Theorem (7.7.4)
c UZ,, isinvertible if and only ifgcd(c,n) =1.

Corollary (7.7.6)
If p is prime, then every non-zero elementdf
is invertible.
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This result allows us to define arithmetic operations
on the set of integers moduias follows:

a+,b=a+b agjb=ab

Theorem (7.6.7, 7.7.1)
1. +, and [J are binary operations o# .

2. +,and [] are associative and commutative.

3. The distributive law holds. That is,
Oa,b,c0Z,, (a+,b)[Jc=ajc+,bJc

4. 0,1 act as identity elements undet, and [
respectively.

5. +,-inverses exist. That is,
Da0z, bOZ, a+,b=0

6. +,-cancellation holds. Thatis,
Oa,b,c0z,, a+,b=a+,c0 b=c

Example
[J-inverse and[-cancellation do not always work.
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Congruences (17.6)

Let nON. Define arelation ~ o by
a~b<nla-b

~ is an equivalence relation called "congruence
modulon."

We write a=bmodn to meann|a-b.

Examples

Note (7.6.4) a=bmodn if and only if a,b leave
the same remainder when divided by

Congruence classes
a={x0Z : a=xmodn}

0,1,---,n—1 are non-overlapping subsets/fthat
coverZ.

Z,={0,1,---,n—-1 is called the set of
integers modulo n.

Theorem (7.6.6)
OnON,Oa,b,c0Z, if a=bmodn and
c=dmodn then

1. a+c=b+dmodn

2. ac=bdmodn

24



Corollaries

1. Every integer other than 0, £1 is uniquely
expressible in the forma=up---psh with u = %1,
p distinct primes, andg CON .

2. If a=pd-..p and b=p/t---ph with p
distinct primes, andg, f; 20, then a|b if and
only if ¢ < f; for alli.

3. If a=p2---p% and b=p/-.-pM

distinct primes, andg, f; 20, then
n

ged(a,b) = |_| p% where g =min{e, f;}

=1

with p,

4. Oa,b N, a,b have a unigue least common
ab

multiple, and it is given bym= ——.
P g ym gcd(a,b)

5. gcd(a,b) decm(a,b) = ab.
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MATHS 255 Class Notes

Fundamental Theorem of Arithmetic
(17.5)

Preliminaries:
1. Everyn[IN is a prime or a product of
primes.

2. Oa,b,c0Z if a|bcand gcd(a,b)=1
then ajc.

3. If p isprime, thenOa,b0Z, if
p|abthenp|aorp]|b.

3. If p is prime, thenUay,---,a, UZ, if
pla---a,thenp|a for somei.

Theorem (FTA)

Every integer >1 is uniquely (up to order of factors)
expressible as a product of primes.

Proof:
Existence:(1. above)

Uniqueness: (proof by induction) LeR,

be the statement, "For any integer that can be
written as a product ofi primes, the
factorization is unique up to order of factors.”
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