
Department of Mathematics

445.255 SC Assignment 11 Not to be handed in

1. (a) Let (G, ∗) be a group and H and K be subgroups of G. Prove that H ∩K is a subgroup of G.

(b) Give two reasons why H∪K is not a subgroup of (Z6, +6), where H = {0, 2, 4} and K = {0, 3}
are subgroups of Z6.

2. Define ∗ on Z × Z by (a, b) ∗ (c, d) = (a + c, b + d) for all a, b, c, d ∈ Z. Prove that the map
ϕ : (Z × Z, ∗) → (Z, +) defined by ϕ((a, b)) = 3a − 6b is a homomorphism. What is the kernel of
ϕ?

3. Let (G, ∗) be an abelian group and H = { x ∈ G | x3 = e }. Show that H is a subgroup of G.

4. (a) Prove that G = {
(

a b
−b a

)
| a, b ∈ R, a2 + b2 6= 0 } is a group together with matrix multipli-

cation.

(b) Show that (C r {0}, ·), the group of non-zero complex numbers together with multiplication,
is isomorphic to (G, ·).

5. The general linear group under matrix multiplication is defined by

GL(2, F ) = {
(

a b
c d

)
| a, b, c, d ∈ F, ad− bc 6= 0 },

where F is any field.

(a) Let G = GL(2, R) and H = {A ∈ G | det(A) = 7j, j ∈ Z }. Show that H is a subgroup of G.

(b) Find the inverse of A =

(
2 4
2 3

)
in GL(2, Z7).
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