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1. INTRODUCTION

It is natural to ask when a given set-valued mapping 7, which maps from a nonempty open
subset U of a Banach space X into subsets of its dual, is the Clarke subdifferential mapping of
some real-valued locally Lipschitz functions defined on U. In the case when X = R and Uis an
open interval the answer is known (see [1]). However, the general question still remains. Even
the simpler question of how to construct nontrivial Lipschitz functions which are not built-up
from either convex or distance functions has yet to be satisfactorily resolved. In this paper we
present a technique for constructing such real-valued locally Lipschitz functions defined on
separable Banach spaces. Using this construction we are able to recreate many known examples
of pathological locally Lipschitz functions. For example, we can show that given any polytope
P C R" there exists a real-valued globally Lipschitz function g, defined on R", such that the
Clarke subdifferential, x — dg(x), of g is identically equal to P. This example extends the main
result of [2], which in turn generalizes an example given in [3].

As another special case of our construction we will see that given any finite family
{1, T;, ..., T,} of maximal cyclically monotone operators defined on a separable Banach space
X, there exists a real-valued locally Lipschitz function g appropriately defined on X such that

ag(x) = colTi(x), T,(x), ..., T,,(x)} for each x € X.

We begin with some preliminary definitions. A real-valued function f defined on a nonempty
open subset A of a Banach space X is locally Lipschitz on A if for each x; € A there exists an
M > 0 and a § > 0 such that

Ifx) — fO) = Mlx —y|  forall x,y € B(xy, 6).

For functions in this class, it is often instructive to consider the following directional derivatives.
(1) The upper Dini-derivative at x € A in the direction y is given by

S+ Ay) — f(x)
7 )

S1(x;y) = limsup
A—ot
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(2) The Clarke generalized directional derivative at x € A in the direction y is given by

Sz + Ay) - f(2)
3 )

S°0¢; y) = lim sup
)\z-' 0X+
Associated with the Clarke generalized directional derivative is the Clarke subdifferential
(or subgradient) mapping, which is defined by
af(x) = {g € X*:g(») < f°x;y) for each y € X}.

Distinct from the notion of a directional derivative is that of a derivative. We say a function f

is differentiable at x in the direction y if

Sx + Ay) - f(x)
A

f'(x;y) = lim exists.
A—0
We say that f is Gateaux differentiable at x if

Sx +4y) - f(x)
A

V)W) = Pl‘},

exists for each y € X and Vf(x) is a continuous linear functional on X.

We are also interested in a stronger notion of differentiability. A locally Lipschitz function
[ is said to be strictly (Gdteaux) differentiable at x if for each y € X and each ¢ > 0, there exists
a 0 > 0 such that

Sz + Ay) — f(z)
i

- V()| <€¢  whenever0 <A< 4, |z — x| < 4.

Apart from the various notions of differentiability (all of which are discussed in [4]), the other
key concept we need is that of a minimal cusco. A set-valued mapping ¢ from a topological
space A into subsets of a topological space X is upper semi-continuous on A if for each open
subset W C X, {t e A: ®(f) C W} is an open subset of A. If in addition, @ has the property
that for each t € A, ®(¢) is nonempty and compact (convex), then ® is an usco (cusco) on A.
Amongst the class of usco (cusco) mappings, special attention is given to the so-called minimal
uscos (minimal cuscos). An usco (cusco) mapping ® from a topological space A into subsets of
a topological (linear topological) space X is called a minimal usco (minimal cusco) if its graph
does not strictly contain the graph of any other usco (cusco) defined on A. We say that a locally
Lipschitz function has a minimal Clarke subdifferential mapping if its Clarke subdifferential
mapping is a minimal weak* cusco. Details may be found in [5].

