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Abstract

The primary topic of this thesis is the construction of explicit projective equations for the
modular curves Xo(N). The techniques may also be used to obtain equations for X (p) and,
more generally, Xo(N)/W,. The thesis contains a number of tables of results. In particular,
equations are given for all curves Xo(N) having genus 2 < g < 5. Equations are also given for
all X (p) having genus 2 or 3, and for the genus 4 and 5 curves X (p) when p < 251. The
most successful tool used to obtain these equations is the canonical embedding, combined with
the fact that the differentials on a modular curve correspond to the weight 2 cusp forms. A
second method, designed specifically for hyperelliptic curves, is given. A method for obtaining
equations using weight 1 theta series is also described.

Heights of modular curves are studied and a discussion is given of the size of coefficients
occurring in equations for Xo(NV).

Finally, the explicit equations are used to study the rational points on Xar (p). Exceptional
rational points on X (p) are exhibited for p = 73,103,137 and 191.
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“Which of us is to do the hard and dirty work for the rest — and for what pay?”
John Ruskin (1819—1900)

“Better far off to leave half the ruins and nine-tenths of the churches unseen and to see well
the rest; to see them not once, but again and often again; to watch them, to learn from them,
to live with them, to love them, till they have become a part of life and life’s recollections.”

Augustus Hare (1792—1834)
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Chapter 1

Introduction

The star of this thesis is the modular curve X((V) and we will examine its life from several
different angles.

The modular curve Xo(N) is very important as it is one of the objects which links the
world of elliptic curves with the world of modular forms. Indeed, one of the many equivalent
formulations of the famous Shimura-Taniyama-Weil conjecture is that, for every elliptic curve E
defined over Q, there is some integer N and some surjective morphism of curves ¢ : Xo(N) — E.

There are also practical applications for equations of Xo(N). Notable among these is an
algorithm for counting the number of points on an elliptic curve E over a finite field F,. This
algorithm was proposed by Schoof and uses the relation #E(F,) = g+1—c¢, where the Frobenius
map ¢ : ¥ — z? has characteristic polynomial ¢? — c¢ + ¢ = 0 in End(E). For various small
primes [ the trace ¢ of the Frobenius map is computed modulo [. The Chinese Remainder
Theorem is then used to obtain the value of ¢ € Z, and hence the number of points on the
curve over the large field F,. In Schoof’s original formulation, the trace of the Frobenius map
was calculated by working with the [-division polynomial on E (whose roots are the (1> —1)/2
values of & such that (z,y) has order [ in E (F;)). An idea of Elkies was to work with an
equation of Xg(I) and thus find a cyclic l-element subgroup C of F, which is fixed by Frobenius
(when such a subgroup exists). The trace of Frobenius may then be calculated by considering
its action on just this l-element subgroup C. The use of X((I) in this situation gives a very
large improvement in the effectiveness of the algorithm. There are further methods, due to
Atkin, for using Xo () to get information on the trace of Frobenius. It is therefore necessary to
have suitable equations for Xg(l).

The primary topic of this thesis is the study of methods for obtaining projective models for
Xo(N) which are defined over Q. There is a well-known canonical equation for Xo(N) which
is given by the following. Let j(7) be the classical modular j-function. There is a symmetric
polynomial ®(z,y) € Z[z,y], of degree N + 1 in each variable, such that ®(j(7),j(N7)) = 0.
One may use ®(z,y) as an affine model for Xo(N) over Q. This has many theoretical uses but
it has practical drawbacks. The main drawbacks are that its degree is very large (so it is highly
singular) and that its coefficients are enormous.

It has been noted by Atkin, Elkies and others that modular curves seem to have models
with surprisingly small coefficients. One of the aims of this thesis is to try to understand the
meaning of the phrase “small coefficients”. Therefore we seek methods which will yield suitably
nice equations for Xo(NN). It is hoped that the coefficient size arising in such equations may be
estimated.

The first method for obtaining equations studied is the canonical embedding. The canonical
embedding is suitable for practical computation because the differentials on the curve corre-

spond to the weight 2 cusp forms for I'o(N). The weight 2 cusp forms are well understood and
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have fallen to the scythe of computational number theory to such an extent that there are very
complete and explicit tables describing them.

In Chapter 3 we give an algorithm for computing equations for the image of the canonical
embedding of certain modular curves Xo(N) and we provide a large table of models for these
curves. The models listed are seen to have small coefficients. Our evidence suggests that there
is usually a model for Xo(N) with coefficients of size O(log(N)). Furthermore, it seems there
is always an equation for X (p) which has coefficients of size < log(p) (i.e., O(log(p)) with
constant equal to 1).

The canonical embedding is not applicable for hyperelliptic curves. In Chapter 4 we give a
method, which is similar in flavour to the methods of Chapter 3, which deals with the case of
hyperelliptic curves. Once again we produce a large table (predominantly for curves of genus
2) which contains nice models for many modular curves.

The canonical embedding has a very solid theoretical grounding because it is a purely
geometric technique based on the holomorphic differentials on the curve. For the methods of
Chapter 3 we choose a basis {f1,..., fy} for the weight 2 cusp forms on I'y(N). The canonical

map is translated into
T [fi(7) s fo(T)] (1.1)

which is now purely in the language of modular forms. The fact that this is a well-defined map
from Xo(N) to P971(C) is immediate from the modularity of the forms f;(7). One observes
that, for any collection of modular forms on I'g(/V) having weight k, it is possible to construct
a rational map having the same form as (1.1). This idea gives a large number of possibilities
for methods of obtaining projective models of X(N).

As our goal is to understand why Xo(IN) has a model with small coefficients, it seems
potentially fruitful to consider a map of the form (1.1) where the modular forms themselves
have very small coefficients. We are led to consider the case of theta series associated to
integral binary quadratic forms, as these are known to have sparse coefficients. Indeed, the nth
coefficient of the g-expansion of a theta series associated to a quadratic form Q(z,y) is precisely
the number of pairs (x,y) € Z? such that Q(x,y) = n. Therefore the coefficients grow slowly
and many of them are zero. In Chapter 5 a study is made of the weight 1 theta series coming
from such quadratic forms. We call the projective map inspired by (1.1) the “hemi-canonical
map”. For the analysis of this map it is necessary to introduce a slight generalisation of the
usual theta series. We prove a basic transformation formula for this generalised theta series.

The hemi-canonical map does, in certain cases, give a good projective model defined over Q
with reasonably small coefficients. Unfortunately though, the coefficients are not as remarkably
small as those found using the canonical embedding. Also there are several further drawbacks
with this method. One problem is that the hemi-canonical map is never injective. Indeed, in
many cases, the map factors through Xo(N)/Wy. Another problem is that the image of the
hemi-canonical map of the curve Xo(N) will sit in a projective space of dimension related to
the class number of the quadratic field Q (v/—N). When the image lies in P® or P* it is difficult
to control the degree of the equations arising. When the class number is large it is difficult to
predict the number of equations arising (whose intersection will be the model for the curve).
The reason for this lack of control is that, in contrast to the case of the canonical embedding, we
lack a firm link between the space of theta series under consideration and a concrete geometric
object.

For the application of counting points on elliptic curves E over F,, there are other methods
for obtaining equations for X((l). The basic idea is to choose a suitable modular function
f(7) (which is found from considering ratios of modular forms) and then to compute a relation
between j(7) and f(7). There are at least two reasons for involving j(7) in this process. The
first reason is that it is important to be able to pick out the elliptic curve E in question on
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the projective model. For instance, if one has ®(j(7), f(7)) describing the curve Xo(l), then
the l-element subgroups of E correspond to the roots z of ®(j(E),xz). The splitting of this
polynomial ®(j(E),z) in F,[z] is precisely what is used to obtain information about the trace
of Frobenius. The second reason for introducing j(7) is that it is easy enough to find one special
function f(7) on Xy(1) but, given f, it is difficult to find another function g such that C(f, g)
is the function field of X((l). The price paid for using the function j(7) is that the coefficients
become large, though when we are working over a finite field this is less of a drawback. In
practice, an equation for Xy (1) is computed over Q and this model is reduced modulo p (where
p is the characteristic of F,;) when required. Large amounts of time and space are required for
the precomputation of the Xg(l).

The models we obtain in Chapters 3 and 4 are probably not useful, at present, for the
application of counting points on elliptic curves over F,. This is primarily due to the fact that
there is no obvious way to use these models to find a polynomial analogous to the ®(j(F), z)
mentioned above. The methods discussed in this thesis, for calculating equations of modular
curves Xo(INV), are tailor-made for finding models with very small coefficients and they are
less applicable when N increases. On the other hand, models with small coefficients may be
useful in the application as they would require less storage space (this does become an issue in
practice), potentially less computation time, and would be easily reduced modulo p.

The study of coefficient size of projective models for Xo(N) leads one naturally towards
the theory of heights. In Chapter 6, which is very speculative, we discuss a few aspects of
this theory. There are two related definitions of the height of a projective variety C'. One of
these was introduced by Faltings and it requires some quite abstract objects from algebraic
geometry. The other definition is more concrete and we discuss it in some detail. These two
notions are explicitly related and both of them depend on the actual choice of the embedding
of C in projective space. It would be very nice to have a relationship between these heights
and a more intrinsic height (such as the height of the Jacobian of C). In the elliptic curve
case, we study the height of F, as a projective variety, and show why it seems very difficult
to relate this height to the height of E, when F is considered as an abelian variety. We also
discuss the relationship between h(X) and A(Y) when X and Y are projective curves related
by some morphism f : X — Y. We are interested in this situation because the modular
parameterisation Xo(N) — E is very important. We discuss the height conjecture for modular
elliptic curves. Chapter 6 contains several examples and observations that are more explicit
than appear elsewhere. It is hoped that the contents of this chapter will provide some concrete
examples in what is otherwise a very high-brow and abstract theory.

