition of ¢ := (¢, : n € N).

It remains to show that ¢ is a winning strategy for the player ¥. To this end, let (B, :
n € N) be an arbitrary t-play. Let z : N — R be defined by, z, := |25, 5. if
n € UkeN Mg, ...,y and m is the smallest natural number such that n € Mp, . p,). If
n & Uren M(B,.....8,) then let z,, := 0. We claim that z € (), .y S(z(5,,...B.), M(B....B))- TO
substantiate this claim let us fix an n € N. We will show that x € S(z(p,,..5,), M(B,...,B,))-
To this end, fix j € M(p, . p,). Let m :=min{k € N:j € M, gy} Thenl <m <n
and j € Mg, B,)- Therefore, by the definition of x, x; = [z(p,,.. B,)];- On the other
hand, since m <n

.....

-----

In particular, z(p, .5, € S(@(B,...B.) MB,,..B,)) and so



Since j € Mp,,. B, Wwas arbitrary, v € S(v(s,,. B, MB,..,B,)) Furthermore, since
n € N was arbitrary too, z € (), oy S(#(B,....B.), M(B,.,....B,))- Therefore, m(x) € (), oy Bn
and so [),cy Bn # @. [Note: one could also, perhaps more easily argue, that each set
S(z(p,....B,), M(B,....,B,)) is weak* compact and then deduce from the finite intersection
property that (), .y S(2(B,....B,), M(B,,...B,)) 7 D.] Finally, let us recall that

-----

| - loe — diam([7(S(z(s,.....B,), M(B,....B)))] = || - loo — diam[S(2(s,,..B,), M(B,....B,))] = 2

.....

for all n € N. Thus, || - ||« — diam[B,] = 2 for all n € N; which implies that 3 wins the
play (B, :n € N). O

1.6 Characterisation of co-Namioka spaces

In this section, we will follow the model of the last section, to obtain a characterisation for
the class of co-Namioka spaces.

Exercise 1.6.1. Let (X, 7) and (Y, 7') be topological spaces. Show that if f: X — Y isa
quasicontinuous surjection and D is a dense subset of (X, 7), then f(D) is a dense subset

of (Y, 7).

Proposition 1.6.2. Let f : X — Y be a quasicontinuous, open mapping from a topological
space (X, T) onto a topological space (Y,7"). If (X, T) is a Baire space, then so is (Y,7')

Proof. Let (O, : n € N) be a countable family of dense open subsets of (Y,7). We will
show that (1), Oy is dense in (Y, 7). For each n € N, let U := int(f~*(0,)). Then, clearly,
each set U, is open in (X, 7). We will now show that each set U, is also dense in (X, 7).
To this end, let n € N and let W be a nonempty open subset of (X, 7). Since f is an open
mapping, f(W) is a nonempty open subset of (Y,7’). Furthermore, since O,, is dense in
(Y, 7)), f(W)NO,, # @. Choose zg € W such that f(z() € O,. It now follows from the fact
that f is quasicontinuous at x( that there exists a nonempty open subset V' of W such that
f(V) C O,. Therefore, V C int(f~1(0,)). Hence, @ #V C W Nint(f~1(0,)) = W NU,.
Since (X, 7) is a Baire space (), .y Uy is dense in (X, 7). Therefore, by Exercise 1.6.1,
S(Mypen Un) is dense in (Y, 7). It now only remains to observe that

F(MhewUn) € Mpenf (Un) € MyenOn-

This completes the proof. ]

Proposition 1.6.3. Let f : X — Y be a quasicontinuous mapping from a topological space
(X, 1) onto a topological space (Y, 7). If (X, T) is a Baire space, then so is the graph of f,
Gr(f), endowed with the relative product topology of (X, 7) and (Y, 7').

Proof. The proof of this result is identical to the proof of Proposition 1.5.2. Hence we
leave it as an exercise for the reader. ]

Proposition 1.6.4. Let (Y, 7') be a topological space and let d be some metric defined on
it. Then the following conditions are equivalent:
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(i) every 7'-continuous mapping f : X — Y from a Baire space (X, T) into (Y,7') is
d-continuous at the points of a dense subset of (X, 7);

(ii) every 7'-quasicontinuous mapping f : X —'Y from a Baire space (X, 1) into (Y,7'),
is d-continuous at the points of a dense subset of (X, 7).

Proof. The proof of this result is identical to the proof of Proposition 1.5.3. Hence we
leave it as an exercise for the reader. ]

Corollary 1.6.5. Let (Y,7') be a nonempty compact Hausdorff topological space and let
X be a nonempty subset of C(Y). Then the following conditions are equivalent:

(i) every 7,(Y)-continuous mapping f : Z — X from a Baire space (Z,T) into C(Y') is
| - [|oo-continuous at the points of a dense subset of (Z,T);

(i) every 7,(Y)-quasicontinuous mapping f : Z — X from a Baire space (Z,T) into X,
is || - [|o-continuous at the points of a dense subset of (Z,T).

