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MATHS 255 Solutions to Assignment 3 Due: 16 Sept 2004

1. (5 marks) Let f : N → A be defined by f(n) = 2 − 1
2n . Then 2 − 1

2m = 2 − 1
2n ⇐⇒ 1

2m =
1
2n ⇐⇒ 2n = 2m ⇐⇒ m = n. Also for all y ∈ A, y = 2− 1

2n , n ∈ N, so f a bijection. Furthermore
m ≤ n =⇒ 2m ≤ 2n =⇒ 1

2m ≥ 1
2n =⇒ 2− 1

2m ≤ 2− 1
2n so this is a po isomorphism.

2. (6 marks) Suppose first that F is not 1-1. We must show that f is not 1-1, so there exist P,Q ⊆
A,P 6= Q with F (P ) = F (Q). P 6= Q =⇒ (∃x ∈ P \ Q)) ∨ (∃x ∈ Q \ P ). Suppose without loss
of generality that x ∈ P \ Q. Then since F (P ) = F (Q),∃y ∈ Q : f(y) = f(x) ∈ F (p) = F (Q). So
∃y ∈ Q : f(y) = f(x) but x 6= y since x ∈ QC and y ∈ Q. Hence f is not 1-1.

Conversely if f is not 1-1 ∃x, y : x 6= y such that f(x) = f(y). Then F ({x}) = F ({y}) = f(x) = f(y)
but {x} 6= {y} so F not 1-1.

3. (7 marks) Suppose g ◦ f is one-to-one and f is onto. Let x, y ∈ B with g(x) = g(y). Since f is
onto, there exist a, b ∈ A with f(a) = x and f(b) = y. Then g(f(a)) = g(x) = g(y) = g(f(b)), i.e.
(g ◦ f)(a) = (g ◦ f)(b), so since g ◦ f is one-to-one we have a = b, so f(a) = f(b), i.e. x = y.

4. (4+4+7+4+3=22 marks) We use the rules x ∈ f−1(T ) ⇐⇒ f(x) ∈ T , x ∈
⋂

α∈Λ Tα ⇐⇒
(∀α ∈ Λ)(x ∈ Tα) and x ∈

⋃
α∈Λ Tα ⇐⇒ (∃α ∈ Λ)(x ∈ Tα).

(a) x ∈ f−1(SC
Y ) ⇐⇒ f(x) ∈ (SC

Y ) ⇐⇒ f(x) /∈ S ⇐⇒ x /∈ f−1(S) ⇐⇒ x ∈ f−1(S)C
X .

(b) x ∈ f−1(A \ B) ⇐⇒ f(x) ∈ A \ B ⇐⇒ f(x) ∈ A ∩ BC ⇐⇒ (f(x) ∈ A) ∧ (f(x) ∈ BC ⇐⇒
(x ∈ f−1(A)) ∧ (x ∈ f−1(BC)) ⇐⇒ x ∈ f−1(A) ∩ (f−1B)C ⇐⇒ x ∈ f−1(A) \ f−1(B).

(c) We have

x ∈ f−1(A \
⋂
α∈Λ

Sα) ⇐⇒ f(x) ∈ A \
⋂
α∈Λ

Sα

⇐⇒ (f(x) ∈ A) ∧ ∼((∀α ∈ Λ)(f(x) ∈ Sα))
⇐⇒ (f(x) ∈ A) ∧ (∃α ∈ Λ)∼(f(x) ∈ Sα))
⇐⇒ (∃α ∈ Λ)(f(x) ∈ A) ∧ (f(x) /∈ Sα))

⇐⇒ (∃α ∈ Λ)(x ∈ f−1A) ∧ (x /∈ f−1Sα))

⇐⇒ (∃α ∈ Λ)(x ∈ f−1A \ f−1Sα)

⇐⇒ (∃α ∈ Λ)(x ∈ f−1(A \ Sα))

⇐⇒ x ∈
⋃
α∈Λ

f−1(A \ Sα)

so f−1(A \
⋂

α∈Λ Sα) =
⋃

α∈Λ f−1(A \ Sα).
(d) x ∈ f(A) \ f(B) =⇒ (x ∈ f(A)) ∧ (x /∈ f(B)). Hence x = f(p) for some p ∈ A but there does

not exist q ∈ B : x = f(q). Hence p ∈ A but p /∈ B. so p ∈ A\B and hence x = f(p) ∈ f(A\B).
Hence f(A) \ f(B) ⊆ f(A \B).

