DEPARTMENT OF MATHEMATICS

MATHS 255 Solutions to Assignment 10 Due: 28 May 2003

1. We must show existence and uniqueness of the solution.

Existence: Putngza-%. Thenlm:b-a-%:a-b-%:a-lpza, so x is a solution of the

b
equation a = bzx.

Uniqueness: Suppose x and y are both solutions, in other words we have a = bx and a = by. Then

(b)

bx = by, so %bx = %by, so lpx = 1py, so x = y.

Suppose a < b. Thenb—a € P. Now (b+¢)—(a+c¢)=(b—a)+(c—c)=(b—a) —0p =b—a,
so(b+c)—(a+c)eP,soa+c<b+ec.

Suppose a < b. Then a <bora=>b. If a <bthen a+ ¢ < b+ c by part (a), and if a = b then
a+c=0b+c. So either way we have a +c¢ < b+ c.

Suppose a < b and Op < ¢. Thenb—a € P and c—0p € P,ie. c € P,so (b—a)c € P, i.e.
bc —ac € P, so ac < be.

Suppose, for a contradiction that a € P but % ¢ P. Then we must have % =0p or —% eP.

Case 1: Suppose % =0. Thenlp =a-+ =a-0p = 0p, so 1p = Op. But the field axioms

a
specify that 1 # Op.
Case 2: Suppose —% € P. Then a(—1) € P, so —(a-1) € P, ie. —1p € P, s0 1y ¢ P. But
this contradicts a result proved in lectures that 1z € P.
So neither case 1 nor case 2 is possible, so we must have % € P as required.

Suppose 0p < a < b. Then b —a € P and a,b € P, so by part (d) we have % € P and % e P.
Thus 2.1 € P,so (b—a)ii € P. But (b—a)it =0l —all=1_1 5ol _2ecP so;<i.
Since we also have % € P we have O < % < % as required.

Suppose first that [c,d] C [a,b]. Since ¢ < ¢ < d, ¢ € [¢,d] C [a,b], so a < ¢ < b. Similarly,
d€le,d Cla,b]soa<d<b Thusa<candd<b.

Conversely, suppose a < cand d <b. Let z € [¢,d]. Thenc <z <d,soa<c<z<d<b so
a<z<b,sox € [a,b]. Thus [c,d] C [a,].

Let ¢ € R. We have

c€ [)lan bn] <= (¥n € N)(c € [an, b))
neN
— (VneN)(ap, <c<by)
<~ (Vn e N)(a, <c)A(Yn eN)(c<by)

<= cis an upper bound for {a, :n € N} and

¢ is a lower bound for {b, : n € N}
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c¢) Let n € N. Let P, be the statement “a,, < ap,r and b, < b,”.
+ +

Base case: From [a,1,b,41] C [an, by] and part (a) we have a,, < an41 and by y1 < b,. So Py
is true.

Inductive step: Let k € N, and suppose that Py is true. As in the base step, we have a,1; <
Gntk+1 and by i1 < byyk, so by the inductive hypothesis we have a, < antr < apykr1
and by g1 < bpyr < bny 50 an < apgkt1 and bpppr1 < by, ie. Pryqp is true.

Hence, by induction, P is true for all k € N.

(d) Let m,n € N. We consider three cases: m < n, m =n or n < m. If m < n then there is some
k with m + k = n. By (c) we have ay, < @ik = an < by, 80 @, < by, If m = n then we have
A, = ap < by, 80 ayy < by. Finally, if n < m then m = n + k for some k € N, so by part (c) we
have a,;, < by, = by < by, 50 ap < by,

(e) Put S ={a,:n €N} Thena; € S, s0 S # (), and by part (d) we know that S is bounded
above by b1, so S has a least upper bound. Put ¢ =sup S.

(f) Let n € N. Then, by part (d), am, < by, for all m, so by, is an upper bound for S. Thus, since
¢ is the least upper bound for S, ¢ < b,. Since this holds for all n, ¢ is a lower bound for
{bp,:neN}.

(g) From (e) and (f), cis both an upper bound for { a,, : n € N } and a lower bound for { b, : n € N },
so by (b) we have ¢ € (,,enl@n, bn)s 50 (,enl@n, bn] # 0.

4. Suppose first that s, — L. Let € > 0. Then there is some N € N such that for all n > N,
|sn — L| < e. Let n > N. Then |a, — L| = |s2p—1 — L| < €, since 2n — 1 > n > N. Thus a,, — L.
Similarly, if n > N then |b, — L| = |s2, — L| < € since 2n > n > N. Thus b, — L.

Conversely, suppose that a,, — L and b, — L. Let € > 0. There exist N;, No € N such that if
n > N — 1 then |a, — L| < € and if n > Ny then |b, — L| < e. Put N = max{2N; — 1,2Ns}. Let
n > N. Then n is either odd or even.

Case 1: Suppose n is odd. Then n = 2k — 1 for some k£ € N, and since n > N, n > 2N; — 1, i.e.
2k —1 > 2Ny — 1, so 2k > 2Ny, so k > Nj. Thus |ay — L| < ¢, and since s, = S9;_1 = aj we
have |a, — L| < e.

Case 2: Suppose n is even. Then n = 2k for some k € N, and since n > N, n > 2N, i.e. 2k > 2Ny,
so k > Na. Thus we have |by, — L| < ¢, and s, = so, = b, so |s, — L| < e.

Thus in either case we have |s,, — L| < . Hence s, — L.
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