2. CONSTRUCTION OF LOCALLY LIPSCHITZ FUNCTIONS

We say that a subset N of a separable Banach space X is universally measurable if it belongs
to the m-completion of the Borel subsets B(X) for each finite measure m on B(X). A subset N
of X is called a Haar-null set (see [6]) if it is universally measurable and there exists a probability
measure P on ®(X) (which extends canonically to the universally measurable sets on X) such
that P(x + N) = 0 for all x € X. In finite dimensions, the Haar-null sets coincide with the
universally measurable Lebesgue null sets. In general, however, if N is a Haar-null set then X\N
is dense in X. The Haar-null sets are also closed under translation and countable unions.
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LemMa 1. Let g, f1, f3, -, f, be real-valued locally Lipschitz functions defined on a nonempty
open subset U of a separable Banach space X. If Vg(x) € {Vfi(x), V2(x), ..., Vf,(x)} almost
everywhere in U, then 3g(x) C cotdfi(x), afy(x), ..., 3f,(x)} for all x € U.

Proof. Consider the set-valued mapping 7: U — 2X” defined by 7(x) = U{af;(x): 1=/ < n}.
Clearly T is a weak* usco mapping on U, hence by Lemma 7.12 in [7] the mapping T*: U — 2X*
defined by

T*(x) = co{dfy(x), 3fz(x), ..., 8f,(x)}

is a weak™* cusco on U. Now from the hypothesis we have that Vg(x) € T*(x) almost everywhere
in U. Therefore by [8) dg(x) C T*(x) forallxe U. W

In the proof of Theorem 1 we use the following well-known result, whose proof we include
for the sake of completeness.

LemMMA 2. Let {G, : n € N} be a family of Lebesgue measurable subsets of R. If for each n € N,
G, has positive measure. Then there exists a subset £ = U(E, : n € N} of R such that:

(i) Each set E, is compact;

(ii) For each n € N, u(G, N E) > 0 and u(G,\E) > 0.

Proof. We first construct disjoint compact sets {C;:j € N} with 4(C;) > 0 and C; C G; for
each j. We proceed by induction.

Step 1. By the regularity of Lebesgue measure we may choose a compact subset C; C G, with
u(C}) > 0. Define m, = u(C)).

Suppose the first n steps have been completed. Then we will have constructed positive real
numbers {m,, m,, ..., m,} and disjoint compact subsets {C,, C2, . C’] of Rforl<j<n
such that m; = u(C; )andC"CC’CG forl<j<k=n.

Step n + 1. Choose a compact set C C G, with u(C) > 0, and cover C with a finite number
of intervals {/,, I, ..., I,} of diameter at most 7, where 0 < r < (1/2"*")ymin{m,, m,, ..., m,}.
Now for some k, 1 < k < m, we have u(I, N C) > 0. Select a compact subset C7}! c I, N C
with (C;Y{) > 0. Define m,,, = u(C;}{) and C]'*! = C'\I, for 1 < j < n. This ends the
induction.

Let C; = N, C; for each j € N. Then C; is compact and C; C G;. By the selection of the
I,’s we see that u(C; ) >(1-1/2%)- ,u(C’ yzm;/2>0forj=1, and by the overall construction,
we see that the sets {C;:j € N} are pairwise dls_|0mt

Next, we construct the set E. For each j, choose a compact set E; C C; such that
0 < w(E;) < u(C)) and define E = U7 | E;. Then for each j we have

MENG) = WENC)) = wEj) >0
arid

#(GN\E) = u(C\E) = u(C)) — w(E;)) > 0. ®



56 J. M. BORWEIN et al.

LemMA 3. Let f be a real-valued locally Lipschitz function defined on a nonempty open subset
A of a separable Banach space X. Let A be a real-valued locally Lipschitz function defined on
R. Then for any real-valued Borel measurable function A* defined on R such that i* = A’
almost everywhere

ANX € A: V(A = )x) = AX(f(x)) - V(X))

is a Haar-null set.

Proof. Let E = {x € A : V(A = f)(x) exists} and let F = {x € A : Vf(x) exists}. By [6] we have
that both A\E and A\F are Haar-null sets. For each y in the unit sphere S(X) of X, let
s{xe A: (1 f)"(x;») = A*(f(x)) - f *(x; y)}. Clearly D, is a Borel subset of A, since each

of the mappings x = (4 - /)*(x; ¥) and x = A*(f(x)) - f *(x; ) are Borel measurable.

