Theorem
Let K=Q, R, C, Z,. Every non-constant

polynomial in K[x] has unique factorisation as a
product of one or more irreducible polynomials.

gcd and lem in K[x]

Definition: For a(x),b(x) OK[x], d(x) isa
greatest common divisor @f(x),b(x) if

1. d(x)]a(x), d(x)|b(x), and
2. ifc(x)|a(x) andc(x)|b(x) then
c(x) [ d(x).

Theorem: Let K=Q, R, C, Z,. Then any two

polynomials in K[x] have gcd and lcm.
gcd(a(x),b(x)) is a polynomial of smallest degree
of the form a(x)u(x) + b(x)v(Xx) .

Note: If d(x) is a greatest common divisor of
a(x),b(x) , then soiskd(x) for allk# 0 inK.

Euclidean Algorithm in K[x]

For all a(x),b(x),q(x),r(x) OK[xX], if
a(x) = b(x)q(x) +r(x) then
ged(a(x), b(x)) = ged(b(x),r(x)) -

The same methods for finding gcd and Icm apply as
for Z.
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Factor Theorem

Let K=Q, R, C, Z,. Forall f(x) UK[x] and for
all atK,

f(@=0 = f(x)=(x-a)g(x)
for some g(x) OK[X] .

Corollary (Remainder Theorem)

If f(x) isdivided by x—a, the remainder is
f(a).

Divisibility and Factorisation in K[x]

Let K=Q, R, C, Z,. For a(x),b(x) UK[x],
a(x) | b(x) if b(x) =a(x)q(x) for some
q(x) OK[X] .

Irreducible polynomials

f(x) OK[X] (non-constant) igreducible if the only
factors of f(x) are trivial, i.e. of the formk or
kf(x), (kOK).
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Polynomials

Let K=Z, Q, R, C, Z,. Apolynomial over Kis
an expression of the forna(x) = ap +ax +---a,x"
with n=20 in Z and ag,---,a, UK.

The set of all such polynomials is denot&dlx] .

Degree

Thedegreeof a(x) is the largest value df such
that ay #0, or —oo ifall g =0.

Addition: _ _ _
Y ax +y bx =5 (g +h)x .

Multiplication :

. _ K
(Y ax' )3 hx) =5 X wherec, =S ab; .
0

Division algorithm for polynomials

Let K=Q, R, C, Z,.

For each a(x), b(x) OK[x] withb(x} O, there
exist unique q(x), r(x) OK[x] with

degr(x) <degb(x) such that

a(x) = b(x)q(x) +r(x).

Proof: Let S={a(x) —b(x)n(x) : n(x) OK[x]} .
Let r(x) be a polynomial of smallest degreesSin

Proceed as in the proof of the division algorithm for
Z!

Example: Find quotient and remainder when
3x° —2x* +4x° -1 is divided by x* -1. (K=Q)
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