DEPARTMENT OF MATHEMATICS

MATHS 255FC Assignment 8 solutions Due 9th May 2001

1. (a) Show first principles that the sequence ﬁ% n=0, 1 2 ﬁ IS convergent.
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(b) Hence or otherwise show that the sequence D\4n_1 n=0, 1, 2,..[7isconvergent.
v n+4 0
Note that An+h+1_4dn+l_ 15 >0s0 n+1 iS monotone increasing.
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Also 4_4n+1: 3 >Oso4n+lisboundedaboveby4.
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Since ~/x isamonotoneincreasing function, X<y /X <.y so\ 2 is monotone increasing, and
+

bounded above by /4 = 2. Henceit is convergent. [4 marks]

2. Consider the set %, consisting of all sequences on the two elements 0 and 1, with the distance
s —t
2I +1
(a) Show (22, d) Isametric spacei.e. that d isametric distance function obeying 9.5.9 on p 123 of
"Chapter 0".

function between any two sequences s= s,,S,,S,,... and t =t,,t,,t,,... defined by d(s;t) = Z|

(i) d(st)=0 since |5 -t[=20,d(st)=0 = Oi|g-t|=0 < s=t

(i) d(s,t) = Z)|S12'_”| ;'tz,_j'—d(t 5)
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(i) d(s;t) +d(t,u) = Z oL ; g —; il 2; ) =d(s,u)

Since i —ti|+|ti—ui|2|3—ui|. [4 marks]
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(b) Show that dist) < 3Th -t
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[3 marksg]



(c) Show that (22 , d) iscompletei.e. that every Cauchy sequence is convergent. [4 marks]

Let {s‘ =s.,9,8 .., 1=012 .. } be a Cauchy sequence of sequencesin 2.
m n 1 m _ &n H—
then Op>0, IN,: mn>N, d(s ’S)<FD § =9,1=0, ...,p—-1
Thus for each pwe can defineaunique s; , =s7', =, ,
So define {s" =5}, ...} inductively for eachp. Then{s' i=012 ..} - {s"} since
1
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Oe >0, Ep:2—1p<£, [N,: n>N, §=5"i=0, ... ,p-10 d(s",s") < =¢

3. A metric spaceis called compact if every sequence in the space has a convergent subsequence.
A subset of R iscompact if and only if it is closed an bounded.

(a) Usethefact that every bounded sequence has a convergent subsequence (see sequence notes for a proof
of this) to show that [0,1] is compact.

Since[0,1] isbounded, so isany %quence{xi =012 } in[0,1]. Sinceany bounded sequence hasa
convergent subsequence, so does any sequencein [0,1]. Also sincev is closed this sequence must tend to a
limitin[0,1]. Otherwise {x =012 ..} -~ LO[0,1]. Say L>1,then L=1+d.

but x 0[0,1], so |, — L|=d contradicting convergenceto L. [4 marks]

(b) Give examples of a sequencesin (0,1) and R which have no convergent subsequence in their respective
Sets.

%ﬁ - 00(0,2), {n} - » OR. Theseare both monotone and thus have every subsequence tending to

the same "limit", so neither has a subsequence convergent in their respective set. [2 marks]
(c) Show that (=,,d) is compact.

We show an arbitrary sequence{si =9.8,8 .., 1=012 .. } in X, has aconvergent subsequence.

Consider thefirst terms s, in each of the sequence s, i =0,1,2 ... in the sequence of sequences {s‘} .
Either thereis an infinite number of both Os and 1s or there is afinite number of one of them.
If there are afinite number of Os pick the subsequence {s‘l} consisting of all those sequences s : g =1.

Otherwise pick the corresponding subsequence {§°} consisting of all those sequences s : §, =0.
Call this chosen subsequence{ '“0} and define n, =0, or 1 tobethefirsttermin asequence{ }

Proceed inductively to define subsequence {s‘”O”l} of {s‘”f’} and n, =0, or 1tobethesecondtermin {ni} :
and in turn { Moy - “P} 0 {s‘”O”1 ”P-l} and the( p+1)-thtermin {n}.
Now consider thesequence{ =P, gm0, gev [ i=0,12 ... }

Thisisaso clearly a subsequence of {s} sinceal itsterms occur at successively later stages of { } since
the second term of { '”0“1} islaterin {s'} than the first term of {§”°},snce{§“°”1} isitself a subsequence
of {s™}. Alsosince 5, =g = ™ 0f "™ -~ ™} {s'} - {n}. [5 marks]