In Chapter 7, we undertake a study of the rational points on the curves XJ (p). There
has been interest in this problem since the work of Mazur [24] on rational points of X (V)
and X;(N). It has generally been believed that, when the genus is at least 2, most points
on X (p) (or, more generally, Xo(N)/Wx) come from either cusps or complex multiplication
points. As with Xo(N) we expect, in a few rare cases, exceptional rational points. In Chapter
7 we have been able to exhibit the cusps and complex multiplication points explicitly on many
curves Xar (p). We have then, occasionally, been able to exhibit exceptional rational points on
these curves. To the author’s knowledge, these are the first known examples of exceptional
rational points on modular curves Xar (p) of genus at least 2. It is hoped that the data obtained
(suggesting that such points are rare, and also showing that they do exist) may be of use in
classifying such points.

We attempt to use standard notation wherever possible. Note that the references given in
this thesis tend to be practical rather than historical. By this we mean that references are given
to places in the literature where a clear explanation of the idea may be found, rather than the

original description. We apologise if it seems we have not given credit where it is due.



Chapter 2

Background

This chapter contains a review of some of the main ideas and tools used in this thesis. There

is nothing original in this chapter, although the presentation has been tailored to our needs.

2.1 Modular Curves

The classical modular curves are defined to be quotients of the upper half plane H = {7 =
x+1iy € C |y > 0} by the action of certain subgroups of finite index in SLy(Z). This thesis is
concerned with the congruence subgroups

Fo(N) =49 7= “ S SLQ(Z) c= O(mod N)

c d

In this thesis, subgroups of SLy(Z) will usually be viewed as linear fractional transformations,
thus both I and —1 will act as the identity. A more pedantic approach would be to work with
PSL2(Z) but the difference is cosmetic.

We write Yo(N) = I'o(N)\H. This turns out to be a non-compact Riemann surface. There-
fore we consider the “completed” upper half plane H* = HUQU {oo} and define the modular
curve Xo(N) =To(N)\H*. The points Q and oo are called the cusps. The cusps fall naturally
into T'g(IV)-equivalence classes. We now give a few comments to explain the name “modular
curve”.

The set Yy(NN) arises naturally as the moduli space of pairs (E,C), where F is an elliptic
curve over C and C is a cyclic N-element subgroup of E. Indeed, since we are working over C,
we may make this totally explicit. Suppose 7 € H corresponds to a point of Yy(IN) and write
E. =C/(1,7) and C; = (1/N,7) (here (a,b) represents the Z-module generated by a and b).
Clearly, the image of C; in E; is a cyclic subgroup of order N. Also j(E;) = j(7) (where the
first j is the j-invariant of the elliptic curve and the second j is the classical modular j-function)
and the point 7 € Yy(IV) corresponds to the pair (E.,C). Every such pair (F,C) corresponds
to a T'g(IN)-orbit of some 7 € H. This notion may be extended to Xo(N) by interpreting the
cusps as generalised elliptic curves (see Diamond and Im [10] §9 for a sketch of the details).
Thus we have justified the use of the word “modular”.

We will now show that Xo(N) has the structure of a Riemann surface. It is obvious that
all the points 7 € H have sufficiently small neighbourhoods which look like open subsets of
C. Such neighbourhoods will be preserved under the passage from H — T'o(N)\H. We write
A:z— (z—7)/(#—T), so A maps a small neighbourhood of 7 to an open disc around 0
in C (clearly A(7) = 0). In all but a finite number of points 7 € H, this identification of

neighbourhoods gives a local coordinate at 7. If the stabilizer, in T'o(N), of the point 7 is not
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just {£I} then we call the point an elliptic point of the group I'o(N). If the stabilizer is a
group of n elements (here we mean n elements as a subgroup of PSLy(Z)) then take A\™ to be
the local coordinate at 7. This gives a well defined Riemann surface structure on Yy ().

It remains to give local coordinates at the cusps. Define a base for the open sets at co to be
Ue(oo) ={z +iy € H |y >1/e} U{oc}

for each € > 0. A choice of local coordinate function at co is the map ¢ : 7 — exp(2mit),
which maps Uc(c0) to a disc in C, of radius exp(—2m/¢€), which is centered at zero. The action
of SL2(Z) gives corresponding open sets at each of the rational cusps (one needs to take the
width into account, see Section 2.3). This choice of topology now gives Xo(N) the structure of
a compact Riemann surface. It is possible to choose a connected fundamental domain for the
action of I'g(N), and so the Riemann surface is connected. From a well-known theorem (see
the discussions in [41] or Appendix B of [20]) it then follows that X,(N) may be interpreted as
a non-singular irreducible quasi-projective algebraic curve.

Note that, when X () has genus 2, there isn’t a non-singular model in P? (though there is
an elegant general model in P4, which is described in Cassels and Flynn [5]). We will generally
use a plane model which represents the image of a projection Xo(N) — P?(C). It is possible
to choose the image curve in P? so that it has a single singularity at infinity. We will also use
this convention for hyperelliptic curves of higher genus.

It turns out that the algebraic curve Xo(N) may be defined over Q. We refer to Shimura
[33] Chapter 6 for the details.

In this thesis we will utilise both aspects of the geometry of X(N). The complex analytic
(Riemann surface) theory gives links to the theory of modular forms, while the fact that X(N)

is an algebraic curve is implicit in our quest for good projective models.

2.2 Involutions

We introduce the Atkin-Lehner involutions (see [1]). In this section we will write these as
matrices in SLy(R), though in the applications we usually write them as elements of GL} (Z)
and therefore the normalisation is implicit.
For each prime I|N, let « be such that [*||N, and choose a,b,c,d € Z such that [“ad —
(N/1*)be = 1. Set
1 [“a b

W, = — € SLy(R). (2.1)
vie Nec 1%d

It follows that (I, bc) = 1, but we may have l|a and I|d. Note that there are many possible choices
of W; and we do not prefer any over the others, as they are all equivalent up to multiplication
by an element of I'g(V) (see Lemma 1). Also note that W, ! is of the same form as W;.

For composite numbers n|N we may set

W, = [[ Wi (2.2)

ln

If (n, N/n) =1 then W, has the same shape as W} in equation (2.1) but where [* is replaced
by n. In the case n = N we do choose a canonical representative, namely

Wy = ——
VNN o
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The definition (2.2) of W,, only depends on the primes dividing n. In practice there are
many different choices of n which would give the same W,,, for example if N = 23325 then
We = Wis = Wig = Woy = Wsg = Wry. For theoretical purposes one may assume that
(n, N/n) =1 without any loss of generality.

The crucial property of the matrices W, is the following.

Lemma 1 (/1] Lemma 8) For any two choices W,, and W we have
W I'o(N)W,, = To(N). (2.3)

Proof. That W,,To(N)W, C T'y(N) is a simple calculation. The equality follows from the fact
that, for any W, the matrix W, ! is also of the same form. Thus, for all v € Tx(N), we set
v =W, t4yW/=1 € To(N) and clearly W,v'W/), = . O

Suppose 71,7 € H* are in the same I'g(NN)-orbit, i.e., there is some v € T'o(IV) such that
71 = y72. Then W,yW, 1 =+ € Tx(N) and W, 71 = W,ym2 = v'W, 72 and thus W,,7; and
W, T2 are in the same T'o(N)-orbit. Therefore there is a well-defined action of the W, on X (V).

Clearly W,,W, 1 acts as the identity on Xo(N). Since all the possible choices W,, act in the
same way up to I'o(N), it then follows that they give an involution on the curve Xo(N) (i.e.,
a map such that its square is the identity).

We want to consider, for any n|N, the set Xo(N)/W, (i.e., where we identify points of
Xo(N) which are mapped to each other by W,,). This corresponds to the upper half plane
modulo the group G = To(N) U W, I'g(N) C SLy(R). So we have

Xo(N) /Wy = G\H*

and thus Xo(N)/W,, is a Riemann surface. The index [G : T'o(N)] = 2 and so the obvious map
¢ Xo(N) — Xo(N)/W, is a degree 2 meromorphic map ramified at certain points (namely,
those I'g(IN)-orbits which are fixed by W,,). Once again we translate these statements into the
language of algebraic geometry and see that we have algebraic curves Xo(N) and Xo(N)/W,

with a rational map between them.

2.3 Modular Forms

We briefly state a few of the properties of modular forms which will be used in depth in our

later work.

Definition 1 A meromorphic modular form of weight k, level N and character x is a

mapping f : H* — C such that

(1) f is meromorphic as a function H — C

a b
(2) Forally= €To(N) and all 7 € H*, f(v(7)) = x(d)(cT + d)* f(7).

c d
(3) f is meromorphic at the cusps

If the character x is not mentioned then assume it is identically 1.
Condition (2) is the most significant. We define an action of SLa(R) on the space of modular
forms by

£7) = (cr +d)kf (Z:Z) . (2.4)
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Thus the second condition may be rephrased as f(7) | v = x(d)f(7) for all ¥ € T'o(N). Note
also that we may generalise equation (2.4) to give an action of GLy(R) on the space of modular
forms by defining f(7)|y := det(y)*/?(cr + d)~* f(v()) in the obvious way.

The third condition of Definition 1 requires some explanation. Any cusp ¢ of Xo(N) may
be mapped to oo by some o € SLy(Z). This o is determined up to multiplication by an
element of T'o(N). The width of the cusp c is defined to be the smallest d € N such that

1 d
o1 o € Tg(N). A tedious calculation shows that the width is independent of the
0 1

representative for o chosen. Clearly the width of the cusp oo is d = 1. Note that, if v € T'o(N)

1 n
fixes ¢, then oyo~! fixes oo, and therefore oyo~! = £7T" = for some n € Z.

0 1
Hence v = +0~'T"¢ and so n is a multiple of d. We need to choose a local parameter, g., from
an open neighbourhood of oo as before, but in this case the open set at oo is only invariant

1 X
under where A € Z. The map we choose is g. : 7 — exp(27ir/d). The function f

0 1
is said to be meromorphic at the cusp c if the function f|o o ¢. ! is meromorphic at zero.

