DEPARTMENT OF MATHEMATICS
MATHS 255 Solutions to Assignment 11

1. (a) Suppose (s,) converges to L. Let € > 0. Put n = 5. Choose N € N so that if n > N then
|sp, — L| <n. Let myn > N. Then

|Sm — Sn| = |$m — L+ L — sy,
<|sm — L| 4+ |L — sy (triangle inequality)
= |$m — L| + |sp — L]
<n+n

:8,

as required. Thus (s,) is a Cauchy sequence.

(b) Suppose (s;,) is a Cauchy sequence. Putting ¢ = %, we can find N such that for all m,n > N,

|$m — sn| < % In particular, if m > N then |s,, — syy1| < %, SO |Sm| < |sn41] + % Thus,
putting b = max{|s1|, [sa|,...,[sn|,[sn41] + 5} Wwe have |s,,| < b for all m € N, so (s,) is
bounded above by b and below by —b, so (s,,) is bounded.

2. f+g: Letz € Rande > 0. Put p = §. Choose 61 > 0 such that if [y—xz| < 61 then |f(y)—f(z)] <7,
and d2 > 0 such that if |y — z| < 2 then |g(y) — g(z)| < 1. Put 6 = min{dy,d2}. Let y € R
with |y — 2| < d. Then

((F+9)(y) = (f +9) @) = 1f(y) + 9(y) = f(x) — g(a)]
= (f(y) = f(x)) + (9(y) — g(2))]
<[fy) = f@)] +19(y) — g(2)| (triangle inequality)
<n+n=e¢,
ol|(f+9)(y)—(f+g)(x)| <e asrequired. Thus f + g is continuous.
fg: Let x € R, ¢ > 0. Put n = m. Choose 01 > 0 such that if |y — x| < &; then
|f(y) — f(x)] < n, and d3 > 0 such that if |y — x| < d2 then |g(y) — g(z)| < min{n,%}. Put
0 = min{dy,d2}. Let y € R with |y — 2| < d. Then
[(F9)(y) — (Fo) ()| = [f(W)g(y) — f(z)g(x)|
= 1fW)g(y) = f(2)g(y) + f(2)g(y) — f(z)g(z)|
<|(f(y) = F@)gW)] + [f(2)(9(y) — 9()] (triangle inequality)
=f() = f@)gW)] + £ (@)llg(y) — g(z)]
< |f ) = f@)(lg@)| + 3) + [f(@)]lg(y) — g(x)|
(since [g(y)| < lg(x) + 3)
<n(lg(@)| + 3) + 1 f (@)
=g,
o|(f9)(y) — (fg)(z)| < e, as required. Thus fg is continuous.

fog: Let x € R and € > 0. Since f is continuous, it is continuous at g(z). Choose n > 0 so
that if |y — g(z)| < n then |f(y) — f(g(x))| < e. Choose § > 0 such that if |y — 2| < § then

19(y) —g(x)| <n. Let y € Rwith [y —z| < d. Then [g(y) —g(z)| <n, so|f(g(y)) — f(g(2))] <e,
ie. [(fog)(y) — (fog)(x)| <e, as required. Thus f o g is continuous.
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3. Let x € R and let € > 0. Put n = 5. Since f is continuous at bz, we can choose §; > 0 so that if

la]

y — bx| < 0 then 1Y) — z)| <mn. Put 0 = 35, Let y € R with |y — x| < 0. en
b § then | f f(b Pé“sbl‘L R with 5. Th

9(y) = g(x)| = laf(by) — af(br)]
= lal|f(by) — f(bx)]
< laln (because |by — bz| = |b||ly — x| < |b|0 = 61)

:87

as required. Thus g is continuous.