Let {y,:n e N} be a dense subset of S(X) and T=ENFN (ﬂ{Dyn :n € N}). We claim
that A\T is a Haar-null set. To prove this, it is sufficient to show that each subset A\D, is
a Haar-null set. To accomplish this, we define a probability measure P, on the universally
measurable subsets of X as follows:

1
PM) = T jw exp(-x2/2)dx  where M* ={te R:ty, € M.

Take any xoe X and let U= {teR:ty, — x, € A}. If U = J, then P(x, + A\D, ) = 0. If
U # &, then define g: U = R by g(¢) = A(f(ty, — x,)). Clearly U is open and g is locally
Lipschitz on U. Therefore by Theorem 6.93 in [9]

uUNt e U:g'(1) = A*(f (9, — X)) " S (¥ = Xo; ¥a)}) = 0.

Now observe that s € (t € U: g'(t) = A*(f(ty, — Xo)) " ' (ty, — Xy; y,)) if and only if
SVn — Xo € D, , that is, if and only if sy, € x, + D, . Therefore

fteR:ty,exy+ A\D, } = U\t e U:g'(t) = A*(f(ty, — xo)) " ' (& — X053 )}

and so P,(x, + A\D, ) = 0. Hence we may conclude that A\D, is a Haar-null set. It now only
remains to observe that V(4 o f)(x) = A*(f(%)) - Vf(x) if and only if x e T. In fact, for x € T,
we know V(4 - f)(x) and Vf(x) exist, and V(4 = /)(xX}(y,) = A*(f (X)) - Vf(x)(y,) for all n € N.
Since {y, : n € N} is a dense subset of S(X) and each side is continuous in y, we have that

V@A e ) = AX(f(x) - Vf)(y)  forall y e X.
This ends the proof. W

The next lemma is a special case of Lemma 6.92 in [9].

LemMA 4. Suppose that fis an absolutely continuous real-valued function defined on an open
interval (a, b) of R. If E is a Lebesgue measurable subset of (e, ) and u(f(E)) = 0, then f' =
almost everywhere in E.

We may now establish our main result.
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THEOREM 1. Let f1, /5, ..., f, be real valued locally Lipschitz functions defined on a nonempty
open subset U of a separable Banach space X. If each function f; possesses a minimal Clarke
subdifferential mapping on U, then there exists a real-valued locally Lipschitz function g
defined on U such that dg(x) = co{df,(x), 3f»(x), ..., df,(x)} for each x € U.

Proof. The proof is presented in two parts.

Part I. Let {y, : n € N} be a dense subset of S(X) and let {x, : n € N} be a dense subset of U.
In this part we show that given any finite family of real-valued locally Lipschitz functions
{h1, by, ..., h;} defined on U, there exists a real-valued locally Lipschitz function g defined on
U such that

(a) ag(x) C co[dh(x), 0hy(X), ..., dh;(x)} for each x € U and Vg(x) €
{Vh (x), Vhy(x), ..., Vh;(x)] almost everywhere in U, i.e. everywhere
in U except possibly on a Haar-null set.

(b)) Foreach 1 < k <jand n, p € N, the subsets M;(n, p, k) C R defined
by M;(n,p, k) = {te R:g'(x, + 1¥,;¥,) = hi(x, + ty,;y,)} have
positive measures in every open interval in {t € R : x,, + ty, € U}.

We proceed by induction.

Step 1. Let h; be any real-valued locally Lipschitz function defined on U and g =h,. Then
clearly g satisfies (a;) and (b,) with respect to the locally Lipschitz function A, .

Suppose the first m steps of the induction have been completed. That is, suppose that given
any m locally Lipschitz functions &, ,, ..., k,, defined on U, there exists a locally Lipschitz
function g defined on U such that (a,) and (b,,) are satisfied with respect to the functions
Kisky,....kp.

Step m + 1. Let hy, hy, ..., h,,,, be real-valued locally Lipschitz functions defined on U.
Foreach 1 <=i<m,definec:U—Rbyc;=h; — h,,,and ¢,,,;: U~ Rbyc,,, =0.