Theorem 1.6.6. Let (X, 7) be a topological space, let
P:={(A,:neN)e™:a+#A,, CA, for alln € N}

and let d : P x P — [0,00) be the Baire metric on P. Then (P,d) is a nonempty complete
metric space. If (X,T) is a Baire space, then S := {(A, :n € N) € P : [, cnyAn # @} is
everywhere second category in (P,d).

Proof. Firstly, we will show that (P, d) is a nonempty complete metric space. The fact
that P is nonempty is obvious and the proof that the Baire metric d is indeed a metric
follows from Lemma 1.5.5. So we need to show that (P,d) is complete. To do this end, let
(p" : n € N) be a Cauchy sequence in (P, d). For each n € N, let p" := (A} : k € N). Since
(p" : n € N) be a Cauchy sequence there exists a strictly increasing sequence (ny : k € N)
of natural numbers such that d — diam[{p’ : n, < i}] < 1/k for all k € N. In particular,

d(p™,p") < 1/k for all k € N and all n, < i.

Therefore,
A?"“‘:A; forall k e N, all 1 < j <k and all ny <.

By setting j := k we get that
A = A, for all k € N and all ny, < i. (%)

We now define a new sequence p := (A : k € N) by, A, := A7* for all k£ € N. Notice that
for each fixed k € N, it follows from the definition of p and Equation (%) (with k replaced
by j and i replaced by nj) that

A = A;Lj = A;”“ forall1 <5<k ()
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since n; < ng. Now, for each 2 < k € N,
Ay =AF CA¥, = A,_y, Dby substituting j = k — 1 into Equation ()

Therefore, p € P. Finally, note that d(p’,p) < 1/k for all n;, < i. To see this, fix k € N
and let 1 < j < k. Then, by the definition of p and Equation (%), (with k& replaced by j)
we have that '

Aj = A?ﬂ = A; for all n; S 7.
Since n; < ny it follows that A; = A;- for all nj, <. This show that (p" : n € N) converges
top e P.

We now show that S is everywhere second category in (P, d).

Suppose, for the purpose of obtaining a contradiction, that S is not everywhere second
category in (P, d). Then there exists a nonempty open subset A of (P, d) such that SN A is
a first category subset of (P, d). Therefore, there exists a sequence (F), : n € N) of closed,
nowhere dense subsets of (P, d), such that SN A C (J, oy Fn-

For each n € N, let O,, :== A\ F,,. Then each set O,, is open and dense in A. Furthermore,
(Mnen On) NS = @. We now inductively define a (necessarily non-winning) strategy
t := (t, : n € N) for the player 8 in the Choquet-game played on (X, 7).

Base Step. Choose py € P and my € N so that Bylpg, 1/my] € O; N A. Note that

this is possible since O; is dense and open in A. Then define, ¢1(0) := I(py, my), where
I: P xN— 7isdefined by, I((Ax : k € N),n) := A,, for all (A4, :k€N),n) e P xN.
Step 1. Suppose that (A;) is a partial t-play of length 1. Then A; C t1(0) = I(pg, mp).
Let p* := (4}, : n € N) be defined by, A} := I(py,j) for all 1 < j < my and A} := A,
for all mg < j. Then p* € P and moreover, By[p*,1/(mg + 1)] C Ba(pp, 1/mp). Now,
Ba(p*,1/(mg + 1)) N Oy # @. Therefore, there exists a pa,) € P and an m4,) € N such
that my < m(4,) and

Balpcayy, 1/may] € Ba(p*, 1/(mgp + 1)) N Oz € Ba(pg, 1/mg) N Os.

We then define, t5(A1) := I(pea,), mea,)) € As.

Now, let n € N and suppose that p4,
for every 1 < j < n so that:

4;) € N and t; have been defined

..........

(111) tj+1(A1, ce ,AJ) = I(p(Al ..... Aj)s m(A1 7777 Aj)) g A]

Step n + 1. Suppose that (A;,..., A1) is a partial ¢-play of length n + 1 then

..........

,,,,,
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,,,,,

We then define, ¢, 1y41(As - -5 Ang1) = 1(P(ay . Apyn)s (AL Ans)) © Ayt

This completes the definition of ¢ := (¢, : n € N). Since (X, 7) is a Baire space, we have,
by Theorem 1.1.5, that ¢ is not a winning strategy for the player 5. Therefore, there exists
a t-play (A, : n € N) where o wins, i.e., where [ _y An # .

Now, since ma,,.. 4,) < M(a,,... A4, for all n € N, it follows that n < m4,,.. 4,) for all
n € N. Let {p*} := (,en Balp(a,,...An), 1/Ma,.....a,))- This is well-defined, by the Cantor
intersection property, since (P, d) is a complete metric space. Moreover, it follows from
Property (ii) that p* € (,,cy On-

neN

So, to obtain the desired contradiction, we nee only show that p* € S. To this end, consider
the following.