This process gives the expansion

flo™t = Z anexp(2miT)"4, (2.5)
ne”Z
It is usual to write ¢ =exp(2wiT) and call (2.5) the g-expansion of the modular form f at the
cusp c¢. We will often use this representation of modular forms.

The meromorphic modular forms clearly form a C-vector space.

Definition 2 A cusp form of weight k, level N and character x is a meromorphic modular

form as above but with the additional conditions
1. f is holomorphic on 'H
2. [ is zero at each cusp, i.c., the q-expansions have the form ) ang™'®.

Write Si(N) for the C-vector space of all cusp forms of weight k, level N and trivial
character.

A modular function is a meromorphic modular form of weight zero. This is the same
as being a meromorphic function on the Riemann surface Xo(N). The derivative of such a
function will be a form of weight 2 for T'o(N). Thus there is a correspondence between the
C-vector space of all objects df (for all meromorphic functions f on Xo(N)) and the space of

weight 2 forms. We will describe this correspondence in more detail in the following section.

2.4 Differentials

We will need a few results from the geometry of Riemann surfaces, particularly the Riemann-
Roch theorem. We give a brief description here, following Griffiths and Harris [17] and several
other sources. Write K for the C-algebra of meromorphic functions on Xo(N). All these
definitions are for general Riemann surfaces but we state them only for Xo(N) so that we may

treat special cases (such as behaviour at cusps or elliptic points) as we go.

Definition 3 The space of meromorphic differential forms on X (N) is the K-vector space

generated by all symbols df where f € K and where d is C-linear and satisfies the properties
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1. d(fg) = fdg + gdf
2. dc =0 if c is a constant function.

Thus we may view the set of differentials as {df | f € K} or as {fdz | f € K} for some fixed
non-constant function z € K.

We now define the divisor of a meromorphic function f. Every point P € Yy(N) corresponds
to some (equivalence class of) 79 € H. Let n be the size of the stabilizer in PSL(Z) of 79 (so n is
the order of the elliptic point or 1 if P isn’t an elliptic point). There is a local coordinate function
A : 'H — C which takes 79 to 0. So the function f may be viewed as a meromorphic function in
a neighbourhood of 0, and thus as a Laurent series in the local parameter ¢t = A™. Write v for
the valuation of this locally defined meromorphic function at 0. Define the valuation of f at P
to be vp(f) = v/n. Now suppose P is a cusp of Xo(N). By the usual method (mapping P to
oo and then taking a local parameter) we may view f as a meromorphic function on C at zero.
Again we define vp(f) to be the valuation of this complex valued function at zero. If the cusp
has width m then the valuation will lie in %Z.

Definition 4 The divisor of a modular function f is

div(fy="_ ve(f)P.
PEXo(N)

We define the valuation of a differential w at a point P € C to be the following. Choose
any function ¢ € K such that vp(t) = 1. That is to say that ¢ has a simple zero at P. Consider
the ratio w/dt. This is a ratio of two differential forms and thus it is a function. We define
the valuation of w at P to be the valuation of the ratio. Using the notation of the previous
paragraphs we have

vp(w) = vp(w/dt).

Definition 5 The divisor of a meromorphic differential w is

div(w) = Z vp(w)P.

PeXo(N)

The space of holomorphic differentials (sometimes called differentials of the first kind) is
the C-vector space
Q' (Xo(N)) = {differentials w | div(w) > 0}.

Recall that two divisors are said to be equivalent if their difference is the divisor of a
function. Since the ratio of two differentials on a curve is always a function on the curve, it
follows that the divisors of differentials are all in the same equivalence class. This divisor class
is called the canonical class and is denoted x.

Proposition 1 (Shimura [33] Proposition 2.16) Let Q1, ..., Q. be the cusps of Xo(N) and let
Py, ..., P. be the elliptic points (having orders eq, ..., e, respectively). Then

T 1 u
di = div(fd 1-— )P ;.
i) = dingi) + 3 (1= 1) +30
Since 0 < (1 —1/e;) < 1 it is clear that
div(fdz) > 0 if and only if div(f) > ZQ]-.
j=1

The condition on the right hand side states that f is holomorphic and indeed zero at the cusps

Q;. So this proves the following.
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Proposition 2 The map f — fdz gives an isomorphism of C-vector spaces between Sa(N)

and the space of holomorphic differentials.

In this thesis we are also interested in the curves Xo(N)/W,,. The following lemma will be

useful.

Lemma 2 The holomorphic differentials, Q' (Xo(N)/W,.), on Xo(N)/W,, are isomorphic as
a C-vector space to the C-span of the set

Sn=A{f € Sa(N) | [ [ Wn = [}.

Proof. Let w € QY (Xo(N)/W,). Then at each 7 € H* we may write w locally as f(z)dz
for some function f. Thus w may be equally interpreted as a holomorphic differential on
Xo(N), and thus as a weight 2 cusp form which (to abuse notation) we will call f. That
w(Wy (7)) = w(r) translates to the fact that f | W,, = f. Conversely, all the forms f € S,
clearly give holomorphic differentials on Xo(N)/W,,. Thus the vector spaces are isomorphic. O

2.5 The Riemann-Roch Theorem

The Riemann-Roch theorem will be used in several places in this work. We will state the result
and mention some aspects of it. For proof we refer to Hartshorne [20].

Suppose we have a curve C of genus g and let D be a divisor on C. Define
L(D) = {meromorphic functions f on C | div(f) > —D} and I(D) = dimcL(D).

Let k be the canonical class. Here we will be quite concrete and fix some differential, w, and

set k = div(w). The Riemann-Roch theorem states
I(D)—1l(k—D)=deg(D)+1—g.

We gather together some consequences of the Riemann-Roch theorem (for proof see, for
instance, litaka [22] Chapter 6).

Proposition 3 Let C be a curve of genus g. Then
(1) deg(k) =29 —2

(2) (k) =g

(3) If g > 1 then I(P) =1 for all points P on C.
We now follow Clemens [6] and set
(D) = dim¢cI(D) where I(D) = {meromorphic differentials w | div(w) > D}.
Lemma 3 (D) =1(k — D).

Proof. Let f € L(k — D). Then div(f) > D — k. Thus div(fw) = div(f) + div(w) > D and so
the differential fw is in I(D). The converse clearly also holds. O

Combining Lemma 3 with Proposition 2 and taking D = 0 shows that dimcS2(N) =
genus(Xo(N)).



CHAPTER 2. BACKGROUND 10

2.6 Hyperelliptic Curves

Hyperelliptic curves appear, in this thesis, as a special case, for which separate methods should
be used. We will show that the canonical map is not an embedding for these curves. Hyper-
elliptic curves cannot be ignored as there certainly are significant hyperelliptic modular curves
and quotients.

We will always be considering modular curves and these will always have at least one ra-
tional point (the cusp at infinity) therefore curves of genus 1 will always be elliptic curves.
The Shimura-Taniyama-Weil conjecture states that every elliptic curve defined over Q is pa-
rameterised by some modular curve Xo(N). Recent work of Wiles, Taylor and Diamond has
proved this conjecture in a large number of cases. As the study of elliptic curves is already very
advanced we don’t expect to be able to contribute anything new to the theory here. We will

generally be more interested in curves having genus at least 3.
Definition 6 A hyperelliptic curve is a curve C' with a degree 2 map ¢ : C — P1(C).

The following proposition gives two more possible definitions of a hyperelliptic curve.
Proposition 4 Let C be a genus g curve over C. Then the following are equivalent.
(1) C is hyperelliptic
(2) There is a function z on C which has precisely 2 poles (counted with multiplicity).
(3) The curve C has an equation in the following (so-called “hyperelliptic”) form

w? = p(z)
where p(z) is some polynomial of degree 2g + 2.

Proof. That (1) = (2) is just a restatement of the definition since ¢ itself is a degree 2 map
(and any non-constant ¢ must have a pole). The statement (2) = (1) is immediate.

To show (2) = (3), consider the ramification points in P! for z = ¢. Since the map has
degree two, each point can have ramification index at most 2. By the Hurwitz formula there

must be 2g 4+ 2 distinct ramification points. We may assume that none of these points are at

oo. Label their pre-images Py, ..., Pag42. Now consider the “multivalued function”
2g+2
w= H (z — z(Py)). (2.6)
j=1

It can be shown (see Farkas and Kra [13] Proposition II1.7.4) that this may be chosen to be a
meromorphic function on C. Hence w? = p(z) (where p is the polynomial given by the right
hand side of (2.6)) is an equation for the curve.

Finally, it is clear that (3) = (1), as the function z will have degree 2 and 2g+ 2 ramification

points and thus (by the Hurwitz formula) will map to a genus zero curve. a

Moreover, it can be shown (see Farkas and Kra [13] II1.7.3) that the function z = ¢ above
is unique up to a linear fractional transformation on P*.

From the hyperelliptic equation, w? = p(z) = H](z — 2(P;)), of a hyperelliptic curve C
it can be seen that there is an obvious involution, namely the map ¢ : w — —w. The 29 + 2
ramification points of the map z = ¢ are precisely the fixed points of + and these are also known
as the Weierstrass points. When g > 2 it is a fact that if ¢ is any other involution fixing
2g + 2 points then, since there cannot be a non-trivial Mobius transformation fixing 6 or more
points, ¢ = ¢ (see Farkas and Kra [13] page 102). The involution ¢ is therefore unique and is
called the hyperelliptic involution.

We will use the following result later in this chapter.
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Lemma 4 Let C be a hyperelliptic curve with hyperelliptic involution ¢. Then «(P) = Q if and
only if there is a function f on C which has simple poles precisely at P and Q.

Proof. If «(P) = Q then it follows that P and @ have the same image (say [a : b] € P1(C))
under the hyperelliptic projection # : C — P!. Consider the function f on P! defined by
f([z:y]) = z/(ay — bx) (or y/(ay — bx) if @ = 0). Then f has a simple pole at [a : b] and thus
7* f has simple poles at precisely P and Q.

