DEPARTMENT OF MATHEMATICS

445.255 Solutions to Assignment 5 Due: August 23, 2000

. Prove that for all n € N,
322" —1.
Proof: [Induction on n.] P,: 3| 22" _1
Py is true:
Proof: 22' —1=4—1=3and 3|3.
Forall k >1 Py = Pyyq is true.
Proof: Assume k > 1 and that 3 | 22" _ 1, so that 22" _ 1 = 3¢ for some z € 7Z.

2k+1

22" 1 = 220 = (9?22
2% +1)2* —1)
= (22]“' + 1)(3z) by induction hypothesis

= 3x(22k + 1). Hence 3 | 22" _q,
By PMI, P, is true for all n € N.

. Prove that if r, s are relatively prime integers, then so are r + s and s.
Proof: Suppose 0 <a €Z and a | r+ s and a | s. We show a = 1.

r+ s =azx and s = ay for some z,y,€ Z. Sor =ax —s =azx —ay = a(x —y). So a | r (and of course
a | s still).

a is a common divisor of r, s which are relatively prime so a | 1, so that « = 1. Hence r + s and s are
relatively prime.

Alternatively, we could use the fact that a,b are relatively prime if and only if 1 is a linear combination
of a,b:

rx + sy = 1 for some z,y € Z. So rx + sy + sz — sx = 1. Hence (r + s)x + s(y —x) = 1. Sor + s,s are
relatively prime.

. Suppose that a,b are non-zero integers and that m is a positive common multiple of a,b. Prove that the
following statements are equivalent:
(i) m < ¢ for every positive common multiple ¢ of a, b.

(ii) m | ¢ for all common multiples ¢ of a, b.

Proof: m > 0 and a | m and b | m.
Assume (i), that is, assume m < ¢ for all positive common multiples ¢ of a,b.

Let ¢ be a common multiple of a,b. We show m | ¢. We may assume ¢ > 0 since m | ¢ if and only if
m| —c.

By the Division Algorithm,

c=mq+r forsomegq,reZ, 0<r<m.

Suppose r # 0. Since ¢ and m are common multiples of a,b, then so is ¢ — mg = r. But then from (i),
m < r, a contradiction. Hence r = 0 and m | ¢. (i) = (ii) is proved.

Assume (ii), that is m | ¢ for all common multiples ¢ of a, b. If ¢ is positive and m | ¢, then m < ¢. Hence
(if) = (i) is proved.
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4. Prove that if a, b are relatively prime integers and a | ¢ and b | ¢ then ab | c.

Proof: a, b relatively prime means az + by = 1 for some integers z,y. Suppose a | c and b | ¢. Then au = ¢
and bv = ¢ for some integers u, v.

ar+by=1 = azc+byc=c
= azbv+byau =c
= ablzv+yu) =c¢
= ab|c
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