%) 7é ﬂneNAn = ﬂneNAn+1
C (Mpentnsi(AL, ..., Ap)
= Moen! (DAL, A0), M4, )
ﬂneNI(p*a mM(a,,..., An)) = ﬂneNI(p*a n)

This completes the proof. ]
Lemma 1.6.7. Let (X, 7) be a Baire space, let

P:={(Ay:keN)e™:a# A C A for all k € N}

and let d: P x P — [0,00) be the Baire metric on P. If f : X — Y is a 7'-quasicontinuous
function into a topological space (Y, 7'), then F': P — 2¥ defined by, F(p) := \yen f(Ar),
where p :== (Ax : k € N), for all p € P, is a 7'-minimal mapping. Moreover, F has
nonempty images on the set S = {(Ay : k € N) € P: (), .y Ar # D} and for each p € P,

neN and ACY with F(By(p,1/n)) C A, f(Any1) C A", where p = (A : k € N).

Proof. 1t is clear that F' has nonempty images on the set S. Next we show that F is
7’-minimal. To accomplish this, let us consider an open subset U of (P,d) and a 7'-open
subset W of Y such that F(U) N W # @. Choose p := (A : k € N) € U such that
F(p)nW # @. Then f(Ax) NW # @ for all £ € N. Furthermore, as U is open in
(P, d), there exists an n € N such that By(p,1/n) C U. Since f is quasicontinuous and
f(A,) N W # & there exists a nonempty open subset V' of A,, such that f(V’') C W.

Let p* := (A} : k € N) be defined by, A} := A; for all 1 < k < n and A} := V' for
all n < k € N. Then p* € P. In fact, p* € By(p,1/n). Furthermore, if we set V :=
Bi(p*,1/(n + 1)), then V is a nonempty open subset of By(p,1/n) C U and F(V) C W.
To see this last set-inclusion, consider p’ := (A}, : k € N) e V. Then A], = Ay, =V’
and so

F') = MeenS(A%) C f(AL ) = f(AL) = f(V) CW.
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This shows that F' is a 7/-minimal mapping.

To verify the last assertion of the lemma, we consider p := (A : K € N) € P, n € N and
A CY such that F(By(p,1/n)) C A and suppose, in order to obtain a contradiction, that

—T

f(AnJrl) Z A

Since f is T-quasicontinuous there exists a nonempty open subset V of A,,; such that
fV)NA" =@. Let p/ := (A}, : k € N) be defined by, A} := A, of 1 <k <nand A} .=V
if n < k € N. Then p’ € By(p,1/n), but

@ # F(V) = Mienf (A) = FB) S Y\ A" C Y\ A
which contradicts the assumption that @ # F(p') C F(By(p,1/n)) C A. O
Theorem 1.6.8. Let (Y, 7,7') be a bitopological space with the property that:
(a) (Y, 7) is T} and
(b) for every U € 7" and every x € U there exists a V € 7' such that x € V C Vi cu.
Then the following are equivalent:

(i) every T-quasicontinuous mapping f : X — Y from a Baire metric space (X, p) into
Y has at least one point of T'-continuity;

(ii) every T-quasicontinuous mapping f : X — Y from a Baire space (X,7") into Y has
at least one point of T'-continuity;

(iii) every T-quasicontinuous mapping f : X — Y from a Baire space (X,7") into Y is
T'-continuous at each point of a residual subset of (X, ")

(iv) every T-quasicontinuous mapping f : X — Y from a Baire metric space (X, p) into
Y is 7'-continuous at each point of a residual subset of (X, 7").

Proof. (i) = (ii). Suppose that (i) holds. Let f: X — Y be a 7-quasicontinuous mapping
from a Baire space (X, 7”) into Y. Let

P:={(Ay:keN)e™:a+# A, C A forall k€ N}

and let ' : P — 2¥ be defined by, F(p) := sy f(Ax), where p := (A : k € N), for all
p € P. By Theorem 1.6.6 and Lemma 1.6.7 we see that F'is a 7-minimal mapping that
has nonempty images on the set S := {(A; : k € N) € P : [, oy Ar # @}. Furthermore,
by Theorem 1.6.6, S is an everywhere second category subset of (P, d). By Exercise 1.5.6,
Fls: S — 2Y, defined by, F|s(p) := F(p) for all p € S, is also a 7-minimal mapping. Let
dg : S xS —[0,00) denote the restriction of d to S. Then (S, dg) is a Baire metric space.

Let s : S — Y be any selection of F'|g. Then, by Exercises 1.5.6 and 1.5.6, it follows that s
is 7-quasicontinuous on S. Therefore, by assumption, there exists a p := (A, : k€ N) € S
such that s is 7/-continuous at p. Now, by Proposition 1.5.11, F(p) = {s(p)} and F is
7/-upper semicontinuous at p.

63



We now claim that f is 7'-continuous at each point of (), .y Ax; which is nonempty as
p € S. To accomplish this, we consider an arbitrary element x € (,oyAx. Let U be
an arbitrary 7’-open neighbourhood of f(z). Then, by assumption, there exists a 7/-open
neighbourhood V' of f(x) such that

s(p)={f(x)} CVCV CU.

Since F' is 7/-upper semicontinuous at p there exists an n € N such that F'(B,(p,1/n)) C V.
Then, by Lemma 1.6.7, f(A,41) € V' C U. Since z € A4, this shows that f is 7/
continuous at .

