DEPARTMENT OF MATHEMATICS

445.255 SC Assignment 6 Solutions

1. a =

i a; n b; i c;
Hpizv b= Hpiz7c: Hpizuaiabhci 20
i=1 i=1 i=1

n
lem(ca, cb) = []p;’, where r; = max{a; + ¢;,b; + ¢;} = ¢; + max{a;, b;}.
i=1

So lem(ca, cb) = Hp?ipmax{a“bi} = ¢ lem(a, b).
i=1

2. (a)

7 (2

T
dn < d = []p% with 0 < d; < e;.

i=1
The number of such d is the number of possible ways of choosing the exponents d;. For each
prime p;, there are e; + 1 choices for d;, namely d; = 0,1,--- , ;. So the number of possibilities

is(eg+1)(ea+1)--- (e +1).
Suppose n = ab. Then a = [[p", b = Hp?i with 0 < a;, b; and a; +b; = e;. a and b are relatively

prime if and only if a; = 0 or e; (which means that b; = e; or 0 respectively) for each 4. In

other words for ¢ = 1,--- ,r there are two possibilities for each exponent a;. That means there

are 2" possible values for a. Since ab = ba, the number of distinct factorizations in this form is
p )

2" r—1

—_ = 2 .

2

65 = —1 mod 11 so

6557 = (—1)%" mod 11

= —1 mod 11

= 10 mod 11, the remainder is 10.
13= -2 mod 5

132 =4 mod 5

=—-1mod5

13* =1 mod 5.

189 =4-47+1 so

13189 = (13447 . 13
=147.(—2) mod 5

= —2 mod 5

= 3 mod 5, the remainder is 3.

n z |01 234567
i
152|0 404040 4
So no solutions to 6 =4 -g T
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Solutions are z = 4,
(i) z 01 23456 7 89 1011 12 13 14
" 44520 4 8 1 49 13 2 6 10 14 3 7 11
Unique solution = 9. (We might have expected this since 4 is invertible is Z15 because
ged(4,15) =1).
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(b) 143 is invertible is Zsgs < ged(143,368) = 1. We use the Euclidean algorithm to find
d = ged(143,368) and to find w, v such that d = 143u + 368v.

368 1 0
143 0 1
82 1 -2
61 -1 3
21 2 =5
19 -5 13
2 7 —18

1 —68 175.

So ged(143,368) = 1 and 1 = (368)(—68) + (143)(175).
Hence 143 is invertible and (143)~! = 175).
5. b(z) = a(z)(z — 2) + (523 — 42?2 + 102 — 8) = aqy + 1

a(@) =r(z)(Gr+ 3) + (92> — ) =rigp+r

ri(z) = ro(z) (=22 + 1), remainder 0.

So ged(a(z),b(z)) = ro(z) = —322? — 38 or to simplify, could use —22ry(z) = 2? + 2.

ro=a—r1g2 =a— (b—aq)g = a(l + q1q2) + b(—q2) = au + bu.

u:1+Q1QQ:%JJ2+%SE—%.

v=—qgp=—tz— 2

Alternatively,

22 +2 = a(z)(— H2° — 5r + o) + b(2)(Hz + 1)
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