. When showing that three statements are equivalent, there are six implications to prove, but we
usually only prove three or four of them, for example (1) = (2), (2) = (3) and (3) = (1),
or (1) = (2), (2) = (1), (2) = (3) and (3) = (2). When proving four statements are
equivalent, there are twelve implications to prove, and many more choices of which four or five or six
to establish in order to imply all the others. In this case, we will prove (1) = (2), (2) = (3),
(8) = (2, (2) = (1), (1) = (4) and (4) — (1).

(1) = (2): Proved in lectures (week 11, Lemma 20).

(2) = (3): Suppose that for all open sets U, f~1(U) is open. Let C' C R be closed. We wish to
show that f~1(C) is closed, i.e. that R\ f~1(C) is open. We know that R\ C is open, so by
(2) it is enough to show that f~Y(R\ C) = R\ f~1(C). [In fact, this is true for any set C,
whether or not C' is closed: we will use this again shortly.]

Let # € f7{(R\ C). Then z € R and f(x) € R\ C, so f(z) ¢ C, so x ¢ f~1(C), so
r€R\ fHC). Thus f~YR\C) C R\ f71(C).

Conversely, let y € R\ f~1(C). Then y ¢ f~1(C), so f(y) ¢ C, so f(y) € R\ C, soy €
F7UR\ C). Thus f-1(C) € f-1(R\ C).

Hence f~1(R\ C) =R\ f~1(C), as required.

(3) = (2): Suppose f~1C is closed for all closed C C R. Let U C R be open. Then R\ U is
closed, so f~1(R\ U) is closed, in other words R\ f~}(R\ U) is open. As above, we know that
Y R\U) =R\ f~YU), so R\ (R\ f~1(U)) is open, i.e. f~1(U) is open, as required.

(2) = (1): Suppose f~1(U) is open for all open sets U C R. Let z € R and let ¢ > 0. We will
show that B.(f(x)) is open. So let y € B(f(z)). Then |y — f(x)| <e. Put n = — |y — f(z)].
Let z € By(y). By the triangle inequality, |z — f(z)| < |z —y|+ |y — f(z)| <n+|y — f(z)| =
g, 80 z € B:(f(x)). In other words, for every y € B.(f(z)) there is some 7 > 0 (namely
n=¢e—ly— f(x)]) with By(y) € B(f(x)). Thus B:(f(x)) is open, so by (2) f~(B:(f(x)))
is open. Now z € f~Y(B:(f(z))) (since f(x) € B:(f(x))), so there is some § > 0 such that
Bs(x) C f~Y(Be(z)). Let y € R with |y — 2| < §. Then y € Bs(x), so y € f~1(B:(x)), so
f(y) € Be(f(x)), s0 | f(y) — f(z)| <&, as required.

(1) = (4): Proved in lectures (week 11, Lemma 21).

(4) = (1): Suppose that for all sequences (s,), if s, — a as n — oo then f(s,) — f(a) as
n — 0o. Let £ € R and let € > 0. Suppose, for a contradiction, that there is no § > 0 such
that [y — 2| < § implies that |f(y) — f(z)| < e. In particular, for each n € N we have 1 > 0
so there is some y,, with |y, — 2| < 1 but |f(yn) — f(z)| > . But then y, — z as n — oo but
f(yn) = f(z) as n — oo, contradicting (4). Thus f must be continuous.
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5. Let x € R, and let h € R with A # 0. Then
(f9)x+h) - (fg)(x) _ flz+h)g(z+h)— f(x)g(z)

h h
fle+h)g(x+h) - fle+h)g(x) + flz+h)g(x) — f(z)g()
h

ﬂw+2—f@b

g(z +h) —g(z)
h

(x+h)+ f(x)

Now lim;, — Ow = f'(z), limp_o g(z + h) = g(z), and lim;,_, , so the

limit of the right hand side equals f'(z)g(z) + f(x)g'(z). Hence the limit of the left hand side as
h — 0 also exists and equals the same, in other words (fg)'(z) exists and equals f'(z)g(x)+f(z)g ().

0 w = ¢'(2)
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