By the induction hypothesis, there exists a real-valued locally Lipschitz function g defined
on U such that g satisfies (a,) and (b,) with respect to the locally Lipschitz functions
Cl1sChseery Con

For each n,p € N, let {U,(n, p): r € N} be a family of bounded open intervals in {t € R :
Xn + ty, € U}, which form a topological base for the relative topology on {f € R : x,, + ty, € UJ.
Note that without loss of generality, we may assume that for each n,p,r e N, U,(n,p) C
{teR:x, + ty, e Ul

Foreach 1 < k < mand each n,p,r € N, let

G(n,p,r, k) = gix, + ty, € U: t € U,(n, p) N M, (n, p, k)}).

Let us also set
G=1{G,:neNj

= (G(n,p,r,k):1 =k <m,n,p,reN and u(G(n, p, r, k)) > 0}.
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Here u is the Lebesgue measure on R. Let E = |J {E, : n € N] be the subset of R given in
Lemma 2 associated with the family of sets G. Define g,,,,,: U — R by g, 1(x) = Ap(g(x)) where
1 ifseE

0 otherwise.

!

Ag(®) EE xe@)ds  and  xgp(s) = {
0

Clearly g,,,, is real-valued and locally Lipschitz on U. We claim that g,,,, satisfies (a,,,,) and
(b,n+1) With respect to the locally Lipschitz functions ¢,, ¢;, ..., sy defined on U.

To see that g,,., satisfies (a,,,,). Observe that since E is a Borel subset of R, we may apply
Lemma 3 to get that Vg, (x) = xz(g(x)) - Vg(x) almost everywhere in U. Now by assumption
Vg(x) € {Ve (x), Vey(x), ..., Ve, (x)} almost everywhere in U. Therefore,

Vem+1(x) € {Ve1(%), Veu (%), ..., Ve (x), Vep, (X))
almost everywhere in U. Furthermore, by Lemma 1 we also have that
08+ 1(X) C coldc,(x), dcy(x), ..., ICm (X)) for each x € U.

Next we show that g,,,, satisfies (by,,). To this end, fix 1 < ¥k < m and n, p € N. Also fix
r € N, corresponding to the open interval U,(n, p). We consider two cases:

(i) Suppose u(G(n, p, r, k)) > 0. Then by the construction of the set E given in Lemma 2,
WG, p,r,k)NE)>0. Let

A=(teMynp kNUnp):gx, +ty,) € E}.

Since the mapping ¢ = g(x, + ty,) is absolutely continuous on U,(n, p), u(4) > 0. (Actually,
the mapping ¢ = g(x, + ty,) is Lipschitz on U, (n, p).) Therefore by Lemma 3

Em+1Xn + 153 ¥p) = Xp(8(x, + 17,)) - 8'(x, + 1V ¥p) = ChlXy, + V55 ¥,)

for almost all # € A. Hence, u(M,,.(n, p, k) N U,(n, p)) > 0.
(ii) Suppose that u(G(n, p, r, k)) = 0. Then by Lemma 4, g'(x, + ¥,; ¥,) = 0 for almost all
te M, (n,p, k)N U,(n, p) and so by Lemma 3, we have that

Eme1(Xn + 1,3 55) = xp(8xy + 1,)) - 8'(x, + typ5,) =0
for almost all r € M,,(n, p, k) N U,(n, p). From this, it follows that
EmatKn + 155 Vp) = &' Xy + pi ¥p) = iy + 153 ¥p) = 0

for almost all 1 € M,,(n, p, k) N1 U,(n, p); s0 u(M,,.(n, p, k) N U,(n, p)) > 0.

We now show that u(M,,.,(n,p,m + )N U.(n, p)) > 0 for each n, p,r € N. Again, fix
n, p, r € N and consider the set G(n, p, r, 1) (in fact, it suffices to consider any one of the sets
G(n,p,r, k) with 1 < k < m). We examine two more cases:

(iii) Suppose that u(G(n, p, r, 1)) = 0. Then by Lemma 4, g'(x, + ty,; y,) = 0 for almost all
teM,(n,p,1)NU,n, p) and so by Lemma 3

Eme1(Xn + 3 V) = xE(8lx, + 195)) - 8'(6n + 1353 ¥))
=0= r,n+1(xn + typ;yp)
for almost all t € M, (n, p, 1) N U,(n, p). Hence u(M,,, (n, p, m + 1) N\ U,(n, p)) > 0.
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(iv) Suppose that u(G(n, p, r, I)\E) > 0. Let
A={teM,(np, )NU,np):gx, + ty,) € Gn, p, r, )D\E}.