Conversely, suppose div(f) = —P — Q + D (where D > 0). Then f induces a hyperelliptic
projection f : C — P!. The projection obtained from f induces an involution which fixes the

2g + 2 Weierstrass points and, by uniqueness, this involution must be «¢. O

This lemma allows us to prove the following result.

Proposition 5 The hyperelliptic involution ¢ on a hyperelliptic curve C commutes with every
o €Aut(C).

Proof. We must show that ¢«(c(P)) = o(¢(P)). For an arbitrary P let Q = ¢«(P). Then by
the previous lemma there is a function f with simple poles precisely at P and Q). Now ¢ is an
automorphism of C' so we may consider g = (6 1)*f = f oo 1. This function g has simple
poles precisely at o(P) and ¢(Q), i.e., t(c(P)) = o(Q) = o(+(P)). O

Suppose Xo(N) is a modular curve such that, under one of the involutions W,,, the curve
Xo(N)/W,, has genus zero. Then it follows that X, (V) is hyperelliptic and that the involution
W, is the hyperelliptic involution.

The preceding paragraph gives a simple way to identify hyperelliptic modular curves. For
instance the curves X((35) and X (39) are hyperelliptic. The reason for this is that Table 5 of
Antwerp 4 [2] shows that the weight 2 forms for these curves split as 0, 1,2, 0. This notation (for
more detail about the use of Table 5 of [2], see Section 3.4 or the introduction to the tables in
Antwerp 4 [2]) represents the dimensions of the eigenspaces of weight 2 cusp forms of composite
level p2q®. The sequence 0, 1,2, 0 means that there are no forms which have eigenvalue +1 with
respect to both W, and Wy, there is a one dimensional space of forms having eigenvalue +1
with respect to W), and eigenvalue —1 with respect to W, etc. Thus in both cases the quotient
curves Xo(N)/Wy have genus zero.

Some care should be taken with this trick. Consider, for instance, X((34). The eigenforms
split (again using [2] Table 5) as 0,1,1,1. It is tempting to say that Xo(34)/Ws4 has genus 0
but this is false. There is a form with eigenvalue —1 with respect to both W5 and Wiz, and
thus it has eigenvalue +1 under W34 = WoWi7. Hence X((34)/Ws4 has genus 1. What can
be said is that the curve X(34)/ (W2, Wi7) has genus zero. However the group (Ws, Wi7) has
order 4, so the covering map in this case has degree 4.

Note that there are several hyperelliptic modular curves. The most well-known example is
X0(37), whose hyperelliptic involution is not an Atkin-Lehner involution. Also there are the
cases X((40) and X (48) where the hyperelliptic involution is not an Atkin-Lehner involution
though, it does come from an element of SLy(Z). Ogg [30] gives a full list of all the hyperelliptic
modular curves Xo(N).

Finally we make a comment about the point at infinity on a genus 2 hyperelliptic equation.
Usually our genus 2 curves will arise as some smooth projective variety which we then project
into P2(C). In these cases the point [z : y : z] = [0:1:0] at infinity will be singular. Topologically
there are actually two points, co™ and oo™, on the curve above [0:1:0]. The hyperelliptic
projection ¢ : [x : y : z] — [x : 2] is not defined at [0:1:0]. We set ¢([0:1:0]) = [1:0] and this is
compatible with the action of ¢ away from [0:1:0]. In the case of a degree 5 curve, y? =quintic,
there is only one point on the curve above the singularity [0:1:0] and this point is a Weierstrass

point.
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2.7 Canonical Projective Models

It will be useful, in the later chapters, to know what equations of higher genus projective curves
may look like. For genus 3, 4 and 5 we will generally have one canonical non-hyperelliptic
equation.

The image of the canonical embedding into P? of a non-hyperelliptic genus 3 curve will
always be a plane quartic (see Hartshorne [20] Example IV.5.2.1). This follows since such a
curve must have degree 4.

Hartshorne [20] Example IV.5.2.2, shows that the image of the canonical embedding into P3
of a non-hyperelliptic genus 4 curve will be the complete intersection of a degree 2 surface with
a degree 3 surface in P3. We will describe such curves by giving equations for the two surfaces.

The image of the canonical embedding of a non-hyperelliptic genus 5 curve in P4 does not
have a single standard form. We will find that most of our examples may be expressed as the
intersection of three 3-folds of degree 2 in P°. Such curves will have degree 8. We now show
why such a situation may be expected to occur often.

We will use the Riemann-Roch theorem and the canonical divisor class x to understand the
functions on a general curve. Recall that deg(k) = 29 — 2. Also recall that we have shown the
existence of holomorphic differentials. Thus we may choose a positive divisor div(w) € x and

this will simplify some of our later arguments. It is easy to show that, for genus g > 3,

1 n=>0
llnk) =9 ¢ n=1 (2.7)
2n—-1)(g—1) n>2

We have (k) = 5 so choose a basis {1,w,z,y,z} for L(x). Now I(2k) = 12 and L(2k)
contains the 15 terms {1,w,x,y, z, w?, wr, wy, wz,z% vy, vz, y* yz,22}. By linear algebra
there must be at least 3 linear dependencies. In the simplest case these relations will describe
three quadric 3-folds in A*(C) and they will give a degree 8 curve, of genus 5, which is a
complete intersection. There are other cases which arise. In particular, X" (181) and X (227)
are genus 5 curves whose canonical models are the intersection of the three quadric 3-folds
(which must exist by our earlier argument) with 2 further cubic 3-folds.

Note that, in this section, we have given the equations in affine space. In the applications
we will usually work with projective space. It is clear that these arguments also apply to the
projective situation.

If one considers curves of genus at least 6 then there are many more possible forms of model
and the geometry becomes much more intricate. In particular, for genus at least 6, the canonical

curve is never a complete intersection.

2.8 Hecke Operators

The description of Hecke operators in the general setting may be found in Shimura [33]. Hecke
operators will not play a major role in this thesis, so we mention just a few of the key definitions
and properties.

We follow the paper of Atkin and Lehner [1] and so restrict to the case of modular forms of
even weight.

Atkin and Lehner define operators T,y and U (here we assume (p, N) = 1 and [|N) in
the classical manner. They also define operators on the g-expansions of a cusp form f(7) =

> anq(T)™ in the following way. Note that our k is twice the k used in [1], and also note the
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convention that a,/, = 0 if p{ n.

1T, = Y1 (anp + " an,) ¢
flU = anlanlqn

The relation between these two definitions is

FIT, = P
FlUS = BRI U

Thus the two notions differ only by a constant (which is one in the weight 2 case anyway)

and so we will tend to use whichever definition suits our purposes best.

2.9 The Petersson Inner Product

The Petersson inner product is a generalisation of the natural inner product on differentials
(w,w') = [ywAw.

Let f and g be cusp forms of even weight k and level N. Let F be a fundamental domain
for the action of T'o(N) on H* (we will not discuss fundamental domains in any detail here).

Writing 7 = = 4 iy we make the following definition.

Definition 7 The Petersson inner product of f and g is

(f9) = Lf(x+iy)g(x+iy)yk‘2dwdy-

One of the most important properties of this inner product is the following proposition. We

refer to the paper of Atkin and Lehner [1].

Proposition 6 For p coprime to N, the Hecke operators, T},, are Hermitian with respect to

the Petersson inner product, i.e.,

<f|Tpvg> = <fvg|Tp> .

This also holds for the Atkin-Lehner involutions W, when g|N.

A corollary of this proposition is that the eigenvalues of a normalised eigenform f (which

are simply its g-expansion coefficients) are all real.

2.10 Newforms

Once again we restrict to cusp forms of even weight & on T'g(V).

For any m € N we have I'o(N) D I'o(mN) and so a modular form of level N is evidently a
form of level mN. Further, if f(7) is a form of level N then f(m7) is a form of level mN. For
a given N we call a form of level N old if it arises as some f(n7), for some form f(7) of level
strictly less than (and necessarily dividing) N. The old subspace is the sub-vector-space of
S2(N) which is generated by all the old forms.

The new subspace of So(N) is the orthogonal complement of the old subspace with respect
to the Petersson inner product. We fix a basis of the new subspace of S2(N) which consists of
forms which are eigenforms with respect to all the T}, (for (p, N) = 1) and also for the W, (for
g|N). The elements of this basis are called the newforms of weight & and level N. That these
notions are all well-behaved follows from [1]. Note that we use the convention that whenever

we say “newform” it is implicit that forms are both cusp forms and eigenforms.
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2.11 Atkin-Lehner Theory

The paper of Atkin and Lehner [1] gives more information about the behaviour of the newforms.

We quote what we need from their main theorem.

Theorem 1 ([1] Theorem 5) The vector space, of cusp forms of even weight k on T'o(N), has
a basis consisting of oldclasses and newclasses. All forms in a class have the same eigenvalues
with respect to the operators T, (for (p, N) = 1). FEach newclass consists of a single form f
which is also an eigenform for the W, and U, (I|N). We choose f to be normalised (i.e.,

ay = 1 in the q-expansion). Then f satisfies

T, = apf
LU = af
fIWe = Af
where, if I||N we have a; = —1¥/>71)\;, and if I>|N then a; = 0. It then follows that the q-

expansion coefficients for f satisfy apn = apa,m-1) —pk’lapmfa) and Gy = amay (if (m,n) =
1). Further, each oldclass is of the form {g(dr) | g is a newform of some level M, and d runs
through all divisors of N/M}. The oldclasses may be given a different basis consisting of forms
which are eigenforms for all the W;.

In general, there are forms whose eigenvalues lie in a number field. As a result there will
often be sets of classes (either newclasses or oldclasses) which are all Galois conjugates of each
other.

In later work we will often need to choose certain oldforms having prescribed behaviour
with respect to the Atkin-Lehner involutions W,. For the rest of this section we will discuss
how this is done.

