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1. Modified Euclidean Algorithm gives the following results:

n x y
462 1 0 r1

54 0 1 r2

30 1 -1 r1 − 8r2

24 -1 9 r2 − r3

6 2 -17 r3 − r4

0 * * r4 − 4r5

Thus gcd(462, 54) = 6 and 6 = 2 · 465 + (−17) · 54.

2. (a) Let c ∈ N and suppose c = pγ1
1 pγ2

2 . . . pγt
t , where each γi ≥ 0. Then

ac = b ⇐⇒ pα1+γ1
1 pα2+γ2

2 . . . pαt+γt
t = pβ1

1 pβ2
2 . . . pβt

t

⇐⇒ αi + γi = βi by the uniqueness of FTA.

Thus a | b ⇐⇒ αi ≤ βi.

(b) Let d = pm1
1 pm2

2 . . . pmt
t and D = {x ∈ N : x | a ∧ x | b}. Then m1 = min{αi, βi} ≤ αi, and

by (a) above, d | a. Similarly, d | b and d ∈ D.

Let c = pη1

1 pη2

2 . . . pηt
t ∈ D. Then c | a and by (a) again, each ηi ≤ αi. Similarly, each

ηi ≤ βi, so that ηi ≤ mi and c | d. In particular, c ≤ d and d = gcd(a, b).

Let m = pM1
1 pM2

2 . . . pMt
t and M = {y ∈ N : a | y ∧ b | y}. Then Mi = max{αi, βi} ≥ αi,

and by (a) above, a | m. Similarly, b | m and m ∈ M .

Let w = pδ1
1 pδ2

2 . . . pδt
t ∈ M . Then a | w and by (a) again, each αi ≤ δi. Similarly, each

βi ≤ deltai, so that Mi = max{αi, βi} ≤ δi and m | w. In particular, m ≤ w and
m = lcm(a, b).

Note each mi + Mi = αi + βi and so

ab = pα1+β1

1 pα2+β2

2 . . . pαt+βt
t = pm1+M1

1 pm2+M2
2 . . . pmt+Mt

t = gcd(a, b)lcm(a, b).
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