DEPARTMENT OF MATHEMATICS
MATHS 255 Solutions to Assignment 8 Due: 30 September 2003

1. (5 marks) For n € N, 6|9(n 4+ 12)(11n + 25) <= 9(n+ 12)(11n +25) =0 (mod 6). Now

9(n +12)(11n +25) = 3n(5n + 1)
= —-3n(n—1) (mod 6).

If n is even, then 6|3n. If n is odd, then 6|3(n — 1). So in any case 6] — 3n(n — 1) and hence
6/9(n + 12)(11n + 25).

2. (a) (5 marks) If f(z) =0 or g(z) =0, then f(x)g(z) =0 and
deg(f(z)g(z)) = —oo = deg(f(x)) + deg(g(x)).

(Note —oo + ¢ = —oo for any integer ¢ or ¢ = —00.)
Let f(z) = ap+arz+- - -+a,2™ and g(z) = bo+b1x+- - -+byz™ such that deg(f(z)) =n # —o0
and deg(g(z)) = m # —oo, so that a,, # 0 and b, # 0. Then

f(@)g(@) =co+crx+ -+ cppma™,

where ¢+ = anby,. Since a,, # 0 and by, # 0, it follows that ¢, 1, # 0, and so deg(f(x)g(x)) =
m+n = deg(f(x)) + deg(g(z)).

(b) (5 marks) Since a(x) | b(x) and b(x) | a(x), it follows that a(z) =0 <= b(z) = 0.
If a(x) = 0 = b(z), then a(z) = cb(x) for some non-zero ¢ € R.
Suppose a(z) # 0, so that b(x) # 0. Since b(x) | a(x), it follows that b(x)u(z) = a(x) for some
0 # u(z) € Rz], so that by (a) above,

)) + deg(u(z)) = deg(a(z))

(x
and in particular, deg(b(z)) < deg(a(z)). Similarly, since a(x) | b(x), it follows that deg(a(x)) <
deg(b(z)), and hence deg(a(x)) = deg(b(x)). In particular, deg(u(z)) = 0 and u(z) = cis a
non-zero number.

deg(b

(c) (5 marks) Let n =4, and c¢(z) = 2z + 1 = d(z) € Z4[z]. Then
c(z)d(x) = (2z
and so deg(c(z)d(z)) = 0 # 2 = deg(c(x))

+1)? =da? +dr+1=1
+ deg(d(z)).
3. (a) (6 marks) Using long division in Zs[z] we have

ot 203 4 42? + 22 4 3 = (42 4 22 + 4o + 2)(dx 4+ 1) + (2® + 1),

so that g(x) = 4x + 1 and r(z) = 2 + 1.
(b) (6 marks) Use Euclidean Algorithm:

f(x) u()  w(@) |
ot 2% +4a? + 20 +3 1 0 | ™
Az + 222 4+ 4z + 2 0 1 79
22+ 1 1 —z+1)|r3=r1— (4o + 1)ry
0 * * ry =19 — (47 4 2)r3
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It follows that 2 + 1 is a ged(f(x), g(x)) and
2?4+ 1 = (2" 4+ 22% + 42% + 22 + 3) + (42° + 202 + 4z + 2)(—4z — 1),

so that u(z) =1 and v(z) = -4z — 1 =z + 4.

4. (8 marks) LetAz(‘é g>andB:<g g)beelementsofK.

Then AB = ( xg xz > and since x # 0 and y # 0 we have xy # 0, thus AB € K.

Hence, K is closed under matrix multiplication.

Associativity is satisfied for multiplication of all matrices, not only for the ones in K.

The identity element (which element F in K satisfies EX = XE = X for all € K7?) is < (1) (1) )

and it is a member of K.

The inverse of A = < S ) in K is < ) (note that z # 0, so 1/2 makes sense).

Thus K is a group.
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