(17) = (i17). Assume that (ii) holds. Let f : X — Y be a 7-quasicontinuous mapping
from a Baire space (X, 7”) and suppose, for the purpose of obtaining a contradiction that
{r € X : f is 7’-continuous at x} is not residual in (X, 7”). Then

A:={z € X : fis not 7’-continuous at =}

is a second category subset of (X,7”). Therefore, by Proposition 1.6.14 there exists a
nonempty open subset U of (X, 7”) such that A is everywhere second category in U. In
particular, see page 67, S := AN U, with the relative topology, is a Baire space. Now,
by Proposition 1.6.16 part (i), f|y : U — Y is a 7-quasicontinuous mapping, and further,
by Proposition 1.6.16 part (ii), (f|v)|s : S — Y is also 7-quasicontinuous on S. Note of
course, that (f|y)ls = fls. Therefore, it follows that f|s : S — Y, has a point € 5,
where f|g is 7/-continuous. We may now apply Proposition 1.5.11 part (ii), in conjunction
with Exercise 1.5.8, to deduce that f|y is 7/-continuous at z. Finally, since U is an open
set, it follows that f is 7/-continuous at x € S C A; which contradicts the definition of
the set A. Thus, we have obtained our desired contradiction, which in turn means that
Property (#ii) holds.

(73i) = (iv) and (iv) = (i) are obvious. O

Proposition 1.6.9. Let (X,d) be a Baire metric space and let (Y,7') be a nonempty
compact Hausdorff topological space. If f : X — C(Y) is a 7,(Y)-quasicontinuous mapping
and {x € X : fis 7,(Y)-continuous at x} is residual in (X,d), then the set {xr € X :
fis || - |lo-continuous at x} is dense in (X, d).

Proof. Suppose that f : X — C(Y) is a 7,(Y)-quasicontinuous mapping from a Baire
metric space (X, d) into C(Y'), for some nonempty compact Hausdorff topological space
(Y, 7). Suppose further, that R := {z € X : f is 7,(Y)-continuous at x} is residual in
(X,d). Then (R,dpg) is also a Baire metric space, where dr : R X R — [0, 00) denotes the
restriction of d to the set R.

Now, flgr : R — C(Y), defined by, f|r(z) := f(x) for all x € R, is a 7,(Y)-continuous
mapping. Therefore, by Exercise 1.2.13 part (i) and Theorem 1.2.14, there exists a dense
subset D of R such that f|g is continuous, with respect to the supremum norm topology
on C(Y'), at each point of D.

Now, D is dense in (X, d) and f is continuous, with respect to the supremum norm topology
on C(Y), at each point of D. To justify this latter fact, let us consider an arbitrary point
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xo € D and any positive real number . Since f|g is continuous, with respect to the
supremum norm topology on C(Y), at x¢, there exists an open subset U of (X, d) such
that

flrR(UNR) C B(f|r(xo),€) = B(f(x0),€) € B[f(xo),€].

Now, since Be(yy is 7,(Y)-closed, B[f(xo),e] = f(x0) + eBe(y) is 7,(Y)-closed. Therefore,
from the 7,(Y")-quasicontinuity of f, it follows that f(U) C B[f(zo),¢]. Since zy € D and
0 < ¢ were both arbitrary, it follows that f is continuous, with respect to the supremum
norm topology on C(Y), at each point of D. ]

We now present a characterisation of co-Namioka spaces.

Theorem 1.6.10. Let (Y,7') be a nonempty compact Hausdorff topological space. Then
the following conditions are equivalent:

(i) every 7,(Y)-quasicontinuous mapping f : Z — C(Y) from a Baire metric space
(Z,p), has at least one point of 7,(Y')-continuity;

(i) every 7,(Y)-quasicontinuous mapping f : Z — C(Y) from a Baire metric space
(Z,p), is 7,(Y)-continuous at each point of a residual subset of (Z, p);

(iii) every 7,(Y)-quasicontinuous mapping f : Z — C(Y) from a Baire metric space
(Z,p), has at least one point of || - ||so-continuity;

(iv) every 7,(Y)-quasicontinuous mapping f : Z — C(Y') from a Baire space (Z, 1), is
| - [|so-continuous at each point of a dense subset of (Z,T);

(v) every 1,(Y')-continuous mapping f : Z — C(Y') from a Baire space (Z,T), is || - ||oo-
continuous at each point of a dense and G5 subset of (Z,T).
Proof. (i) = (ii). This follows directly from Theorem 1.6.8.
(73) = (i7i). This follows directly from Proposition 1.6.9.
(i73) = (iv) follows directly from Theorem 1.6.8.

Now, (iv) < (v) follows from Corollary 1.6.5 and the fact that the set of points of norm
continuity always form a Gj set.

(iv) = (i) is obvious, after one recalls that all complete metric spaces are weakly a-
favourable. O

We note that condition (v) in Theorem 1.6.10 is the definition of a co-Namioka space.
Hence each one of the conditions in Theorem 1.6.10 provides an alternative description of
the class of co-Namioka spaces.

We will now present some applications of Theorem 1.6.10.