Lemma 5 Suppose f(7) is a weight 2 newform of level m and suppose p  m. Let ¢ = +1.
Then g(7) := f(7) 4+ epf(p7) is a cusp form on To(mp) and it has eigenvalue € with respect to
W,y. Also, g(T) has the same eigenvalues as f(T) with respect to Wy for glm.
Proof. Certainly, g(7) is a cusp form on I'o(mp). Select a,b € Z such that pa — bm = 1 and
set

1 pa b 1 p 0 a b

W, =— VA = — and v =
p \/ﬁ - P

Note that v € I'g(m), that A,W, € I'y(m) and that W, = yvA,. Now pf(pr) = f(7)|A4, and so

we have

m p

(f(7) +epf(pr)) Wy = [(T) v Ap + e f(T)| AW = pf (pT) + €[ (7).
For the other involutions, Wy, it can be shown that A,W, is of the same form as W,A, and

the result follows. |

The following lemmas are proved in a similar manner and clearly one may state generalisa-

tions of them.

Lemma 6 Suppose f(7) is a weight 2 newform of level m and suppose ptm. Let e = +1. Set
g(7) == f(7) + ep®f(p*7) and h(7T) := f(pT). Then g(7) and h(t) are forms on To(p*m) and g
has eigenvalue € with respect to W, and h has eigenvalue +1.

Lemma 7 Suppose f(7) is a weight 2 newform of level m where, in this case, p|m and suppose

f(7) has eigenvalue e = £1 with respect to W,. Then g(1) := f(7) £ epf(p7) is a cusp form on
To(mp) and it has eigenvalue te with respect to W,.
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2.12 The Canonical Embedding

On a curve C the holomorphic differentials, Q'(C), give rise to a line bundle, and this is
called the canonical bundle. This line bundle, in certain situations, gives an embedding into
projective space. In this section we follow the more concrete approach of Griffiths and Harris
[17]. A description of the canonical embedding from the point of view of invertible sheaves is
given in Hartshorne [20].

For the time being we work with a general Riemann surface C of genus g > 2. We will never
be concerned with the case of genus 0 or 1 in this thesis.

Let wi,...,w, be a basis for Q1(C). Viewing C as a Riemann surface, we may choose a
finite covering of open sets, with local parameters z on each set, such that we can locally write
wj = fj(2)dz. Consider the map

¢p: C — P9l

(2.8)
P — [wi(P):--:we(P)).
Note that, away from the cusps, [wi(P) : - :wg(P)] = [f1(P) :---: fo(P)].
For this to be a well-defined mapping it must never map to [0 : --- : 0]. We show that

this cannot occur. Let P be any point on the curve and let D be the divisor P. Firstly
[(P) =1 (see Proposition 3) so the only functions which have at worst a single pole at P are
the constant functions. Hence, applying the Riemann-Roch theorem, we get i(P) = g—1. Thus
there is a (g — 1)-dimensional space of differentials vanishing at P but that means there is a
one-dimensional space of differentials which do not vanish at P. Another way to phrase this
would be to say that the canonical linear system || has no base points.

We will give a criterion for the canonical map to be an embedding.
Lemma 8 If g = genus(C) > 2 and C is not hyperelliptic then the canonical map is injective.

Proof. This map will fail to be injective if there are points P,  such that, for all differentials w,
we have w(P) = 0 = w(Q) = 0. This statement may be written (using the notation of Section
2.5) as i(P + Q) = i(P). The Riemann-Roch theorem then states that [(P 4+ Q) = 1+ [(P),
which implies that there is a function f € L(P + Q) — L(P). This function must have a pole
at @ as it isn’t in L(P), on the other hand [(Q) = 1 so it must have a pole at P too. So we
have a function with precisely 2 simple poles. O

The image of the canonical map, in the non-hyperelliptic case, is a curve of degree 2g — 2
(see Hartshorne [20] Example IV.3.3.2 on page 309). We call this curve a canonical curve.

If one takes the canonical map of a hyperelliptic curve then it is possible to predict what
will happen. Indeed, suppose C' is a hyperelliptic curve of genus g and let f : C — P*(C) be
the degree 2 map arising from the hyperelliptic involution. Then Hartshorne [20] Proposition
IV.5.3 shows that the canonical map ¢ : C — P971(C) factors through P*(C), as f followed by
the (g — 1)-uple embedding of P! into P9~!. Thus the image of C in P9~1(C) will be a smooth
curve which is isomorphic to P*(C) and which is described by (g—1)(g—2)/2 quadric equations.
This means that it is possible to distinguish hyperelliptic curves C' from non-hyperelliptic ones
by examining their images under the canonical embedding.

Now let us specialize the canonical embedding to the case of the curves Xo(IN). Here
we know that the differentials correspond precisely to the weight 2 cusp forms. There are
involutions acting on the space of cusp forms. The behaviour of the cusp forms with respect to

the involutions will give us information on the canonical embedding. We give an example.
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Example. Consider the genus 3 curve Xo(41). The basis of newforms for S2(41) consists of 3
forms f; such that f;(7) | Wa1 = —f;(7). We have the canonical map

¢ Xo(41) — P2
T = [f1(7)7f2(7—)7f3(7_)]'

Now ¢p(Wai (7)) = [f;(War(7))] = [—(417)2f;(7)] = [f;(7)] = ¢(7) since projective coordinates
are defined only up to scalar multiples. Note that, at the cusps, all the f;(r) are zero so
one really should work with the differentials f;(7)dr, however this is not a problem as our
construction is generically valid. The fact that ¢(Wy1(P)) = ¢(P) is equivalent to the statement
that ¢ factors through X (41) = X¢(41)/Wy1. Thus the map ¢ in this case is really

¢: X (41) — P?

and X (41) is a genus 0 curve. The genus 3 curve X(41) is hyperelliptic.



Chapter 3

The Canonical Embedding of

Modular Curves

We already know that the modular curves Xo(N) have projective models defined over Q.
Furthermore, there is an opinion (championed for instance by Atkin and Elkies) that these
models may be chosen to have relatively small coefficients. We are interested in gathering
evidence for this claim, in the hope that doing so will allow us to understand the nature of the
phenomenon.

In this Chapter we discuss how to compute the image of the canonical embedding of modular
curves Xo(N). We give a table of results of our computations, listing mainly models for curves

of genus less than or equal to 5.

3.1 Theory

Consider the modular curves Xo(N). As we have seen in the previous chapter, the space of
holomorphic differentials Q! (Xo(N)) is isomorphic, as a C-vector space, to the space of weight
2 cusp forms, S2(N), on I'g(N). Indeed, let {fi(7),..., fg(7)} be a basis for S3(N), then the
set {f;(7)dr} forms a basis for Q'(X((N)). Thus the canonical map in this situation is simply

ST [fi(T) ot fo(T)]

In this chapter only non-hyperelliptic curves Xo(N) are considered, and so the image of the
canonical map ¢ is a projective model for Xo(N). This image is a curve of degree 2¢g — 2 and
it will be described by some set of projective equations of the form ®(fi,..., fg) = 0. In the
case that it is a complete intersection, the equations have degrees whose product is 2g — 2. It is
possible to interpret each ®(f1(7),..., f¢(7)) as a modular form which is zero at every 7 € H*.
Thus these forms may be interpreted as the zero cusp form of weight 2deg(®).

To construct equations for modular curves we take (from tables) the g-expansions of a basis
for the space Sa(N). We compute a set of equations ® by finding combinations of powers
of the g-expansions which yield identically zero series (more details will be given in the next
section). When the product of the degrees of the polynomials in ® is equal to 2g — 2 and the
variety defined by them is one dimensional, then the zero locus of ® contains a model for the
embedding of Xo(N) which has the right dimension and degree, and thus it is a model for the
canonical curve. For higher genus the canonical curve ceases to be a complete intersection and,
though we may find equations which determine the model, it is not so easy to check that they
are correct. This situation is not a flaw in the method, however it makes it harder to check

against human error in the implementation of the method.

17
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It is possible to choose a basis for S3(IV) such that all the basis elements are eigenforms
with respect to the Hecke operators T, (for p t N) and the involutions W, for all ¢|N (see
Section 2.11). The differentials on the curve Xo(N)/W,, will be those differentials on X (V)
which are invariant under the action of W,,. Such differentials correspond to those eigenforms
in the basis of So(N) which have eigenvalue +1 with respect to W,,. Thus the image of the
canonical mapping of Xo(N)/W,, will be the curve described by the set of polynomials ® which
give relations between forms in the corresponding subset of the basis of eigenforms for Sa(N).
If Xo(N)/W, has genus larger than 2 and is not hyperelliptic then this will give a model for
its canonical embedding.

Note that this method may be used for computing equations for any modular curves I'\H*
as long as there is a method to compute explicit g-expansions for the weight two cusp forms on

the group T'.

3.2 Method

Methods for computing a basis for Sy(N) are already well-known. There are also various tables
published which contain such data. For instance, Tingley computed Hecke eigenvalues way
back in 1975 [43]. Also Cremona [8] has Hecke eigenvalues for weight 2 cusp forms, although he
restricts attention to rational newforms whereas we are interested mainly in those forms whose
coefficients lie in larger number fields (as we are interested in curves of genus larger than one).
The most complete tables are those generated by Cohen and Zagier [7]. Although these have
not been published they are in wide circulation. They list g-expansion coefficients up to ¢'%°
for all weight 2 newforms of level up to 198.

Using the lemmas at the end of Section 2.11 we may also easily find a basis consisting of
Hecke eigenforms (eigenforms with respect to the T, when p{ N and the W, when ¢|NV) for the
old subspace. Thus we may easily find a basis of eigenforms for Sy (V).

Let f = > a,q" be a cusp form of weight 2 for I'y(N) and let Ky be the field extension
of Q generated by the coefficients of the g-expansion for f. We assume that f is normalised
so that the a,, are algebraic integers which generate K¢. We may choose a form f so that its
Galois conjugates span the eigenclass associated to f. Suppose {«y, ..., @, } is an integral basis

for Ky. Then we may write the coefficients as

m
ap = Z Qp, ;O
i=0
where a,,; € Z. We may therefore consider the formal g-expansions
fi = Z an,iqn
n

which have the honourable property that the coefficients of their g-expansions are rational inte-
gers. Clearly f =Y fia;. The f; are no longer eigenforms with respect to the Hecke operators
T, (where (p, N) = 1) but they are eigenforms for the W,. The f; are linear combinations (over
Ky) of the conjugates of f. We use the f; for computation because working with integers is
simpler and also because this will ensure that the equations we construct will be defined over
Q. Of course, for computer calculation, we are forced to take only a finite initial segment of
the g-expansion. We discuss the number of terms required for these finite g-expansions at the
end of this section.

