MATHS 255 Foundations of Continuity 2001

The fundamental definition aontinuity of a functionf: X - Y where X,Y O R is:
Oe>0 00>0: [x-y|<d0 [f(x) - f(y)<e [1]

We can generalize this definition to any Xetith adistance functiond: X x X - R satisfying:
Hd(x,y) 20, d(xy) =0 = x=y (i) d(x,y) =d(y,x) (i) d(x,2)<d(x,y)+d(y,2)
The pair(X,d) is called anetric space

Continuity can thus be defined between any pair of metric sifxces) and(Y,d,):

Oe>0 30>0: dy(xy)<d0 d,(f(x),f(y)<e [2]
It is possible to frame this definition very neatly in terms of open sets a generalization of open intBrvals in
We define thepen e-ball B,(x) ={x0X:d(x,y)<&}. InRthisis simplyB,(x)={x OR:|x-y{<¢}.

An open setO [ X is a set such thaix JO [B,(x) [ O.
It is straightforward to prove a g8tis open if and only if it is a union of open balls.

We can rephrase our continuity definitiofte >0 00 >0: yOB,(x) O f(y) OB,(f(x)) [3]
l.e. OB,(f(x)) [B;(x): f(Bs(x)) U B.(f(x) [4]

An open neighbourhood(nhd) of x X is any open sex (IO [0 X. We can then rephrase our definition
of continuity in terms of open neighbourhoods:

Given any open nidof f(x), there exists an open nhbidof x such thatf(U) OV, [5]
We are then in a good position to define a continuous isomorphism between any two metric spaces:

f:X - Y is called daaomeomorphism = fis one to one and onto (i.e. a bijection)
and bothf and f ™ are continuous.

Homeomorphism is the natural equivalence relation which preserves all the properties of continuity betwee
different spaces, for example a hollow cube is homeomorphic to a sphere, but a torus or Klein bottle is nc
However this definition does not coincide naturally with metric spaces and distance functions.

We say two metric spaces aneetrically equivalent if there is a bijectionf:X - Y such that
dy (x,y) = dy (f(x), f(y)) Ox,ydX.

It turns out that metric equivalence is not at all the same thing as homeomorphism. Homeomorphic metr
spaces may not be metrically equivalent and so metric spaces are not really the natural objects to st
continuity, although they arose axiomatically from the original definition of continuity in terms of distance.

Example: Thet two metric spacgsX,d,) and(X,d,) X =(0,1] are not metrically equivalent :
1 1
d(xy)=x-Y, dy(xy)= ;‘;

We can see this at once because many of the poi(¥dh) are distance apart much greater than 1 while
all pairs in(X,d,) are closer then 1 apart. There can thus be no metric equivalence possible between ther

However they are homeomorphic. In cht% is a metric equivalence betwegX,d,) and[1,) with the

. . : . 1.
standard metrial,(x,y) =[x —y| and this is also necessarily a homeomorphism. Bt is also a
X

continuous bijection o010, ) using only the standard metric and is also its own continuous inverse so
[1,0) is also homeomorphic witfX,d,). Hence(X,d,) and(X,d,) are homeomorphic.



To provide a distance-free definition of continuity, we resort to the definition of topological space:

A topological spacas a pair(X,7)whereX is a set and is a collection of open subsetsXilefined by:

(o Or, Ciolo Yo or (i) o, ..,0,0r0 | oOr
idl i=1
That isarbitrary unions andfinite intersections of open sets are open.

This breaks the symmetry between union and intersection which characterizes set theory and Boolean lo
in which we can exchandge and n (or [J and [J in logic) to gain dual statements like De Morgan's laws.

Open sets such as (0,1) do not include their boundaries, while their complements, closed sets such as |(
(or (—e0,0] U [1,0) which is the closed complement of (0,1Rhdo. Consequently only finite intersections

of open sets are open and only finite unions of closed sets are closed. For an§; bptt¥ and [ are
open since they are the null union and intersection of open sets. Consequently both are also closed.

Example: | g—%,u%g:[o,u, butUE%,l—%E=(O,l).
i= i=1

i=1

The key transition between metric and topological spaces is to show that the definition of continuity carrie
across in a natural way to the following definitioh.(X,7) - (Y,w) between topological spaces is

continuous iff: for every open €in Y, f *(O) is open irnX. [6]
i.e.O0r 0 f 0 Dw.. [7]

The following theorem completes the equivalence of this definition of continuity with all our previous
definitions.

Theorem: f:X - Y is a continuous function of metric spaces if and only if for every ope® set,
f(O) is open inX.

proof:

( O) Supposé is continuous an® O Y open. If f(0) =0 then it is open so assume the contrary.
xOf*0)0 f(x) 0O open solB,(f(x)) JO. Hence by continuity B,(x): f (B,(x)) O B.(f(x)) 0 O.
But thenB,(x) O f *(O) so we have found an open ball around aryf *(O) making it open.

(O) SupposeO open O f*(0) open. ConsideB,(f(x)). Since this is openf *(B,(f(x))) is also
open.and contains Hence there exists an open nha iof f ~(B.(f(x))) i.e. [(By(x) O f *(B.(f(x)).
But this is the same thing as saying

The Klein bottle shown above and the sphere are not homeomorphic.
There is no continuously invertible bijection between them.