Corollary 1.6.11. Suppose that (Y1,7]) and (Ys, 1) are nonempty compact Hausdorff
topological spaces. If C,(Y1) is homeomorphic to Cy(Yz), then (Y1,7) € N* if, and only if,
(Y2, 73) € N™.
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Proof. This holds because either conditions (i) or (ii) of Theorem 1.6.10 characterise the
class N* soley in terms of the 7,(Y")-topology. ]

Corollary 1.6.12 ([19]). Let (Y,7') be a nonempty compact Hausdorff topological space.
If {Y,, : n € N} is a cover of Y consisting of closed subsets and Y, € N* for each n € N,
then (Y,7') € N*.

Proof. Let f: X — C(Y) be a 7,(Y)-quasicontinuous function from a Baire metric space
(X,d). For each n € N, let f,, : X — C(Y,) be defined by, f,(z) := f(x)]y, for each
x € X. Then each f, is 7,(Y},)-quasicontinuous on (X, d). For each n € N, let R,, denote
the dense and Gy subset of (X, d) where f, is continuous with respect to the supremum
norm topology on C(Y},). Let R := (), .y Rn. Then R is a dense and G subset of (X, d)
and f is continuous with respect to the 7,(Y)-topology, at each point of R. The result now
follows from Theorem 1.6.10. [

The following theorem extends [38, A.2 Theorem].

Theorem 1.6.13. Let (Y,7') be a nonempty compact Hausdorff space. Then (Y,7') €
N* if, for each completely reqular Baire topological space (X, T), with countable tightness,

N(X,Y) holds.

Proof. We will appeal to Theorem 1.6.10. Let f: X — C(Y) be a 7,(Y')-quasicontinuous
mapping from a Baire metric space (X,d). Then, the graph of f, Gr(f), endowed with
the relative product topology of (X,d) and (C(Y),7,(Y)) is a completely regular Baire
space, see Proposition 1.6.3. Furthermore, since (C(Y),7,(Y)) has countable tightness,
see [3, Theorem II.1.1] and (X,d) is first countable, it follows from [17, Theorem 4.2]
that (X, d) x (C(Y),7,(Y)) has countable tightness. Therefore, Gr(f), endowed with the
relative product topology of (X, d) and (C(Y'), 7,(Y")), has countable tightness.

Next, as in Proposition 1.5.3, it follows that f is continuous with respect to the supremum
norm topology on C(Y), at each point of a dense and Gy subset of (X, d). It then follows
from Theorem 1.6.10, that (Y,7') € N'*. O
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Preliminary Results

Proposition 1.6.14. Let A be a subset of a topological space (X, 1), then A\ U(A) is
a first category set. In particular, if A is a second category set in (X, T), then U(A) is
nonempty.

Proof. Let W := {W, : v € I'} be a maximal, with respect to set inclusion, family of
pairwise disjoint nonempty open subsets of X \ MT with the property that W, N A
is a first category subset of (X, 7) for each v € I'. Note that by Zorn’s Lemma such a
Ler W is dense in X\ U(A)". Indeed, if
this is not the case then there exists a nonempty open subset V' of X \ U(A) such that
VNW =@. Since V€ U(A), A is not everywhere second category in V', that is, there
exists a nonempty open subset V' C V such that V' N A is first category in (X, 7). Let
I":=TU{l'}, Wp := V" and let W := {WW, : v € ["}. Then W’ strictly contains JV and
consists of pairwise disjoint nonempty open subsets of X \mT with the property that
W, N A is a first category subset of (X, 7) for each v € I''. This contradicts the maximality
of W. Therefore, we may conclude that W is indeed dense in X \ U(A) . Next we observe

that
ANU@A) = ([A\U@nw) U ([A\T@N\ W)

maximal family exists. We claim that W := |

= ([A \U(A)]N W) U (A \ (UA) U W)) by De Morgan’s laws
C (Amw) U (X\(U(A) UW)).

Now, it is not hard to verify that U(A) U W is a dense open subset of X. Therefore,
X\ (U(A)UW) is a closed nowhere dense subset of X. Thus to show that A\ U(A) is of
the first Baire category it is sufficient to show that ANW is of the first Baire category. For
each v € T" there exists a countably family of closed subsets {F;‘ :n € N} of Wf such that
ANW, C U, en FJ and int(F) = @. We define, for each n € N, F" := | J{F}' : vy € T'}. It

neN ~ vy
is readily checked that each F™ is nowhere dense in X. However, ANW C UneN F™ and
so we may conclude that A NW is first category on (X, 7). [

Exercise 1.6.15. Suppose that (X, 1) and (Y,7') are topological spaces and f : X — Y.
Show that f is quasicontinuous on (X, T) if, and only if, for each pair of open subsets U
of X and W of Y such that f(U) "W # &, there ezists a nonempty open subset V' of U
such that f(V) C W.

Proposition 1.6.16. Let f : X — Y be a quasicontinuous function acting from a topolog-
ical space (X, 1) into a topological space (Y, 7'). If & # A C X is: (i) open, or (ii) dense
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in (X, T), then the restriction of f to A, denoted fla : A — Y, is also a quasicontinuous
mapping, (with of course, A endowed with the relative T-topology).