Hence we may assume that we have a basis for S3(IV) consisting of integral g-expansions
and such that the forms split into eigenclasses under all the W, with ¢|N.

The algorithm is as follows. Let Xo(IN) (or Xo(N)/W,,) be the curve of genus ¢ for which

we want to obtain a projective model. Take a set {fo, ..., fm} of integral g-expansions which



CHAPTER 3. THE CANONICAL EMBEDDING OF MODULAR CURVES 19

are a C-basis for the particular subset of So(N') which corresponds to the modular curve we are
hunting. Choose an integer d, which may be predicted from knowing the form of the canonical
models for curves of genus g in P9~! (see Section 2.7). Compute all monomials of degree d
in the f; and let ngy be the number of such monomials. They form a set of ng cusp forms of
weight 2d on I'g(V). Construct a matrix M which has ng columns and as many rows as there
are terms in the g-expansions we are using. Thus the (4, j)-th entry in the matrix M is the jth
g-expansion coefficient of the ith monomial. We now apply the PARI-GP function kerint to
the transpose of M. This function produces an LLL-reduced basis for the kernel of this matrix.
This gives a collection of linear combinations of rows of the matrix M, each of which equals
zero. Since the matrix rows correspond to monomials in the f;, these linear combinations of
matrix rows may be interpreted as homogeneous degree d polynomials in the f;. The function
kerint produces a basis for the matrix kernel and therefore, when the curve is described by
equations of degree d, we get a generating set for the ideal describing the canonical curve in
P9=1. In some cases (e.g., curves of genus 4), the canonical model is given by equations of
different degrees. In these cases it is necessary to repeat the above process and then discard the
multiples of lower degree polynomials. Note that we obtain models whose coefficients are very
small (although we cannot prove that they are minimal) since kerint uses LLL-reduction.

The algorithm described above will produce a set of equations whose intersection is an inte-
gral model for the canonical curve. Experimental evidence shows that the equations obtained
by this method have the property that their coefficients are reasonably small. Certainly the
coefficients have size roughly bounded by N. This is perhaps not so surprising since the weight
2 cusp forms have reasonably small coefficients in their g-expansions.

We stress that the algorithm itself is merely simple linear algebra on the g-expansions. The
“hard” work has been already done with the computation of the modular forms and hence no
special techniques are required. On the other hand, the matrix M gets quite large in practice.
Also there is some work in checking the equations in the genus 4 case (and some genus 5 cases)
as we need to separate degree 2 and a degree 3 hypersurfaces.

As a final note we need to decide what “precision” must be worked with. The key step is
finding a cusp form of weight 2d with zero g-expansion at the cusp co. The following proposition
(which we quote from a paper of Frey [15], though it is well-known) tells us when such a form

is zero.

Proposition 7 Let f be a cusp form of weight k on To(N). Write p = [SLy(Z) : To(N)] =
NleN (14+1/p). If f has a zero of order > uk/12 then f is the zero form.

Proof. The form f is a cusp form so it has no poles. Its total number of zeroes is certainly
> pk/12. This contradicts the usual bound on the number of zeroes of holomorphic forms (see
for instance Schoenenberg [32] Chapter V, Theorem 8). O

We note, once again, that the algorithm we have given will work for any non-hyperelliptic
curves Xo(NN) or Xo(N)/W, of genus at least 3. In the applications we will be mainly concerned
with curves of genus less than or equal to 5 as, in these cases, it is relatively easy to check our

results.

3.3 Example

To embed a modular curve Xo(p) (where p is a prime) of genus 3 we aim (bearing in mind
Section 2.7) for a quartic curve in P?(C). Therefore, our degree 4 monomials will correspond
to forms of weight 8. Thus any form f(7) =", anq¢™ with a, = 0 for all n < 2(p+1)/3 will
in fact be the zero form.



CHAPTER 3. THE CANONICAL EMBEDDING OF MODULAR CURVES 20

In practice this bound is far larger than necessary, though it pays to keep the extra terms
as a check against error.

For example, consider p = 43. From the tables we choose a basis {f, g, h} for S3(43) such
that each is represented as an integral g-expansion with 30 terms. For all integer triples (3, j, k)
with i +j +k =4 and 0 < 4,j,k < 4 we compute the g-expansion of the monomial f7g7h*.
We write all these monomials into a matrix M. We find that the transpose of M has a one-
dimensional kernel. This space corresponds to a certain linear combination of rows of M and
thus to a relation between the weight 2 forms.

Our method only works for non-hyperelliptic curves. Fortunately Ogg [30] has classified all
hyperelliptic modular curves. Indeed, Xo(N) is hyperelliptic with genus greater than or equal to
2 for precisely N € {30, 33, 35,37, 39,40, 41, 46,47, 48,59, 71}. It is not completely known in ad-
vance which of the quotients Xo(N)/W,, will be hyperelliptic. Clearly Xo(N)/W,, will be hyper-
elliptic if it has genus 2 or if there is some Atkin-Lehner involution W such that (Xo(N)/W,,) /W
has genus zero. It can happen that Xo(N)/W,, is hyperelliptic for neither of these reasons (just
as Xo(37), X0(40) and X(48) are hyperelliptic). Some examples of hyperelliptic quotient curves
are the genus 2 curves Xo(52)/Wa, Xo(52)/Wsa, Xo(57)/W3,Xo(57)/ Wiz, X (67), Xo(72)/Wa,
Xo(72)/Wra and X (73). The calculations have also revealed the four hyperelliptic genus 3
curves Xo(51)/W3, Xo(55)/Ws, Xo(56)/ Wy and Xo(72)/W3. For the first three of these curves,
the hyperelliptic involution is an Atkin-Lehner involution W,. Hyperelliptic curves are detected
using the criterion discussed in Section 2.12. One computes the image of their canonical map-
pings and notes that the image is described by too many quadrics (a hyperelliptic curve will
have a canonical image described by (g —1)(g —2)/2 quadrics). Thus we conclude (after check-
ing our calculation!) that the curve must be hyperelliptic. In these cases we may construct a
model for the quotient curve by using our model for Xo(N) and factoring by W,, using algebraic
manipulation. Also it is possible to obtain models for hyperelliptic curves using the techniques

given in the next chapter.

3.4 Calculation of Quotient Curves

Our main goal has been to calculate a model for the image of the canonical embedding of genus
3, 4 or 5 curves. Once these equations have been obtained it is possible to find equations for
the quotient curves directly. We believe that there is enough interest in these curves to warrant
listing their equations too. Note that we are not concerned with equations of genus zero so we
do not give equations for such curves.

For each divisor, n, of IV, the Atkin-Lehner involution, W, gives a degree 2 rational map
Xo(N) — Xo(N)/W,, (though recall that W,, depends only on the primes dividing n). It is
possible to exhibit this map algebraically when one has a suitable model for the curve Xo(N).
Note that a projective model for the image curve Xo(NN)/W,, will be one in which the variables
all have the same behaviour under W,. In general we will arrange that the image curve is
described by an equation in variables which have eigenvalue +1 under W,,. In certain cases,
however, we will write our equation using variables which have eigenvalue —1 with respect to
W,,. This is valid because a homogeneous relation between modular forms gives rise (by taking
ratios) to a relation between modular functions. Modular forms which have the same eigenvalue
under W,, give rise to modular functions which have eigenvalue +1 under W,,, and so these are
functions on the curve Xo(N)/W,,.

Most of the time, the process of finding quotient curves is relatively simple (one must
construct a double cover, usually this may be done by eliminating some of the variables).
Sometimes the process involves moving a singular point to the point at infinity, by taking a

linear change of variable, in these cases the new variable will be denoted w.
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This section contains a brief outline of methods for obtaining all the quotient curves of
X0(51), Xo(42) and X (52).

There is a very useful table (Table 5 of [2]) which lists the dimensions of the various
eigenspaces (with respect to the W, where ¢|N) of Sa(N). Suppose q1,...,q; are the different
primes dividing N and choose a basis fi,..., f; of S2(IV) such that the f; are all eigenforms
with respect to all the W,. To each of these basis elements, f, we may associate a sequence of
plus and minus signs, €1, ..., ¢, so that f|W, =¢;f. Table 5 of [2] lists, for each combination
of €1,..., €, the number of forms having that sequence of eigenvalues. For X((51) we note that
51 = 3.17 and that Table 5 of [2] gives the entry 0,3,1,1. This shows that the genus of X (51)
is 5 and that there are no forms which have eigenvalue +1 with respect to both W5 and Wi7.
There is a 3-dimensional space of forms with eigenvalue +1 with respect to W3 and eigenvalue
—1 with respect to Wi7. There are 1-dimensional spaces of forms with sequence —1,+1 and
—1,—1. We therefore choose a basis v, w,x,y, 2z for S2(51), of eigenforms, so that v, w,x are
the +1, —1 forms, y is the —1,41 form, and z is the —1, —1 form. The equations describing

the image of the canonical embedding of the genus 5 curve X,(51) are found to be

v+ w? — 2% —2wr —2y2 =0
v?2 —w? + 2% —3vr —wr —y?* +22=0 (3.1)
2w? — vw + 5x? + 3vz — 2wz — y? = 0.

From the data of [2] Table 5 it follows that X((51)/W3 has genus 3. The modular forms v, w, x
will give a canonical mapping of X(51)/W3 but all their ratios are invariant by Wi; and
Xo(51)/(W3, Wi7) has genus 0. Therefore, the canonical image has genus 0 and X (51)/Wj is
hyperelliptic. We also note that Xy(51)/Wi7 and Xo(51)/Ws; are elliptic curves.

