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1. For n ∈ N, let Pn be the statement

“9 | (12n − 3n)′′.

Base case: When n = 1, 121 − 31 = 9 = 9 · 1. Thus P1 is true.

Inductive step: For k ∈ N suppose Pk is true, that is, 9 | (12k − 3k), which is equivalent to
9c = 12k − 3k for some c ∈ N ⇐⇒ 12k = 9c + 3k for some c ∈ N.

Want to show that Pk+1 is true, i.e. 9 | (12k+1 − 3k+1). Now

12k+1 − 3k+1 = 12× 12k − 3k+1

= 12(9c + 3k)− 3× 3k

= 9× 12c + 9× 3k

= 9(12c + 3k).

Thus Pk+1 is true and by induction, Pn is true for all n ∈ N.

2. x1 = 1, x2 = 2, x3 = x2 + 2x2 = 2 + 2 = 4, x4 = x3 + 2x2 = 4 + 4 = 8 and x5 = x4 + 2x3 =
8 + 8 = 16. We conjecture that xn = 2n−1.

For n ∈ N, let Pn be the statement xn = 2n−1.

Base case: x1 = 1 = 21−1 and x2 = 2 = 22−1, so that xn = 2n−1 for n = 1 and n = 2.

Inductive step: Let k ∈ N with k ≥ 2 and suppose Pi is true for all 1 ≤ i ≤ k, that is, xi = 2i−1

for all 1 ≤ i ≤ k.

Want to show that Pk+1 is true, that is, xk+1 = 2k. Since k + 1 ≥ 3,

xk+1 = xk + 2xk−1

= 2k−1 + 2× 2k−2 as xi = 2i−1

= 2× 2k−1

= 2k,

that is, xk+1 = 2k. Thus Pk+1 is true and by complete induction, Pn is true for all n ∈ N, that
is xn = 2n−1.

3. For n ∈ N with n ≥ 2, let Pn be the statement that

(A1 ∩ A2 ∩ . . . ∩ An)C
U = (A1)

C
U ∪ (A2)

C
U ∪ . . . ∪ (An)C

U .

Base case: When n = 2, P2 is the statement (A1 ∩ A2)
C
U = (A1)

C
U ∪ (A2)

C
U . Now

x ∈ (A1 ∩A2)
C
U ⇐⇒ x ∈ U ∧ x 6∈ (A1 ∩ A2)

⇐⇒ x ∈ U ∧ (x 6∈ A1 ∨ x 6∈ A2)

⇐⇒ (x ∈ U ∧ x 6∈ A1) ∨ (x ∈ U ∧ x 6∈ A2)

⇐⇒ x ∈ (A1)
C
U ∨ x ∈ (A2)

C
U

⇐⇒ x ∈ (A1)
C
U ∪ (A2)

C
U ,
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that is, (A1 ∩A2)
C
U = (A1)

C
U ∪ (A2)

C
U and P2 is true.

Inductive step: Let k ∈ N with k ≥ 2 and suppose Pk is true, that is,

(A1 ∩ A2 ∩ . . . ∩Ak)
C
U = (A1)

C
U ∪ (A2)

C
U ∪ . . . ∪ (Ak)

C
U .

If T = A1 ∩A2 ∩ . . . ∩ Ak, then

(A1 ∩A2 ∩ . . . ∩ Ak ∩Ak+1)
C
U = (T ∩ Ak+1)

C
U

= T C
U ∪ (Ak+1)

C
U

= (A1 ∩ . . . ∩ Ak)
C
U ∪ (Ak+1)

C
U

= (A1)
C
U ∪ . . . ∪ (Ak)

C
U ∪ (Ak+1)

C
U ,

that is, Pk+1 is true and by induction, Pn is true for all n ∈ N.

4. For n ∈ N, let Pn be the statement 3n > n2.

Base case: P1 is true, because 3n = 3 > 12 = 1. When n = 2, 3n = 9 > 22 = 4. So P2 is also
true.

Inductive step: Let k ∈ N with k ≥ 2 and suppose Pk is true, that is, 3k > k2. Want to show
that 3k+1 > (k + 1)2. Now

3k+1 = 3× 3k

> 3× k2 as 3k > k2

= k2 + k2 + k2

≥ k2 + 2k + 1 as k ≥ 2

= (k + 1)2,

that is, 3k+1 > (k + 1)2. Thus Pk+1 is true and by induction, Pn is true for all n ∈ N, that is,
3n > n2.
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