Proof. (i) Let A be a nonempty open subset of (X, 7). To show that f|4 is quasicontinuous
we shall appeal to Exercise 1.6.15. To this end, let U be an open subset of A and let W
be an open subset of Y such that f|4(U)NW # @. Since A is open in (X, 7) so is U.
Moreover, since fla(U)NW # @, f(U) N W # &. Therefore, by Exercise 1.6.15, there
exists a nonempty open subset V' of U such that f|4(V) = f(V) C W.

(i7) Suppose that A is a dense subset of (X, 7). To show that f|4 is quasicontinuous we
shall again appeal to Exercise 1.6.15. To this end, let U be an open subset of A and let
W be an open subset of Y such that f|4(U) N W # @. Then, let U’ be an open subset of
(X, 7) such that U = U' N A. Since

@ # flaU)ynw C f(U)nW

it follows from Exercise 1.6.15, that there exists a nonempty open subset V' of U’ such
that f(V') CW. Let V :=V'N A. Then V is a nonempty (since A is dense), open (in the
relative 7-topology on A) subset of U and f|4(V) C f(V') CW. O

We will call a topological space (X, 7) pointwise countably complete, if it is regular and
there exists a sequence (7, : n € N) of open covers of X with the property that every
monotonically decreasing sequence (F), : n € N) of nonempty subsets of X has (), oy Fn #
&, provided that

(i) each n € N| there exists an A,, € 4, such that F,, C A,, and
(i) Npen An # 2.

Clearly all metric spaces and all countably Cech-complete spaces are pointwise countably
complete. In the other direction, all pointwise countably complete spaces are g-spaces.

Exercise 1.6.17. Let (Y,7') be a topological space. Show that both (f,g) — fV g and
(f,g) = f A g are continuous functions, acting from C,(Y) x C,(Y') into C,(Y).

Hint: For each f,g € C(Y) and z €Y,
) (f Vg)(z) = max{f(x).g(x)} = 5[f(x) + g(2)] + 5| () — g(2)] and
(ii) (f Ag)(x) =min{f(z) g(x)} = 5[f(2) + g(x)] — 3| f(z) — g(=)|.
Therefore, if f, f'g,g' € C(Y) and x € Y then, by part (i)
((fVg) (@) = (V) @) <I(f = @)+ (g —9g) ()]
and by part (i)
[(f A9 @) = (F AG) @) < I = @)+ (g = g)(@)].
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For our considerations, the most important result concerning the lattice structure of C'(Y)-
spaces, where (Y, 7') is a compact space, is the following “lattice formulation” of the famous
Stone-Weierstrass Theorem, [47]. Recall that a subset L of C(Y)) is called a sub-lattice if
it is closed under the operations of V and A. That is, for every f,g € C(Y), if f,g € L
then fVvge Land fAge€ L.

Theorem 1.6.18 (Stone-Weierstrass Theorem, [47]). Let (Y,7') be a compact topological
space, f € C(Y), 0 < e and L a sub-lattice of C(Y). If, for each pair of points x,y € Y,
there exists an liy ) € L such that |f(x) =l y)(2)] <€ and |f(y) =l (y)| < €, then there
exists a function | € L such that ||f — || < €.

Proof. Let f € C(Y) and 0 < ¢ be given. Fix x € Y. For each y € Y there exists an open
neighbourhood Uy of y and an element [(, ,) € L such that

loy (@) < fx)+e and  f(u) —e <lgy(u) forallue UL

Let {U; : 1 <j < n} be a finite subcover of {Uy : y € Y} and let [, : ¥ — R be defined
by,

l.(2) = lrgja%l(x,yj)(z) forall z €Y

e, by = Vicjenlwy,) € L. Then l;(z) < f(x) + ¢ while, f(2) —e < l,(2) for all z € Y.

We now consider the family of functions {l, : x € Y'}. For each z € Y there exists an open
neighbourhood V;, of x such that [,(v) < f(v) +¢ forallv € V,. Let {V,, : 1 < j < m} be
a finite subcover of {V, : x € Y} and define [ : T"— R by,

I[(z) == min [, (2) forallzeVY

e, I = Nicjonle;, € L. It is easily seen that |f(2) —[(2)| < e for each z € Y and so
1f =l <& O

Exercise 1.6.19. Let (Y,7') be a compact topological space and let L be a sub-lattice of
C(Y). Show that 7 — TV Hing: 1t s sufficient to show that Y C Tl

Proposition 1.6.20. Let (X, 7) be a topological space. If {Cy : 1 < k <n} is a family of
closed subsets of (X, 7) and U is a nonempty open subset of X such that U C |J;_, C then
there exists a ky € {1,2,...,n} and a nonempty open subset W of U such that W C Cy,.