The first and third equations of (3.1) may be used to eliminate y. We therefore obtain the
following conic relating v, w and z.

v? 4 2vw — 3w? — 6vx + 2wr — 112? =0 (3.2)

It is also quite easy to find the expressions

2?2 = —v® —vw+ 3w? + 6vr — wx + 422
(3.3)

y? = 2w?—ovw + 3vz — 2wz + 52

Together these are enough to give models for all three quotient curves of X(51) (see the tables).
These models are preferred as they fit with our programme of canonical embeddings (i.e., using
variables which correspond to differentials to give equations).

It is possible to obtain plane models for these curves by using equation (3.2) to reduce from
P3 to P2. First note that (3.2) may be written as

(v +w —32)* — 4(w — x)* — 162 = 0.

This gives the expression 1622 = (v + 3w — 5z)(v — w — ) which has the parametric solution
(up to scalar multiples) v + 3w — 5z = 452, v —w — x = 4t? and = = st. Rearranging these gives
w=52—12+4 st and v = s> + 3t + 2st. We set t = 1 (i.e., we divide by the function t) to get
affine equations.

Now it is possible to rephrase the equations (3.3) in terms of s. We obtain

22 st 4453 — 252 — 3.

y? = s* 4253435246545
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The first of these will give a model for Xy(51)/Ws; which can be seen to be of conductor 17
(i.e., it is a model for X¢(17)). The second equation in (3.4) gives a model for X(51)/Wi7.

Finally we obtain a model for X,(51)/W5 by multiplying these two equations (since yz is a
function on Xo(51)/W3) to get

(yz)? = s® + 657 + 9% + 1455 + 20s* + 25° — 195% — 185 — 15.

Now we turn to calculating the quotients of X,(42). We find that X((42) is a non-
hyperelliptic curve of genus 5 and that X((42)/W> and Xy(42)/W5 are both non-hyperelliptic
genus 3 curves. Thus we may obtain models for their canonical embedding using the algorithm
already described. Similarly, by looking at the splitting of the weight 2 forms as given in Table 5
of Antwerp 4 [2], we see that X((42)/W14 has genus 1 and that X,(42)/W,, for n € {3,6,21, 42}
has genus 2. We show how to obtain the quotients X (42)/W3 and X((42)/W14 from the equa-
tions for X((42). The other cases follow in a similar way.

The equations for X((42) are

vr—yz = 0
2v2+w2—2y2—22 = 0
30 —2w? — 2?2+ 92 —22 = 0

where v, w, z,y, z correspond to a basis of eigenforms for the weight 2 cusp forms of level 42.
First note that the modular forms v and y are + with respect to W5 and that w,x, z are —.
From the first equation we solve & = yz/v. The second equation remains unchanged and the
third becomes 3v* — 2v2w? +v2y? —v222 —y?22 = 0. Using the second equation and the “new”

third equation we may solve for w? and 2% and we get

w? (302 + y?) = vt + v2y? + 2y
22(3v% + y?) = Tvt — 3y*o?.
Now multiply these two equations and, again, use the fact that yz = vz, to get
(Bvwz + way)? = (Tv* — 3y?)(v* + v?y* + 2y%).

Note that v,y and (3vwz + wzy) all have eigenvalue +1 with respect to W3, so this is a model
for the genus 2 curve X(42)/Ws.

To give an equation for the genus one curve X(42)/W14 we cannot use variables which are
+ with respect to W14 as there is only one of them. The form which is fixed by W14 corresponds
to the variable w. Instead we eliminate w? and v to obtain

ot + 2322 — 72%) + 32222 = 0.
This equation may be rearranged into the hyperelliptic form
(722 — 32°%)y)? = —32% — 220722 + 21222% = 2% (2? + 32%)(72% — 32?)

Note that the forms z and z both have eigenvalue —1 with respect to Wi, whilst the form
Tyz?2 — 3x%y = Tvzz — 322y has eigenvalue +1. The proper interpretation of this equation is

to divide by x°

. Thus we have the following affine relation between the functions X = z/x
and Y = (Tvz — 3zy)/x? (both of which have eigenvalue +1 and so they are both functions on
X0(42)/W14).

Y2 =921X*-2X%?-3
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Finally we discuss the quotients of X((52). In this case the canonical embedding gives the

following equations for the genus 5 curve Xo(52).

ve —4dvy+3wz = 0
302+ 9uw? — 22 —8xy—322 = 0 (3.5)
6v2 4 322 +4zy — 162 +322 = 0

The quotient X((52)/Wi3 is a non-hyperelliptic genus 3 curve, so we may use the theory of the
canonical embedding to find a projective model for it. The genus 2 quotient curves X¢(52)/Ws
and X (52)/Ws2 may be found by alternative means.

Consider X(52)/W5. Note that the variables v and w have eigenvalue +1 with respect to
Wa. The first formula in (3.5) is a relation between forms of weight 4 with eigenvalue —1 and
thus we cannot apply the techniques used to handle Xy(42) above. Indeed the method to use
is to solve for v using the first equation in (3.5), i.e., v = 3zw/(4y — x), and then to solve for

w? using the second equation, to get the formula

(z — 4y)?(3z* — 2023y + 182222 + 192xy> + 36xy2% — 256y" + 272%) = 0.

The (z — 4y)? factor arises from the process of elimination and does not come from the curve.
The quartic curve has a singularity at the point [z:y:2] = [4:1:0], so set u = = — 4y to obtain
the equation listed in the tables.

This game may be played all over again in order to find the quotients Xo(N)/(W,,, Wy,).
This is less illuminating and it usually just reveals well-known elliptic curves (or genus zero

curves).

3.5 The Tables

These tables list the results of calculations following the ideas mentioned in the previous sec-
tions. We try to be as complete as possible subject to the following two restrictions: first that
the method does not work when Xo(NV) is hyperelliptic, and second that we are only looking
for curves of genus 3,4 or 5. More precisely we list all genus three Xar (p) (and most genus 4
and 5 curves X, (p) where p < 300) and we list all non-hyperelliptic Xo(N) of genus 3,4 or 5
and, for each of these, all their non-trivial quotients by Atkin-Lehner involutions.

The reason for our genus restriction is, on one hand, that the canonical embedding is useless
for genus 0,1 and 2, and on the other hand, dealing with curves of large genus results in equations
which are not complete intersections and therefore it is less easy to check the results for human
€error.

We give projective equations for the image of the canonical embedding. The variables
v,w, ,y, z will correspond to weight 2 forms. In all cases the alphabetic order of these variable
names will correspond to the ordering given in Table 5 of volume 4 of the Antwerp proceedings
[2]. This ordering associates to each form of level N a sequence of + and — signs which are the
eigenvalues of the cusp form with respect to the W, (where ¢ are the primes dividing IV, listed in
increasing order). Such sequences are then written in the “binary” ordering ++, +—, —+, ——
etc. When there are newforms and oldforms with the same W,-eigenvalues then the oldforms
will be listed first. Note that, for newforms in classes of dimension larger than 1, the ¢-
expansions used are a basis for the eigenclass given by forms with integral coefficients (thus
these will not actually be eigenforms with respect to the Hecke operators T},).

The variable names in equations for quotient curves will match the variable names used for
the original curve, though we sometimes introduce changes of variable in order to describe the

model.
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This work is in part motivated by the quest for projective models for Xo(N) which have
small coefficients. The model we obtain via the canonical embedding using eigenforms already
has small coefficients. There are clearly many choices of basis for the space of holomorphic
differentials on a curve. Any other choice of basis will be related to our basis of eigenforms by
some linear map (i.e., an element of GL,(C)). Therefore any change of variable in GL,(Q) will
also yield a model for the canonical curve which is defined over Q. In some instances we have
been able to find a suitable change of variable which yields a model with smaller coeflicients.
The changes of variable are given explicitly (up to multiplication by an appropriate scalar). We
do not claim that our models have any minimality properties among all projective models. A
canonical model should have variables which correspond to a basis for the space of holomorphic
differentials, thus we are restricted to considering only invertible linear changes of variable.

Finally we make some comments about correctness. We have generated relations between
cusp forms with g-expansions of sufficient length to ensure that our results are correct. If our
arithmetic is correct then it follows that the equations obtained really are canonical models for
the curves in question. It is a little awkward to perform an independent check on the arithmetic.
However in most cases we may consider the quotients of the curve Xo(N) and see that they
cover known elliptic curves (see Cremona [8]) with expected ramification. Some of the prime
cases have been computed by others (for example Elkies) and we can check our models against
theirs.

We expect a model for X(V) to have bad reduction at the primes dividing N. Moreover, it
is known that there is some model which has bad reduction at only those primes. In the tables
we often get extra bad reduction, most commonly at the prime 2. There are also a few cases
where there is unexpected bad reduction modulo 3. This situation is not a significant problem
as it does not affect the usefulness of our equations.

Note that we have not seriously attempted to reduce the size of coefficients appearing in
models for the quotient curves when they have genus 1 or 2 (e.g., see X (67)). The genus 1
cases are already well-known and understood. For the genus 2 case there are better methods
for obtaining nice models of these curves (see Chapter 4 or Murabayashi [28]).

We use the notation X T (pq) to represent Xo(pq)/(W,, W,).

Table 1. Canonical Embeddings

X(34) Here x = f17(7) + 2f17(27),y = f34(7), 2 = f17(7) — 2f17(27).

ot 4+ 622y + 82222 — 8yt — 69?22 — 2t =0

Setting X =x + z;Y =2y; Z = x — 2z gives

X4+ X37Z —2X27%2 +3XY?*Z+XZ3 -Y*+ 74 =0

X0(34)/Ws | z has eigenvalue +1 with respect to Wy while y and z have eigenvalue —1.
Really we should divide by z to get functions y/z, which is +, and x/z which is —.