(e) Let f : R → R be defined by f(x) = x2. Thenf(R \ (−∞, 0)) = f([0,∞) = [0,∞) but
f(R) \ f(−∞, 0) = [0,∞) \ (0,∞) = {0}.
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5. (4x3=12 marks) There exists such x = b+(−a), as in the notes since then a+x = a+(b+(−a)) =
a + ((−a) + b) = (a + (−a)) + b) = 0 + b = b . Moreover x is unique, since if a + y = b then
y = 0 + y = (a + (−a)) + y = a + ((−a) + y) = a + (y + (−a)) = (a + y) + (−a) = b + (−a) = x.

(a) Let x ∈ Z. Then we have

(−x) + x = x + (−x) (commutative law)
= 0 (definition of −x)

so by definition of −(−x), −(−x) = x.

(b) Let x ∈ Z. Then we have

x + (−1) · x = 1 · x + (−1) · x (definition of 1)
= x · 1 + x · (−1) (commutative law)
= x · (1 + (−1)) (distributive law)
= x · 0 (definition of −1)
= 0 · x (commutative law)
= 0. (proved in lectures)

x · (y − z) = x · (y + (−z)) (definition of ”-”)
= x · y + x · (−z) (distributive law)
= x · y +−(x · z)
= x · y − x · z (definition of ”-”)

Hence, by definition of −x, −x = (−1) · x.

6. (3x3=9 marks)

(a) The algorithm gives us

n x y

78 1 0 r1

72 0 1 r2

6 1 −1 r3 = r1 − r2

0 -12 13 r4 = r3 − 12r2

From which we see that gcd(78, 72) = 6 and 6 = 78 · (1) + 72 · (−1).

(b) The algorithm gives us

n x y

2944 1 0 r1

928 0 1 r2

160 1 −3 r3 = r1 − 3r2

128 −5 16 r4 = r2 − 5r3

32 6 −19 r5 = r3 − r4

0 −29 92 r5 = r3 − 4r4

From this we see that gcd(2944, 928) = 32 = 2944 · (6) + 928 · (−19).
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(c) The algorithm gives us

n x y

1173 1 0 r1

957 0 1 r2

216 1 −1 r3 = r1 − r2

93 −4 5 r4 = r2 − 2r3

30 9 −11 r5 = r3 − 2r4

3 −31 38 r5 = r3 − 3r4

0 319 −391 r5 = r3 − 10r4

from which we see that gcd(1173, 957) = 3 and 3 = 1173 · (−23) + 957 · 33.

7. (3 marks) Suppose that a, b, c, x, y ∈ Z with c | a and c | b. Then there exist p, q ∈ Z with a = cp
and b = cq. But then

ax + by = (cp)x + (cq)y = c(px + qy),

and (px + qy) ∈ Z, so c | ax + by as required.

8. (16 marks)

(a) Suppose there exist x, y ∈ Z with rx + sy = 1. Put d = gcd(r, s). Then, by the previous
question, d | 1, so d = 1. So r and s are relatively prime.

(b) Suppose that s and r − s are not relatively prime. Then there is some d > 1 such that d | s
and d | r − s. But then, by the previous question, d | s · (1) + (r − s) · 1, i.e. d | r. Thus d is a
common divisor of r and s, so r and s are not relatively prime. Hence, by contraposition, if r
and s are relatively prime then so are s and r − s.

(c) Let c ∈ N and suppose c = pγ1
1 pγ2

2 . . . pγt
t , where each γi ≥ 0. Then

ac = b ⇐⇒ pα1+γ1
1 pα2+γ2

2 . . . pαt+γt
t = pβ1

1 pβ2
2 . . . pβt

t

⇐⇒ αi + γi = βi by the uniqueness of the fundamental theorem of arithmetic.

Thus a | b ⇐⇒ αi ≤ βi.
Let d = pm1

1 pm2
2 . . . pmt

t and D = {x ∈ N : x | a ∧ x | b}. Then m1 = min{αi, βi} ≤ αi, and by
the above argument, d | a. Similarly, d | b and d ∈ D.
Let c = pη1

1 pη2
2 . . . pηt

t ∈ D. Then c | a and by (a) again, each ηi ≤ αi. Similarly, each ηi ≤ βi,
so that ηi ≤ mi and c | d. In particular, c ≤ d and d = gcd(a, b).

(d) We know from the notes theorem 20 (week 6) that if p is prime and p | a · b then p | a or
p | b. Hence P(2) is true. So we assume p | m1m2 · · ·mk then p | mi for some i and consider
p | m1m2 · · ·mk+1. Let a = m1m2 · · ·mk then p | a∨ p | mk+1, so (∃i ≤ k : p | mi)∨ (p | mk+1),
so p | mi some 1 ≤ i ≤ k + 1. QED.
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