Proof. Let m == min{|F| : F C {1,2,...,n} and U C J;cp Cr}. Then 1 < m < n. If
m = 1, then U C C}, for some ky € {1,2,...,n} and the result is proven with W := U. So
let us consider the case when 2 < m. In this case we choose F' C {1,2,...,n} such that
|[F'| =mand U C J;cp Cr. Then we choose any kg € F' and note that U Z Uyc o (1) Cr-
Let W:=U\ UkeF\{kO} Ck. Then W is a nonempty open subset of U and W C Cy,. O

Corollary 1.6.21. Let (X,7) and (Y, 7") be topological spaces and let f : X — Y be a
continuous function. If {Cy : 1 < k < n} is a family of closed subsets of Y and U is a
nonempty open subset of X such that f(U) C \U,_, Ck then there exists a ko € {1,2,...,n}
and a nonempty open subset W of U such that f(W) C C,.
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Proof. For each k € {1,2,...,n}, let Uy :={uecU: f(u) € Cy}. Then {Uy : 1 <k <n}
is a closed cover of U. Hence, by Proposition 1.6.20, there is a ky € {1,2,...,n} and
nonempty open subset W of U such that W C Uy,. This completes the proof. ]

Exercise 1.6.22. Let ' be an uncountable set. For each countable subset C' of I' and
ferlrl let

N(f,C):={g €T : glc = flo}.
Show that:

(i) {N(f,C): f €' and C is a countable subset of T'} is a base for a topology on T'T.
This topology is called the topology of coincidence on countable sets and denoted Tpunt;

(ii) N(f,C) is both open and closed in the topology of coincidence on countable sets;
(iii) (Y, Toount) s a Baire space, see Ezample 1.1.2.

We shall say that a topological space (X, 7) is fragmentable if there exists a metric p on X
such that for every nonempty subset A of X and every 0 < ¢ there exists a 7-open subset
W of X such that (i) @ # ANW and (ii) p — diam(ANW) < g, [29]. Note that in general
the metric p will not generate the topology 7 on X. For example, every scattered space is
fragmentable (by the discrete metric), but not every scattered space is discrete. Just think
of X :={0}U{1/n:n € N} with the topology inherited from R.

Theorem 1.6.23 ([32, Theorem 5.1]). Suppose that (X, ) and (Y,7") are topological spaces
and f: X =Y is a quasicontinuous function. If (Y, 7') is fragmented by a metric d whose

topology on Y is at least as strong as 7' then, f is T'-continuous at the points of a residual
subset of X.

Proof. Suppose that f : X — Y is a quasicontinuous function. Let d be a metric on Y,
whose topology on Y, is at least as strong as 7/ and which possesses the property that: for

every nonempty subset A of Y and every 0 < e there exists an open subset W of Y such
that @ # ANW and d — diam(ANW) < e. Fix 0 < ¢ and define

O, :=J{U € 2¥ : U is open and d — diam[f(U)] < ¢}.

Clearly, O, is open, as it is a union of open sets. We will now show that O, is dense in
X. To this end, let V' be a nonempty open subset of (X, 7). Now, f(V) is a nonempty
subset of Y, therefore there exists an open subset W of Y such that @ # f(V)NW and
d—diam[f(V)NW] < e. By the definition of quasicontinuity, there exists a nonempty open
subset U of V such that f(U) C W. Thus, f(U) C f(V)NW and so d — diam[f(U)] < e.

Therefore, @ # U C V N O.. It now only remains to check that f is d-continuous, and
hence 7'-continuous, at each point of [, .y O1/n- ]
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Index of notation

e Suppose that X and Y are sets and ® : X — 2¥ is a set-valued mapping. Then

OU) = U{P(u):uelU}

Dom(®) := {z € X : &(z) # @}. Dom(®P) is called the domain of ® or the
effective domain of ®;

If X posseses a topology 7 then we say that ® is densely defined if Dom(®) is
dense in (X, 7);

If Ais a subset of X and ® : X — 2 then ®|4 : A — 2V is defined by,
®|4(a) := P(a) for all a € A;

Gr(®) :={(z,y) € X XY :y € ®(x)}, called the graph of .

e If (M,d) is a metric space then

If0<r<ooand xz € M then Blx,r| :=={y € M : d(x,y) < r} is call the closed
ball of radius r with centre x;

If 0 <r<ooandz e M then B(x,r) :={y € M :d(z,y) <r}is call the open
ball of radius r with centre x;

If0<r <ooandx € M then S(z,r) :== {y € M : d(x,y) = r} is call the
sphere of radius r with centre x;

If 0 < r < oo and A is a subset of M then B(A;r) := (J,c4 B(a;r) and
BlA;r]:= Usea Bla; 7];

S.(M) :={X € 2™ : for every distinct z,y € X, ¢ < d(x,y)}, the members of
S.(M) are called e-separated sets or else, e-nets;

For a subset C' of M and an element x € M we define, the distance from x to
C by, d(z,C) := inf{d(z,c) : c € C};

BY(X, M) denotes the set of all Baire one functions from a topological space
(X, 1) into M;

B'(X) denotes the set of all real-valued Baire one functions from a topological
space (X, 7).

e The natural numbers, N := {1,2,3,...}.

e The integers, Z:={...,—2,—1,0,1,2...}.
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The rational numbers, Q := {a/b: a,b € Z,b # 0}.
The real numbers, R.

