Commutativity: xAy=x\yOy\x y\ X1l x\y yAx.
(b) * on R\ {3} definedbya*b=a+b-abforall abOR\{L.
If a,b#z1,then a+b-ab R, butif a+b-ab =1, then
a(l-b)+b =1, a(l-b) =1 -b, which is impossible sincea,b#1. So * is a binary
operation onR \ {1} .
Commutativity: Oa,i] R\{§} , a*b=a+b—-ab =b +a —ba =b* a.
Associativity:[a,b,d1 R\{Z} , a*(b*c) =a+(b*c)-a(b*c)
=a+b+c-bc —-a(b +c -bc) =a+b+c —ab —ac —bc +abc. Similarly,
(a*b)*c =a+b+c—-ab —ac —bc +abc. So a* (b*c) = (a*b)*c.

4. (a) Prove by induction that for eaahCN, 4" —1 is divisible by 3.
Let P, be the statement4" —1 is divisible by 3.
R is true since4’ -1=3=31.
Assume k=1 and 4K -1=3r. Then 4" —1=4(4¥) -1 =4(3r +1) -1 =3(4r +)
which is divisible by 3. Henceq, O R, istrue forallk=1, So by the PMI,R,
is true for all nON.

(b) Criticise the following:
Theorem: We are given n coins, where n is an integer > 1. All but one of the coins are the
same weight and the other is heavier. We have a balance. Then 4 weighings suffice to
discover which coin is heavier.
Proof (By induction.)
When n=2 the result is clear. Suppose we have proved the result for k coins. We are now
given k+1 coins. We proceed as follows. Set one coin aside. Apply the procedure for k coins
to the remaining k coins. If we find the heavy coin then we are finished. If not, then the
heavy coin is the one we set aside. Thus we have a procedure for k+1 coins. The theorem
follows by induction.

If B, isthe statement: "Given a setodoins all the same weight except for one
which is heavier, it is possible with at most 4 weighings on a balance to discover the
heavy one," then, as indicatelg, is clearly true. But the method proposed for
showing thatB, O R, is true fails because when one coin is removed from the set

of k+ 1 coins, the condition that the remaining coins are all the same except for one
heavy one is not met, so the induction hypothesis does not apply, and the conclusion
that 4 weighings is sufficient is not valid.
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1. (a) Prove or give a counterexample: fifX - Y is a function andC,D are disjoint subsets of
Y then f(C), f (D) are disjoint subsets of.

Proof: Suppos€,D are disjoint subsets of and xOfX(Cn f (D). Then f(x) OC
since x 0f}(C) and f(x) OD since x Of (D). hence f(x) G D, contradicting our
asumption tha€,D are disjoint.

(b) Prove or give a counterexample: t£X - Y is a function andA,B are disjoint subsets
of X then f(A), f(B) are disjoint subsets of.

Counterexample: We need to specify sktsy, A, B,and a functio. So for example let
X =Y ={a,b,q¢, (distinct elements), letf: X - Y be defined by f(a) =a, f(b)=b, f(c) =b.
Let A={a,b}, B={c¢. ThenA,B are disjoint, butb O f }(An fY(B).

2. Show that ifu is a subsequence bfandt is a subsequence af thenu is a subsequence
of s. [Use the definition of subsequence in the text, and prove what you need to prove about
composition of increasing functions.]
There is a strictly increasing functionN — N such thatu(i) =t(n(i)) for all i, and there is a
strictly increasing functiorm:N — N such thatt(i) = s(m(i)) for all i. Hence,
u(i) =t(n(i)) =s(m(n(i))) for all i. Sincem,n are strictly increasing, so also o n (proof
below). Hencei is a subsequence of
Fact. The composition of two strictly increasing functions is strictly increasing. Proof: Suppose
m,n are strictly increasing functions from a po&db itself. Assumei,j OOA with i <j. Then
n(i) <n(j) sincen is strictly increasing, andn(n(i)) < m(n(j)) since m is strictly increasing.
In other words, mon(i) <mon(j). So mon is strictly increasing as required.

3. Determine which of the following are binary operations, and for those which are, determine
whether they are associative, commutative.

(a) Symmetric difference on the set offalite subsets of amfinite set A.

Let S be the set of finite subsets &f For all x,y (IS, xAy O XJ vy, If x,y have m,n

elements respectively, thex]y has at mostm+n elements, and so is finite. Hence

xAy 0S. So A is a binary operation d&@ To show associativity, we might use either a Venn
diagram or truth tables. We try a Venn diagram to show thaty,Z1 S (xXAy)&sz xA(yAz).

By careful drawing and shading, we find that both sides are the following:



