DEPARTMENT OF MATHEMATICS

MATHS 255 Solutions to Assignment 1 Due: 5 Aug 2004

(Total 80 marks)

1. (15=2+434+2+2+3+3 marks)

(a)
(b)

“19 is a prime number” is a statement, which we would translate as P(19) (where P(n) denotes
“n is prime”).

“If n is even then n is not prime” is a predicate, which we would translate as E(n) = ~ P(n)
(where FE(n) denotes “n is even and P(n) denotes “n is prime”). If we assume the predicate
for all such n it becomes a statement we can prove false by counterexample. If n is even then
n = 2.p so n has factors other than itself and 1 so is not prime, except when n = 2, when n is
both prime and even. Counterexample.

“Is 13 a prime number?” is neither a statement nor a predicate. It is a question.

“Solve 22 — 4 = 0” is neither a statement nor a predicate. It is a command.

“Every even number is the sum of two odd numbers” is a statement, which we would symbolise
as (Vn € N)(E(n) = (3m,k)(O(m) A O(k) A S(m,k,n))) (where E(n) denotes “n is even”
and S(m,k,n) denotes “m + k = n”). It is true since if n is even then n = 2.p = p+p =
(p—1)+ (p+1). If p is odd then the first expression gives two odd numbers and if p is even
the second expression dies likewise.

“There exists a real number n such that for all real r, r.n = n.r = n” is a statement, which

we would symbolise as (In € R)(Vr € R)(n.r = rn = n). The statement is true since
0.r=r.0=0Vr

2. (12=4x3 marks)

(a)

(b)

We have the truth table

CECRERE| IS
CRERCRE I
oo
H 3 A|<
CRE R R[N
= = >
oo
RIS
SRR |
CRERCRE |

From this we see that the main column contains only F's, so the statement is a contradiction.
We have the truth table

e li=s o I | IS
3 a4
LRI
o>
CRE RN | e
SRCECEE N |
EEEECR,
T EEREI N
R P
CRE RN | e

Since both Ts and Fs occur in the principal column, this is neither a tautology nor a contra-
diction.
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(c) We have the truth table

A B|(A = B| << |(A VvV ~ B
T T T T T T T T F T
T F T F F F T T T F
F T F T T F F F F T
F F F T F T F T T F
Again this is neither.
(d) We have the truth table
A B|(~ A = B|=|(~ B = A
T T F T T T T F T T T
T F F T T F T T T T T
F T T F T T T F F T F
F F T F F F T T F F F
This statement is a tautology.
3. (12=14+1+141+42+2+2+2 marks)
(a) The contrapositive of A(n) is “If n? + 1 is even then n is not a multiple of 4”.
(b) The converse of A(n) is “If n?2 + 1 is odd then n is a multiple of 4”.
(c) The negation of A(n) is “n is a multiple of 4 and n? + 1 is even”.
(d) A(n) is true for some n € N: for example, A(4) is true (since 4 is even and 17 = 42 + 1 is odd).
(e) A(n) is true for all n € N. We give a direct proof. Suppose n is a multiple of 4. Then n = 4k

for some k € Z, and so n? + 1 = 16k% + 1 = 2(8k?) + 1, and 8k? € Z, so n? + 1 is odd.
(f) By (d) and (e), the contrapositive is true for some n € N, and indeed for all n € N, since it is

equivalent to A(n) itself.

(g) The converse of A(n) is true for some n € N: for example the converse of A(4) is (vacuously)
true since 42 + 1 = 3 is odd and 4 is a multiple of 4.

(h) The converse of A(n) is not true for all n € N. We give a counterexample. 22 + 1 =5 odd but
2 is not a multiple of 4.

4. (8 marks) If {/3 is rational then it can be expressed as 3 = 5—2 with p and ¢ having no common

factors. So p3 = 3¢% . So p3 is a multiple of 3. So p is a multiple of 3. So p = 3k. So p? = 27k® = 3¢°.
Le. 3(k%) = ¢3. So ¢® is a multiple of 3. So ¢ is a multiple of 3. Contradicting p, ¢ having no common
factors.

5. (9=3x3 marks)

(a) Suppose m < n. Then (since m,n > 0) m3 < mmn < mnn < n3, so m®+m < n3 +n, ie.
f(m) < f(n).

(b) Suppose m £ n. Then n < m. If n < m then, by (a), f(m) < f(n), and if m = n then
fim) = f(n). So we have f(n) < f(m), so f(m) £ f(n). Hence, by contraposition, if
f(m) < f(n) then m < n.
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(c) Let m,n € N. [We must show that if f(m) = f(n) then m = n.] Suppose, for a contradiction,
that f(m) = f(n) but m # n. Since m # n we have m < n or n < m. So, by (a), we have
f(m) < f(n) or f(n) < f(m). Either way, we have f(m) # f(n), contradicting our assumption
that f(m) = f(n). Hence if f(m) = f(n) then m = n, in other words f is one-to-one.

6. (a) (3 marks) Let A = {1,2} and B = {2,3}. Then A \ B = {1}, but AU B = {1,2,3} and

ANB=1{2}. Thus (AUB) \ (AnB) ={1,3}.

(b) (3 marks) BCC <= (x€B = z€().
r€B\A = (z€B)AN(z¢A) = (z€C)N(xz¢A) = zeC\A

(c) (3 marks) ACB <— (x€ A = z € B).
So ANBC#@ <= 3r:(x € A)A(z € B®) = x € BA(z € B°). Contradiction.
On the other hand AAB¢ =@ = ((r € A) = (¢ ¢ B®) = z¢€ B)),s0 ACB.

(d) (3 marks) (B \ A)U(ANDB)=(BNA°)U(BNA)=A.
BCAUB,so AUB=B «<— AUBCB — A C B since
(x€eA)V(xeB) = (r€B) = ((x€A) = (z€B)).

(e) (5 marks)

:CGA\UBa

acA

rE€EANT ¢ UBO‘
agl

reAN~(z € UBa)
acl
xr€AN~Ta € N)(x € By)

x€ANNVaeA)(x ¢ By)
VaeA)(r e ANz ¢ By)
(Va e A)(x € A\ B,)
ze [)(A\By)

a€eN

[ AN Y A A

Thus A\ Naen Ba = Ugen(A\ Ba).
7. (10=2+43+4+2+3 marks)
(a) P(A) ={2, {1}, {2}, {4}, {5}, {1, 2}, {1, 4}, {1,5},{2,4},{2,5}, {4,5}, {1, 2,4},
{1,2,5},{1,4,5},{2,4,5},{1,2,4,5}}. So |P(A)|| = 2 = 16.
(b) P(B) ={@,{3},{5},{6},{3,5},{3,6}.{5,6},{3,5,6}}.
(c) P(ANB) =P({5}) = {2.{5}}.
(d) 'P(AUB)|| = [P({1,2,3,4,5,6})[| = 2° = 64.
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