MATHS 255 Assignment 1 Solutions Due 25 July 2001

1. Write the following in symbolic form, using symbols (1)< ,[17 , , letters x,y,z ... for free
variables and capital letters A,B,C... for statements.

a. Either Joe is smart or he is lucky but not both.
A: Joe is smart. B: Joe is luckfAIBY ~ (Al B).

b. Doing homework regularly is a necessary condition for me to pass this course, but it is not
sufficient.

A: I do homework regularly. B: | pass this courd®& ] A) ~(A B).

c. lItis not the case that if you are either unkind to me or unkind to my friend then | will neither
sing to you nor talk to you. (Also rewrite this in a more positive way.)

A: You are kind to me. B: You are kind to my friend. C: | will sing to you. D: I will talk to
you. ~[(~AO~B)Y1] (€ ~D)]. Equivalentto~(AOB)Y] (CI D): Even though you have
not been kind to both me and my friend, | will sing or talk to you.

d. Every real number is a sum of two distinct real numbers.
O Ry (RDz R 2z & y 2.

e. Given any two real numbers, there is a real number which is less than their sum.
(] ROy OR z<R+z x vy

2. Assume A,B,C are statements. Construct truth tables for the following pairs of statements. State
whether either implies the other and whether or not they are equivalent:

a. AO(BI C), (AOBUO (A C).
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The two statements are equivalent.



b. AO~B, ~(~AOB).
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The two statements are equivalent.
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Neither statement implies the other.

3. Let f:N = N be given by f(x) = x> +5x. (N = natural numbers)
a. Use a direct proof to show thatnk k then f(n) < f (k).
Assumen<Kk. Thatis,k—n>0. To show f(n) < f(k) we show thatf(k)— f(n)>0.
f(k) - f(n) =k +5k —n® =5n =k® —n® +5(k —n) =(k —n)(k? +kn +n? +5) >0

since k—n>0 and the terms in the second factor are all positive integers.

b. Use a proof by contrapositive to show that (h) < f (k) then n<Kk.
Suppose thah = k, thatis,n—k=>=0. We show (as in part (a) )thafn) — f(k) = 0.
f(n) - f(k) =n® +5n k3 -5k =n3 - k3 +5(n —k) =(n -k)(n?® +nk +k? +5) =0

since n—k =0 and the terms in the second factor are all positive integers.

c. Use a proof by contradiction to show thatfifn) = f(k) then n=k.
Suppose thatf(n) = f(k) and nzk. Then 0=n+5n-k3 -5k =(n -k)(n® +nk +k? +5).

Hence n—k =0 (since the terms in the second factor are all positive integers).n Sd& and
n # k, a contradiction.



d. Use a proof by cases to prove thifn) is a multiple of 3 for allnON. [You may assume
that every integer can be written uniquely in the forkp & + 1, or & + 2.]

Our assumption says that for eachIN there are integersr =0,1,2 and integek such that
n=3k+r. So f(n)= f(3k+r)=(3k +r)% +5(3k +r) =27k +27k?r +9kr? +r3 +15k +5r =

3(9k® + 9Kk?r +3kr? +5k) +(r3 +5r) = 3N +(r3 +5r) for some integeN.

Case 1:r=0. Thenr3+5r =0 which is divisible by 3 so that in this casén) is divisible by 3.

Case 2:r=1. Thenr3+5r =6 which is divisible by 3 so that in this casén) is divisible by 3.

Case 3:r=2. Then r +5r =18 which is divisible by 3 so that in this ca$én) is divisible by 3.

In any case,f(n) is divisible by 3.

4. a. Prove that for any setX,Y, X OY if and only if P(X) O P(Y).

Assume first thatX O Y. We show thatP(X) [0 P(Y) by showing that every element Bf X)
is an element ofP(Y). AOP(X [A OXO A OY A P(xY).

Conversely, assume th&(X) [0 P(Y). We show thatX [0 Y by showing that every elementXis
anelementofy. xOXJ {4 OX O{x¢ OPCX) & BN O Y x Y.

b. Prove that for any set&, B, (A\B)n B=0O and (A\B)O B Al B.

To prove (A\ B)n B[II , we assume that[J(A\ Bn B and show that a contradiction
results. (I.e. an indirect proof.) So assumé&l(A\ Bn B. Then xOAIl X [(BOx B, so that
x[JBJ] X B, a contradiction. The reverse inclusiahl (A\ B) B is obvious since the empty
set is a subset of every set.

To prove that(tA\ B)[O B= Al B, we show that each is a subset of the other.
xOA\B B O A Ix B)O(xO BY xOAN {x B) x A B. Hence,
(A\B)OBl A B.

On the other hand suppogeélAl B. We consider two cases. (X)B. (2) xOB.
(1) xOBandBO(A\ B)! B, soxO(A\ B}l B.

(2) xOB andx JA] B implies x JA, and hencex JO(A\ Bl (A\ B) B.
Thus, AOB] (A\B) B.



