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Instructions

• Please read the following and sign below:

By signing this cover sheet I confirm that I am the student whose name
appears above.

(Sign here):

• This test contains SIX questions. Attempt ALL questions.

Show ALL your working.

• Write your name and ID number at the top of each page.

• You have 50 minutes to do the test. Total marks = 45.
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QUESTION 1 (6 marks)

QUESTION 2 (7 marks)

QUESTION 3 (15 marks)

QUESTION 4 (7 marks)

QUESTION 5 (5 marks)

QUESTION 6 (5 marks)

Total for 6 questions (45 marks)
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1. (6 marks) Find a one-parameter family of solutions to the differential
equation

dy

dt
= 2ty + 3et

2

.
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2. (7 marks)

(a) Use Euler’s method with stepsize h = 1 to compute an approxi-
mate value of the solution to the initial value problem

dy

dt
= yt − y2, y(0) = −1

at final time t = 2. Show all your working.
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(b) The direction field for a differential equation is shown below.

On the direction field, sketch the numerical solution that would
be obtained if one step of Improved Euler’s method with stepsize
h = 2 was used to solve the differential equation with initial con-
dition x(1) = 0.

You do not need to do any calculations to answer this part of the
question; just use the information on the direction field.
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3. (15 marks) This question is about the one-parameter family of differ-
ential equations

dy

dt
= (y − 1)(y − k)

where k is the parameter.

(a) Set k = 0.

i. Find all equilibrium solutions and determine their type (e.g.,
sink, source).

ii. Sketch the phase line.

(b) Repeat (a) for the case k = 1.

(c) Repeat (a) for the case k = 2.

(d) Now let k vary.

i. Locate the equilibrium solutions and determine their type for
all values of k, including any bifurcation values.

ii. Sketch the bifurcation diagram. Be sure to label the main
features of the bifurcation diagram.
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(blank page for your working)
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(blank page for your working)
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(blank page for your working)
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4. (7 marks) Consider the following system of differential equations

dY

dt
=

(

1 0
2 −2

)

Y,

where

Y =

(

x

y

)

.

(a) Find all straight line solutions to this system of equations.

(b) Find the general solution to this system of equations. Your answer
should contain two arbitrary constants.

(c) Find the solution that passes through (x, y) = (1, 0) when t = 0.

(d) Sketch the phase portrait showing:

• all equilibrium solutions.

• all straight line solutions.

• the solution curve you found in part (c) above, for t < 0 as
well as t > 0. Indicate on your sketch where t = 0.

• at least three other representative solution curves.
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(blank page for your working)
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(blank page for your working)
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5. (5 marks) This question is about a mathematical model for repayment
of a bank loan.

Sandra has a loan from a bank. The bank charges her a fixed interest
rate for the loan and she pays the bank a fixed amount of money towards
her loan each week.

Sandra uses the following differential equation to model the growth of
her loan:

dL

dt
= 0.055L− 260, L(0) = 10.

The variable L gives the amount of her loan in thousands of dollars (so
that L = 1 means that her loan is $1000) and t measures time in years.
Use this information to answer the following questions.

(a) How much is her loan to start with?

(b) What is the interest rate on the loan?

(c) How much does she pay to the bank each week?

(d) In one or two sentences, say how you could work out how long it
will take Sandra to pay back her loan. You do not have to do any
calculations to answer this part of the question.
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6. (5 marks) The following figure shows the direction field and some so-
lutions for a two-dimensional system of autonomous ODEs.
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The following three figures (a), (b) and (c) show plots of x(t) and y(t)
against t for the three solutions (i), (ii) and (iii) shown above, in some
order. Match up each of the plots (a), (b) and (c) with the correct
solutions (i), (ii) or (iii) shown in the phase portrait.
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(b)
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