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DEPARTMENT OF MATHEMATICS

445.255FC Solutions to Assignment 4 9 May 2000

(a)

Suppose (z,) and (y,) are both increasing. Let n,m € N with n < m. Then z, < z,, and

Yn < Ym, SO Tn, + Yn < Ty + Y, 1.€. 2n < 2. Thus (z,) is an increasing sequence. (1 mark)

The converse of the statement is “If (z,,) is an increasing sequence then (x,) and (y,) are both

increasing sequences”. The converse does not hold. For a counterexample, we could have z,, = n,
1

yn = + for each n € N. Then z, = n+ 1, so (z,) is an increasing sequence, but (y,) is not an

increasing sequence. (1 mark)

We have seen that if (x,) and (y,) are both increasing then (z,) is increasing, and a similar
argument shows that if both sequences are decreasing then (z,) will be decreasing. So we will

need to have one sequence increasing and the other decreasing. One possible example would

be x, = 4n y, = —n? These give us 2y =4 -1 =3, 2p =8 —4 =4, 23 = 12 -9 = 3,

zg =16 —16 = 0, ... . Thus the sequence z, increases initially and then decreases, so it is not
monotonic. (2 marks)

Let z € AA (B AC). [We want to show that x € (A A B) AC|] Then x € AN (BAC) or
re(BAC)NA
Case 1: t€ AN (BAC). We have x ¢ BA C, so either x ¢ BUC or x € BNC.
Casela: z € AN (BAC)andx ¢ BUC. Thenx € ANB,sox € AAB,and z ¢ C.
Thus z € (A A B) A C in this case.

Case lb: x €e AN (BAC)andz € BNC. Thenx € ANB,sox ¢ AAB,and z € C.
Thus x € C N (AA B),soxz € (AA B)AC in this case also.

Case 2: 1€ (BAC)~NA. Thenz € (B~ C)U(C \ B).
Case 2a: x € B~ C. Since we also have x ¢ A, we have x € AA B and x ¢ C, so
x € (AA B)AC in this case.
Case 2b: x € C~\B. Thenaz ¢ AUBsox ¢ AAB,andze€C,sox € (AAB)AC in
this case.
So, in any case we have x € (AAB)AC. Thus AA(BAC)C(AAB)AC. (3 marks)
Now we have to show the converse. Let y € (A A B) A C: we will show that y € AA (B A C).
Again we have four cases to consider.
Case 1: yc (AAB)~NC.
Case la: yec ANBandy¢ C. Thenye AN (BAC)soye AN (BAC).
Caselby € BN Aandy ¢ C. Theny € (BNCsoy € BAC, and y ¢ A so
ye AN(BACQ).
Case 2: yc C~ (AA B).
Case 2a: y¢ AUB. Theny¢ (AAB)andye C,soyc AA(BAC).
Case 2b: y€ ANB. Thenye Aandye BNCsoy¢ BAC. Thusye AA(BAC).
So, in any case, we have y € AA (BAC). Thus (AAB)AC) C AA(BAC), as
required. (2 marks)
We must check five things: that A is an operation on P(S); that A is associative; that there is
an identity element; that every element has an inverse; and that /A is commutative.
First, note that if A, B C S then ANBUB~A C AUB C S,s0if A, B € P(S) then AAB € P(S).
So A really is a binary operation on P(S).
Part (a) shows that A is associative.
We have AN = (ANQ)U(@~NA)=Aand 9ANA=(ONA)U(ANQ)=Aforall 4, so @ is
an identity element.
We have AA A= (AN A)U (AN A) =3, so every element has an inverse (namely A~ = A for
each A).
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Finally, note that if A, B € P(S) then AAB=(A~B)U(BNA)=(BNA)U(ANB)=BAA,
so A is a commutative operation.
So (P(S),A\) is an abelian group, as required. (3 marks)

3. Suppose first that H is a subgroup of G. Then H has an identity element, so there is some ¢/ € H
which satisfies ¢’ « h = h for all h € H. In particular we have ¢’ x ¢/ = ¢/. But we know that the only
solution of x*x = x in G is ¥ = e, so we have ¢’ = e. Thus e € H. Now, if x,y € H then, since * is an
operation on H we must have zxy € H. Finally, if z € H then z has an inverse in H, so there is some
y € H withzxy=yx*x=e. Theonlysuchyc Gisy=x""!,sowehave 2~ € H. (2 marks)

Conversely, suppose that H C G with e € H, x xy € H for every x,y € H, and z~! € H for every
x € H. We must show that H is a subgroup of G, i.e. we must show that * is a group operation on H.
By the second assumption we know that * is an operation on H. Since x  (y % z) = (v * y) * z for all
x,1y,z € G, we certainly know that the same holds for all z,y,z € H, so * is an associative operation
on H. Similarly, we know that x xe = exx = z for all x € G, and in particular for all z € H, so e
is an identity element for H. Finally, for any € H we have 2! € Hand zx2z ' =27 'xz =¢, so
every element has an inverse in H. Thus * is indeed a group operation on H, so H is a subgroup of
G. (4 marks)

4. Suppose first that H is a subgroup of G. By Question 3 we know that e € H, so H # @. Let x,y € H:
we must show that z *y~! € H. Now, by Question 3 we know that y~! € H, so by Question 3 again
we know that z+y~! € H. (2 marks)

Conversely, suppose that H # @ and, for every x, € H we have x x y~' € H. We will show that
H is a subgroup. By Question 3 again, it is enough to show that e € H, =' € H for every x € H,
and x xy € H for every x,y € H. First, note that since H # &, there is some z € H. By hypothesis,
we have z x 27! € H, i.e. e € H. Now let x € H. Then, since we also know that e € H we have
exx ' =2~! € H. Finally, let 2,4y € H. Then by the previous line we know that y~' € H, so by
hypothesis we have z * (y~!)~! € H. But (y~')~! =y, so z xy € H, as required. (5 marks)

5. We can use either the characterisation in Question 3 or that in Question 4. The first is probably easier
in this case. So we will check that eg € ker(f), that if z,y € ker(f) then z xy € ker(f), and that if
x € ker(f) then 271 € ker(f).

Note that eg * eq = e, so f(Eg) < f(eq) = f(eg). The only solution of ho h = h is h = ep, so we
have f(eq) = ey, and therefore eg € ker(f).

Now let z,y € ker(f). Then f(zxy) = f(z)o f(y) =em ey = em, so x*xy € ker(f).
Finally, let « € ker(f). Then

fla)=egofla™)=flz)o fa™") = flaxa™") = flec) = em,

so 71 € ker(f), as required.

Thus, by Question 3, ker(f) is a subgroup of G. (5 marks)
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