Since the mapping ¢ - g(x, + y,) is absolutely continuous on U,(n, p), u(A) > 0. Now by
Lemma 3

Em+1Xn + 13 ¥p) = XE(800, + t¥p)) - 8'(xy + 1Yy 5 Yp)
=0-= rln+1(xn + typayp)

for almost all ¢ € A. Therefore u(M,,,,(n,p, m + 1)NU,(n, p)) > 0.

At this stage, we have shown that g, satisfies (a,.,) and (b, ) with respect to the locally
Lipschitz functions ¢, ¢;, ..., Cpyy Cme1-

Define e: U — R by e(x) = g,,,,1(X) + Apy1(x). It is clear that Ve(x) = Vg, ,(X) + VA, (%)
almost everywhere in U. Hence by the above argument

Ve(x) € [VCI(X) + th«b-l(x)a AR ] VC,,,(X) + th+1(X), ch+1(x) + th+1(x)}

almost everywhere in U. In addition to this, we note that for each 1 <i < m, Vc;(x) =
Vh;(x) — Vh,,,(x) almost everywhere in U. Thus

Ve(x) € {Vh(x), Vhy(X), ..., Vh, (X))
almost everywhere in {J. Now by Lemma 1 we also have
de(x) C cofdh,(x), dhy(x), ..., dh,, . (X))}
for each x € U. Further to this, for each n,p e N
e'(n + 0y ¥p) = 8'(Xn + 1055 Vp) + Bpyi 6y + 1355 5)p)

for almost all t € {t € R : x,, + ty, € U}. It now follows that the function e satisfies (a,,.,) and
(by,.1) with respect to the locally Lipschitz functions Ay, h,, ..., Ay, defined on U; which
completes the induction.

Part II. Let f,, f5, ..., f, be real-valued locally Lipschitz functions defined on U whose Clarke
subdifferential mappings are minimal. By Part I we know that there exists a real-valued locally
Lipschitz function defined on U which satisfies (a,) and (b,) with respect to the locally Lipschitz
functions £, f3, -..,f,. In this part we shall show that for this function g

ag(x) = cofaf,(x), af5(), ..., af,(x}} for each x € U.
Of course, it suffices from Part I to show that
cofafi(x), afo(x), ..., af,(x)} C dg(x) for each x € U.

Since each function f;, 1 < j < n, possesses a minimal subdifferential mapping, there exists a
dense G; subset, G; of U such that f; is strictly differentiable at each point of G; [5]. Let G =
N {G;: 1 < j < n}. Clearly G is a dense and G, subset of U. We show that {Vf,(x), Vo(x), ...,
Vf.(x)} C 9g(x) for each x € G.
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Suppose that this is not the case. Then there exists an element x, € G, y € $(X), « € R and

1 < j < n such that
(Vf;(x), > > @ > max (y,& = g3 ¥).
£ € 0g(xq)

Moreover, since dg(x,) is a bounded subset of X* we may choose y = y, € {y,:n € NJ.
By the definitions of g°(x0; ») and strict differentiability, we know that there exists an open
neighborhood V of x, contained in U such that g*(z; y,) < aforallz € Vand f *(z; y,) > o for
all zeV. Choose x,, € {x,:keNJNV and U,(m,p) such that {x, +ty,:te U(m,p)jCV.
Now consider a point x,, + y,, where t € M,(m, p, j) N U,(m, p). Then

Q< fim + p; Vp) = &' + 3 ¥p) < which is a contradiction.

Therefore [Vfi(x), V(X), ..., Vf,{(x)} C dg(x) for each x € G.

Next, we fix 1 < k < n and consider the function f, . By the weak* upper semi-continuity of
the mappings x — dg(x) and x = 3f,(x) on U, we see that dg(x) N df,(x) # & for all x e U.
Define T: U — 2X* by T(x) = dg(¥) N af;(x). Clearly T(x) is nonempty, weak* compact and
convex for each x € U. Furthermore, it is not difficult to show, using a standard net argument,
that 7 is weak* upper semi-continuous on U (see Proposition 1.3 [10]). (Actually, since T is
locally bounded and the weak* topology on X* is metrizable on bounded subsets, it is sufficient
to use a sequential argument.)

However, since x = df(x) is a minimal weak* cusco on U and T(x) C 3f.(x) for each x € U,
we must have that 7 = df,. Hence, for each x € U, af,(x) C dg(x). Since k, 1 < kK < n, was
arbitrary and dg(x) is convex, we must have that co{df,(x), af»(x), ..., 3f,(x)} C dg(x) for each
xelU ©&

We note that the constructed function has a minimal subgradient if, and only if, each of the
underlying functions shares the same minimal subgradient. We also note that each of the
underlying functions being minimal is generically (on a dense G;) strictly differentiable. Thus
the constructed function has polyhedral subgradient images generically though perhaps only on
a set small in measure.

Remark 1. With some more work, but not significantly more, it can be shown that the function g
constructed in the previous theorem is not unique up to a constant, except possibly when

ofy=0f = =9f,.

The important observations required to prove this are:
) uM,,, . (n,p, )NU.(n,p) "M, (n,p, k) >0foralln,p,reNand 1 <k < m.
(ii) uM,,, . (n,p,m+ DN U, (n,p) "M, (n,p,k)) >0foralln,p,reNand 1 < k = m.
(iii) If cofafi(x), ..., 9f,_1(x)} = dg(x) for all x € U, then dg,_, = dg and g,_, — g is not a
constant unless af,(x) = --- = df,,(x) for all x.
(iv) If co{dfi(x), ..., af,_1(x)} # dg(x) for some x € U, then consider the function 2: U —» R
defined by h =g,_, + f, — g, then dh = g but h — g is not a constant.

Remark 2. 1t is explicit in the above construction that the function g has very circumscribed
derivatives. Indeed (a,) shows

ag(x) = cofdfi(x), afa(x), ..., af, (%)} for every x e U
and Vg(x) e {Vfi(x), Vfo(x), ..., Vf,(x)} almost everywhere in U.
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3. APPLICATIONS AND EXAMPLES

To see that Theorem 1 provides a rich source of examples, we need to establish a large
class of Lipschitz functions whose Clarke subdifferential mappings are minimal weak* cuscos.
Here the results in [10] aid us. In [10] the authors show that on a separable Banach space every
real-valued locally Lipschitz function which is strictly differentiable almost everywhere in its
domain possesses a minimal subdifferential mapping and they also show that this family of
functions is closed under addition, multiplication, and the two lattice operations. Moreover,
they also show that any locally Lipschitz function which is either semi-smooth almost
everywhere or pseudo-regular almost everywhere belongs to this class. However, we should
note that there are many examples of locally Lipschitz functions whose Clarke subdifferential
mappings are minimal, but which are not strictly differentiable almost everywhere. In another
direction, the authors in [10] show that if the norm on X is uniformly Gateaux differentiable
then each distance function on X possesses a minimal subdifferential mapping. Let us also note
that in finite dimensions all smooth norms are uniformly Géateaux differentiable.

CorOLLARY 1. Let A be a nonempty open subset of a separable Banach space X. If
{fi, /2, ..., [} are real-valued strictly differentiable (or equivalently, continuously Géteaux
differentiable) locally Lipschitz functions defined on A4, then there exists a real-valued locally
Lipschitz function g defined on A such that dg(x) = co{Vf,(x), Vf2(x), ..., Vf,(x)} for each
x € A. In particular, when {f}, f,, ..., f,} are continuous linear functions on X, then dg(x) =
coffi, [, ..., [n} for each x € A.

Thus every polytope arises as the constant Clarke subgradient of some globally Lipschitz
functions. Our next application is to cyclically monotone operators [7].

