DEPARTMENT OF MATHEMATICS

MATHS 255 Assgnment 3 Solutions Due: 8 Aust, 2001

1. Suppose thaKX is a poset with partial ordering, and suppose that is a non-empty subset of
X. Show that ifA has a least upper bound and a greatest lower bound, th&¥) glob(A).

Let L,I be least upper and greatest lower bounds respectivel. f&@ince A= [, let alJA.
Then | <a sincel is alower bound oA, and a< L sincel is an upper bound oA.
Hence, | <L by transitivity.

2. Let A=NxN, and define a relation ~ oA by (a,b)~(c,d) -« b+c=a+d. Prove that ~
is an equivalence relation oy, and describe the equivalence classes.
[Note: This set of equivalence classes, endowed with appropriate definitions of addition and
multiplication, is sometimes called the seirdkgers]
1. Reflexive: Let(a,b) 0Nk N. Then a+b=Db+a, so (a,b)~(ab).
2. Symmetric: Let(a,b),(c,d) ONx N, and supposga,b) ~(c,d). Then b+c=a+d, so
d+a=c +b, and hence(c,d) ~ (a,b).
3. Transitive: Let(a,b),(c,d),(e, f) ON« N, and suppos€a,b) ~(c,d) and (c,d) ~ (e ).
Then a+d=b+c,and c+ f =d +e. Adding the two equations, we get
a+d+c+f =b+c +d +e, and hencea+ f =b +e, so that(a,b) ~ (e, f).

Tap) ={(xYy) : xyONandy x (b- a)} = all points of the plane with natural number

coordinates and on the line throudh,b) parallel toy =x. [Naturally, we identify the class
containing (a,b) with the integerb—a.]

3. (a) Prove that if functionsf:A - B and g:B -~ C are onto, then soigo f.

Let cOC. b0 B, g(by c (sincegisonto),andlB] A, f(a b (sincef is onto), so
go f(a) =c as required to show thao f is onto.



(b) Prove that if f:A - B is a function and the inverse relatiofi * from Bto A is a function,
then f is one-to-one and onto.

f1={(ba): f(a)="b}. Supposea;,a, OA and f(g) = f(ay). Then

(f(ay).a) Of tand (f(ay),a)) ™. Sincef™ g single valued, we conclude th&t = &,

and hencef is one-to-one.
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To show f is onto, assumé) UB. Then sinceB is the domain off , (ba) O f for
some @8UA Hence, 1@ =D a5 required to show thdt s onto.

4. Let f:A - B be afunction, and define a new functiél (B). I (A) by
F(C)={alOA: f(agd G

for each C[J B. Prove thatf is one-to-one if and only iF is onto.

Assume thatf is one-to-one, and supposell (A). Let D= f(C). We show F(D) =C.
xOF(D)= f(x1 B f(x») f(c)forsomedd C = x=cforsome cC (sincef is one-to-
one) < xC. Hence F(D)=C, andF is onto.

Conversely, assumg is onto andalJA. Then{a [ (A), so{a =F(C) forsomeC[ B
(since F is onto). Now F(C)={x0OA: f(xd C,so allF(Cd f(@) C. Nowif a A and
f(a)=f(a'), then f(a')C, soa' OF(CF {a,andsoa =a, and hencd is one-to-one.