For any set X, 2% is the set of all subsets of X (sometimes we use P(X) to denote
the set of all subsets of X as well) .

For any subset A of a topological space (X, ), we define

— int(A), called the interior of A, is the union of all open sets contained in A;
— A, called the closure of A, is the intersection of all closed sets containing A;

— Bd(A), called the boundary of A, is A\ int(A),

For any points x and y in a vector space X, we define the following intervals:

y) ={r+AMy—x):0< A< 1}
ry)={r+Ay—x):0< A< 1};
— (zyyl ={z+Ay—2):0< A< 1}

—[zy] ={z+Ay—2):0< A< 1}
y

For any normed linear space (X, || - ||), we define

— Blz,r] ={ye X :||lx —y| <r}, for any x € X and r > 0;
— B(x;r):={ye X : |z —y| <r}, for any x € X and r > 0;
— By := BJ0, 1];

- Sx={zeX:|z|=1}.

Given a compact Hausdorff space K, we write C'(K) for the set of all real-valued
continuous functions on K. This is a vector space under the operations of pointwise
addition and pointwise scalar multiplication. C'(K) becomes a Banach space when
equipped with the uniform norm || - ||, defined by

|£lloc = sup (2], for all f € C().

For a normed linear space (X, ||-||), X*, the set of bounded linear maps from X to R,
is called the dual space of X. X* is a Banach space when equipped with the operator
norm, given by

| f]l := sup |f(z)], forall fe X"

rEBx

Let X be a set and Y a totally ordered set. For any function f : X — Y we define

argmax(f):={r € X : f(y)

< f(z) for all y € X},
argmin(f):={z € X : f(z) <

f
f(y) for all y € X}
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Let A be a subset of a vector space X. Then the convez hull of A, denoted by co(A),
is defined to be the intersection of all convex subsets of X that contain A.

Let X be a set and let f: X — R U {oo} a function. Then
Dom(f) :={z € X : f(z) < oo}.
We say that the function f is a proper function if Dom(f) # @.

Let (X, - ||) be a normed linear space and f : X — [—o00,00]|. Then the Fenchel
conjugate of f is the function f*: X* — [—o00, c0] defined by,

£1(a?) = sup{ (@) — £ (x):

The function f* is convex and if f is a proper function then f* never takes the value
—00.

If f is a convex function defined on a nonempty convex subset K of a normed linear
space (X, || -||) and z € K, then we define the subdifferential of f at x to be the set
df(x) of all z* € X* satisfying

2 (y—z) < fly)— f(z) forallye K.
It is assumed that the reader has a basic working knowledge of metric spaces, normed
linear spaces and even basic general topology. In particular, it is assumed that the

reader is familiar with Tychonoff’s theorem, the Banach-Alaoglu theorem and the
Separation theorem.

Theorem (Tychonoff’s Theorem [12]). The Cartesian product [[,.q X, where
Xy # @ forall s € S, is compact if, and only if, all spaces X are compact.

Theorem (Banach-Alaoglu Theorem [1]). Let (X,|| - ||) be a normed linear space.
Then (Bx+, weak®) is compact.

Theorem (Separation Theorem [11, page 418]). Suppose that (X, 7) is a locally con-
vexr space over R and C' is a nonempty closed convexr subset of X. If xqg & C then
there exists a continuous linear functional x* on X such that

sup{z*(c) : ¢ € C'} < z*(xp).
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Index

a wins, 2, 14, 24

barely Baire spaces, 7
Bernstein set, 7

£ wins, 2, 14, 24
[-unfavourable, 6
bitopological space, 28

Ch(X), 1
Choquet game, 1

conditionally a-favourable (Gp-game), 18

countable separation, 20
A, 24

e-jointly continuous, 25
exhaustive partition of X, 30

Feebly compact, 3
fragmentable, 70
fragmenting game, 29

G(A)-game, 24
G(r,7’)-game, 29
Gp-game, 14
Gul’ko compact, 11

IC-analytic, 18
IC-countably determined, 9

lattice, 69
length of p, 5
length of ¢, 54

minimal mapping, 46
network, 34
Q) wins, 29

partial exhaustive partition of X, 29
partial play, 2, 14, 24

partial s-play, 3, 15

partial o-play, 25

partial t-play, 2, 15

perfect information, 1

perfect mapping, 22

play, 2, 14, 24

pointwise countably complete, 68
positional game, 1
pseudo-compact, 3

s-play, 3, 15

selection, 48

separate Y from X \ 'Y, 20
separation index, 20
separation of Y in X, 20
separation of Y, 20
o-fragmented, 39

>) wins, 29
sigma-fragmented, 39
o-play, 25
Stone-Weierstrass Theorem, 69
strategy, 2, 14, 15, 24
sub-lattice, 69

SX(Y), 20

T, 54

t-play, 2, 15

topology of coincidence on countable sets, 3,
70

undetermined games, 7
unfavourable, 15

upper semicontinuous, 47
usco, 9

Valdivia compact, 28
weakly a-favourable, 3

winning strategy, 2, 3, 15, 25
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