COROLLARY 2. Let A be a nonempty open convex subset of a separable Banach space X and
(T;, T, ..., T,} be a finite family of maximal cyclically monotone operators from A into
nonempty subsets of X*. Then there exists a real-valued locally Lipschitz function g defined on
A such that

ag(x) = co{Ti(x), Tr(x), ..., T,(x)} foreachx € A.

Moreover, g is convex if, and only if, T, = T, = --- = T,.

Proof. By [11] each T; is the Clarke subgradient of a proper lower semi-continuous convex
function on 4. However, as Phelps observes in [7] such a convex function is finite valued
on the domain on 7; and so we may conclude that it is continuous on A. Therefore by
Theorem 1, there exists a real-valued locally Lipschitz function g defined on A such that
ag(x) = co{T(x), T{(x), ..., T,,(x)} for each x € A.

If g is convex, then by [10], x = dg(x), is a minimal weak* cusco on A and so dg = 7} =
T, =---=T,. On the other hand if T, = T, = --- = T,, then by [11] and our previous
argument, there exists a continuous convex function g, defined on A such that dg, = T;.
However, by an easy result in [12], it follows that g, — g is a constant and so g must also be
convexon A. N
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Note that the previous corollary shows that the convex hull of a finite family of maximal
cyclically monotone or antitone operators is a subgradient. Next we ask whether the
conclusions of Theorem 1 hold without the minimality assumptions? To give some support to
this question, we establish the following special case.

THEOREM 2. Let {1, /3, ..., f,] be real-valued locally Lipschitz functions defined on an open
subset A of R. Then there exists a real-valued locally Lipschitz function g defined on A
such that

ag(x) = cofafi(x), afx(x), ..., af,(x)} for each x € A.

Proof. For each 1 <j<n, let af;(x) = [o;(x), B;(x)] for each x € A. Now let a(x) =
min{e;(x) : 1 < j < n} and B(x) = max{g;(x):1 <j < n}.
Clearly co{af,(x), af3(x), ..., af,(x¥)} = [a(x), B(x)] for each x € A. The result now follows
from Theorem 3.2in[1]. W

A special case of Theorems 1 and 2 recaptures a significant special case of the main result
in [1].

CoroLLARY 3. Let o and £ be real-valued continuous functions defined on an open interval
(a, b). Then there exists a real-valued locally Lipschitz function g defined on (a, b) such that
ag(x) = cofa(x), f(x)} for all x in (a, b).

Proaf. Let A and B be anti-derivatives of o and § respectively. Then both A and B are locally
Lipschitz on (a, b) and the result now follows from either Theorems 1 or 2. N

Remark 3. We should note that Theorems 1 and 2 fail for countable families of equi-Lipschitz
functions.

For example, consider the following family of Lipschitz-1 functions {f, : # € N} defined on
R such that df,(x) = [0, min{n|x|, 1}] for each x € R. Then

_{ ® ; } {0} ifx=0
€ nL=Jl L [0, 1] otherwise.

Clearly, x — co{lU5_; df,(x)] is not upper semi-continuous at x = 0 and so not a Clarke
subdifferential mapping of any Lipschitz function on R.

Finally we end with a concrete example, which indicates the type of pathological behavior
that the functions constructed using Theorem 1 may possess.

Example 1. Consider the Lipschitz function k: R - R defined by

1 — V2 cos(4y) - sin(dx + n/4)
1+ x2 + )2 )

k(x,y) =

Let P be a polytope in R* and let g be a locally Lipschitz function defined on R? such that
dg(x,y) = P.
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Fig. 1.

In Fig. 1 we show a tube plot of the mapping (x, y) = a(k + g)(x, ¥) = Vk(x, y) + P restricted

to the line segment {(0, ) : 0 < y < 8}. In the diagram the radius of P is 1/2.

Observation 1. On any separable Banach space, it is impossible to construct a locally Lipschitz
function whose Michel-Penot subgradient is identically equal to a polytope. The reason is that
on separable Banach spaces the Michel-Penot subgradients are single-valued almost everywhere
(in the Haar-null sense).

Acknowledgement—The authors would like to thank Jens Happe for help in preparing Fig. 1.
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