DEPARTMENT OF MATHEMATICS

MATHS 255FC Assignment 8 solutions Due 26th September 200

1. Prove each of the following from the axioms given in the handout on real numbers.
€) Given a,b OR, show there is a uniquesuch thata+ x = b.

Firstly Oy:a+ y= y+ a= O(F5). Alsoyis unique ayy=0+y =(y +a) +ty =y Ha +y) =y O =y.
Now let x=b+y thena+x=a+(b +y) =a +(y +b) =(a +y) tb =0 + =h.
Alsobisunique aa+x =b=a+x Oy & »x yw a XJ1+H x 9 X =X X

(b) If x=b-a is defined to be this, and-a is defined to bé — a show:
() b-a=b+(-a) (i) a(lb—c)=ab-ac (i) 0.a=a0=0(iv) ab=ac,az00 b=c

() By aboveb-a=x, 0—a=yandb-a=x=b+y =b +(0 —a) =b H -a)

(i) ac=a(0 +c) =a.0 +ac, soa.0 =ac—ac =0.

(i) a(b—-c)+ac =a(b +(—)) +ac =ab +a( €) +tac =ab +a(c { €)) =ab a0 =ab
Soa(b-c)=ab-ac

(v) az0[l yay ya 1 ab=acl yab yatl £b Tlc= b ¢

(c) () x<yOx z y z (i)1>0 (i) x<yF %-y
)x<yOy x 2 ¢y 2z XIP+x<z+ty z(i)1>0=1-0=10P

(i) Now 1#£0 sinceaz0 a a# a& O0HenceeitheflIP or -10P
But -10R1 =1-( ( @ P contradiction to trichotomy. Hends=1-00F1>1 O

(i) X<y e y=-x==-x—-(-y) OP= — y< =X
(d) ABOR, AB:O , A BandB is bounded above, showbA < [ubB.
Odal Ald BUOb 8B b [MbB == A a I|ubB solubB an upper bound for A i.eibA < |ubB.

2. (a) Show from the definition of absolute value in the real numbers handox that [x| +|y|.
X,y=0or x,y<0|x+y =[x +|y,
x20,y<O0x+y| =[x -y <|x +|y| X<0,y=0[x+yl = x| +|y| <[X Y.

(b) Use (a) to prove by induction that +x, + ... +X,| <[x| +[x,| + ... +x,|.

True forn =2 by (a) Soif[x +X, + ... +X| <[x| +[%;| + ... +x]

|X1+X2+ oo T X SIX1 Xt +Xk| "+Xk+1

:|X1 X o X Xy

| | e ] P

(c) Show that the distance functid(x,y) =|x —y| obeys the triangle land(x,2) < d(x,y) + d(y,2).
d(x,2) =|z=-X =[z-y +y =X <|z -y| Hy x| =d(x,y) +d(y,2)

3. Find the least upper bound and greatest lower bound of each of the following suBRséth®f exist
and determine if either of these is an element of the set concerned.

()R \{G (ii) (-0, =) (iii) [-75,2) (V) [-7,2) n (R\ Q) (V) @%: nDNﬁ

(1) No lub (=) No glb (= =) (ii) No glb (= —) lun - -1 notin S.
(iglb=-minSlub=2notin S (iv) the sameasgrisinR\Q.(v)glb=0notinSlub=1inS



4. For each of the following sequences, determine whether or not it is:

(a) convergent and if so find its limit,
(b) bounded and if so find a convergent subsequence
(c) find a subsequence which is increasing. or one which is decreasing, or both if possible.

NS Ol Lot (-D)" 0. . n
0] {1 +(-)™ nDN} (i) % nDNﬁ(lu) En—z+ e nDNE(lv) {n: nON (v) @Tﬂ nDNﬁ

() Not convergent as alternating between 2 and 0. Bounded. Absolute value bounded by 2. A convert
subsequence 2,2,2,2.... or 0,0,0,0... hese are constant so are both increasing and decreasing.

i) S 1 1 2n+l
s ™ (n+1)? n> n(n+1)?

<0, a,=0so monotone decreasing and bounded below.

o 1 : - :
Hence convergent. The limit is zqag| = ‘—2‘ <¢if n>e 2. Bounded, decreasing and a;rady convergent.
n

(ii) This is basically a product of (i) and (ii) It is a product of a null and a bounded sequence so it is null |
bounded and convergent to 0. The odd terms form a decreasing subs ; 225, ﬁ

(iv) Increasing unbounded, not convergent.

(v) a,,—a =(n+D!n" —ni(n +)™* =ni(n +1)(nn —(n +1)”) <0 so a, decreasing bounded below by

. + I n n
zero and hence convergent. Singet = (n+1) r:ﬂ =" — = t 1 <1 the terms must get
a  n(n+d (n+1) gl_l_l[T e
nO

arbitrarily small so the limit is zero.



Prove each of the following specifically from the axioms given in the handout on real numbers.

(@) Givena,bR, show there is a uniguesuch thatax = b.
There existsy: ay =1 (multiplicative inverse). Lek = by thenax = aby =bay =b.1 =b.
If ax=b, ax =bthenx-X =1(x —X) =ay(x —=X) =ya(x —x) =yax —-yax =yb -yb =0,sox=X.

If x=b/ais defined to beax = b, show:
()a/b+c/d=(ad +bc)/bd if b,d#0. (ii) (a/b).(c/d)=ac/bd if b,d#0.
() Let a=xb, c=yd,thena/b+c/d=x+y.
Now considerz = (ad +bc)/bd =(xbd +byd)/bd =(x +y)bd/bd, thenz(bd) =(x +y)bd soz=x+Y.
(i) z=ac/bd =xbyd/bd =xybd/bd, so zbd = xybd, andz = xy.

(b) (i) x<y, y<zOx z (i)x<y, z>00 xx yz.
() X<y, y<zey-x z-yOPd-z# v x 2 X P <x 2z
() x<y, z>0=y-x, zOFA] #y x) zy X OP< xz yz

© O IxyEx]. 1yl () [xI=lyl<Ix=yl.

() xy20, |xy[=xy=|x[.|y[d x[.]-y], xy<0, |xy]=-xyx[.|-y[q x].]yl.

(i) x,yz0 [x[-y|=Ix-yl xy <0 x| -ly| 4% -y|3x -y|

x20,y<O0 | x]|-]y|=x+y|dx +-y|4x -y]| since x,~y both have the same sign buty have
opposite signx <0,y 20 || x| -|y] 9 -x +y|q x —y| for the same reason.