(22 + 3y? + 42%)% = 17y* + 3022y 4+ 172*

Xo(34)/Whr | (8y? — 322 +322)2 = 172* + 462222 + 24

Xo0(34) /Wy | (22 4 3y? — 42?)? = 172* — 18y%22 + ¢*
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Xo(38) T Here w = f19(7) + 2f19(27), 2,y = newforms A,B from [7], z = f19(7) — 2f19(27)

w? + 1022 + 16wz — 1842 — 922 =0
2w3 — dw?x — 53 + dwa? — Tay? + 4x2? + dwy? + 2wz =0
Set W =4dw —4x; X = -8w+2x —6y; Y =bw —2x+ 6y —32; 2 = —w — 2+ 32
W2 —-WX +-3WY —4WZ - X?> 4+ —2XY —4XZ -2YZ =0
W3 +3W2X +3W?2Y +5W2Z + WX2 +5WXZ - WY?2+3WYZ - X3
—3X%Y — X%2Z - 2XY?24+2Y2Z +2YZ% =0

Xo(38) /Wy | (272yz2)? = —32w® + 12w’z — 192wz? + 208w3x3 — 3w?z* + 768wz® — 322°
Set Y = 27xy/z and w =z — z, then set X =3z — 2
Y224 = X0 +4X%2 — 6X%2% —4X323 —19X22% — 4X2° — 1220

X0(38)/Wig | 3223 + 3zw? — 8w — 27222 =0

X0(38)/Wsg | 23 — 242w — 4w? + 27zy? =0

X0 (42) Ordering v, w, z, ¥y, z corresponds with the splitting 0,1,1,1,1,0,1,0 of [2] Table 5

ve —yz =0
202 +w? -2y — 22 =0
302 —2u? —2?2+y2—22=0

Xo(42)/Wo | 801 — 270%w? + 9wt — v?2? + Juw?z? + 221 = 0
Setting X = (22 4 22);Y = (22 + 3y — 2); Z = (3y — 2z + z) gives
X4 - X3Y + X372 4+ 3X2%Y? - 5X?YZ +3X27% - 2XY3 —4XY?Z
+4XY Z? +2X 73 +4Y2 22 =0

Xo(42)/W3 | (Bvwz +way)? = (Tv? — 3y?) (v + v2y? + 2y*)

Xo(42) /W7 | Tw* — 22w?y? + 16y* — 8w?22 + 69222 + 2% =0
Setting X = 2y;Y = 22, Z = 2(z — z) gives
2X* —2X?Y? 4+ 3X2YZ +3X2Z%* -3Y3Z —Y?Z? +4YZ3 +2Z* =0

X0(42)/Ws | (Bvwy + wxz)? = (Tv? — 32%)(8v* — 50222 + 2%)

X0(42) /Wiy | (Tvz — 3zy)? = (722 — 322)(32% + 22)

TNote that this model has bad reduction at the prime 3 despite the fact that 38 is not divisible by 3. This bad
reduction persists in the models given for X¢(38)/W1ig9 and X (38)/Wag. The first model listed for X (38)/W>
has bad reduction at the prime 3, but this is eliminated using the given change of variable. It is known that

there is a model for Xo(N) with bad reduction only at the primes dividing N, but, in this case, the best model

cannot be obtained from the canonical model.
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X0(42)/Way | (Towy — 3wzz)? = 28 — 22%9? — Tz2y* + 2445
Xo(42)/Wya | (Towz — 3wyz)? = (22 + 32%) (221 + 2222 + 2*4)
Xo(43) T | 2% 4+ 22%y% — 3yt + 8x?yz + 8yPz + 162222 + 16y222 + 48y2> + 642* = 0
Setting X = (z — y); Y = 2y; Z = 2z gives
X4 +2X3Y +2X°%Y2 + 2X?Y Z + 4X2? 2% + XY? + 2XY?Z
HAXY Z2 +Y3Z +2Y2 722 +3YZ3 + 424 =0
XF(43) | (B(e2 + 92 +4yz +82%))° =yt + 42297 4+ 423y
Xo(44) | Forms w = f11(7) + 4f11(47), 2 = f11(27),y = faa(7), 2 = f12(7) — 4f11(47)
3w? + 16wz + 3222 — 4% + 22 =0
w2z + 823 4 2wy? — dxy? — 2wz? — 5222 =0
Set W=w+4de+ 2z X =w+2y; Y =w+2x —2y — 2;Z =w — 2x + z gives
SW242WX +2WY —2WZ +4XY + Y2 -2YZ + Z%2 =0
W3 —2W2X —2W?2Y +5W2Z —AWXY —2WXZ - WY? - WZ2 +4X2%Y
—4X27Z +5XY?2 —2XYZ +5XZ%+Y3 —4Y?2Z+YZ? =0
Xo(44) /Wy | (dzyz +wyz)? = (w? + 4w’z — 162°) (w? + 8w? + 24wx? + 2823)
Xo(44) /Wiy | w3 + 4w’z — 1623 — 422 — w22 =0
Xo(44)/Wyy | w? + 24wz? 4 8w?x + 2823 — dzy? —wy? =0
Xo(45) ot 4+ 72222 — 212%y? + 2 + 39222 + 9yt =0
Setting X = (r 4+ 22+ 3y);Y = (v — 6y — 2); Z = (v — z) gives
X4 4+2X3Y + X2Y2 + X2YZ - X%27% - XY?Z +3XYZ? -2X 73
—Y3Z4+Y?2Z224+YZ3 4424 =0
Xo(45)/Ws | (2(22% — 212 + 722))% = 45y — 34222 + 524
Xo(45)/Ws | (6y° + 22 — T2?)? = 4bx* — 422222 — 324
Xo(45)/Was | (4(22% 4 3y2 + Ta2))” = 5t + 149222 — 3y*

TThe forms used to derive this model are all normalised (i-e., they have minimal integral g-expansions) and

yet the variable z here is not normalised, in the sense that one may absorb a factor of 2 into z throughout.
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Xo(51)

v?2 +w? — 2% —2wxr —2y2 =0
v?2 —w?+ 2% —3vz —wr —y? +22=0

2w? —vw + 522 + 3vr — 2wx —y2 =0

Xo(b1)/ W7

22 = —v? — vw + 3w? + 6vr — wr + 422

2 4 20w — 3w? — 6vz + 2wz — 1122 =0

Xo(51)/ W,

y? = 2w? — vw + 3vz — 2wz + 52

2 4 20w — 3w? — 6vz + 2wz — 1122 =0

Xo(51)/Ws

(y2)? = (—v? —vw + 3w? + 6vr — wr + 42%)(2w? — vw + vz — 2wx + 51?)

2 4 20w — 3w? — 6vz + 2wz — 1122 =0

Xo(52) T

vr — 4oy + 3wz =0
302 +9uw? — 22 — 8xy — 322 =0

602 + 322 + day — 16y2 + 322 =0

Xo(52)/Wo

Set u=2 —4y and Z = 3z

(24u?y + 242Z%y + Tu® + 5uZ?)? = 13uS + 10u*Z? — 3u?Z* — 42°

Xo(52)/Wi3

27v* + 180222 + 324 4 1802y — 223y — 1440v%y? — 4822y% + 128y* =0

Setting X = (2y +42);Y = Bx +y —42); Z = (3 — y + 42) gives
YX3 - ZX34+2X%Y?% -2X?YZ +2X%7% + XY? +2XY2%Z - 2XY Z?

—XZ34+Y3Z+2Y%2224+YZ3=0

X0(52)/ W

Putting u = x — 4y and W = 3w gives

(24yW? + 5W2u — u?)? = ub — 2u*W?2 + u?W* + 8W6

Xo(53)

2?2 —w? + 2zy 4+ 222 — 11y% — 102y — 722 =0

222+ xy? + xyz 4+ 5x2? + 222 +y2? + 622 =0

Setting W =2y +22; X =-2z;Y =w+er—y=2zZ=w—x+y+ z gives
QW24 2WX —WY +WZ +2X2+XZ+YZ =0
W3 —W2X + W?2Y —W?2Z+WX?2 -WXY +WXZ —3X3+3X?Y

—3X27 - XY?42XYZ-XZ2=0

Xg(53)

w is + and x,y, z are —. The second equation, of the model obtained

using eigenforms, gives a model for X (53).

222 4+ xy? + xyz + 5222 + 222 + 22 + 623 =0

THere the variable y is not “normalised”. One may absorb a factor of 4 throughout.
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Xo(54) w? + 222 —2y? — 22 =0

w3 + 3wz — 2% —3xy2 =0

Xo(54)/Wo | (6wyz + 3xyz)? = —(2w? — 3w?x — 823) (4w + 6wz? — 23)

Xo(54)/W3 | 2w3 — 3w?x — 82 + 6wz? + 3222 =0

Xo(54)/Wss | 4w + 6wz? — 23 — 32y? — 6y>w =0

Xo(55) 202 + 4vr — 3vw — 6w? — wr + 2% + 7Y% =0
302 + dvw — vz — dwz — 162% — 722 =0

2 4+ vw + 8vx + bw? —Alwzr + 22 — 722 =0

Xo(55)/Why | 722 = 3v? + dvw — Svx — 4wx — 162>

202 4+ 3vw — bw? — 16vz + 3Twz — 1722 =0

Xo(55)/Wss | Ty? = —20% + 3vw + 6w? — dvz + wz — 22

202 4+ 3vw — bw? — 16vz + 3Twz — 1722 =0

Xo(55)/Ws | (Tyz)? = (3v? + dvw — 8vz — dwx — 1622)(—2v? + 3vw + 6w? — dvx + wr — 2?)

202 4+ 3vw — 5w? — 16vx + 3Twz — 1722 =0

X (56) w? = 2wxr — 2% +2y% - 22 =0
3w? +2wr —y? + 22 =0

v2 4+ dow — w? + 222 — 2wx — 3y? =0

Xo(56)/Wr | 222 =% + dvw — 3w? — 6wz + 2°

2 4+ dow + 11w? — 2wz — 22 =0

Xo(56)/Wse | y* = 2* — 4w?

2 4+ dow + 11w? — 2wz — 22 =0

Xo(56)/Wa | (2yz)? = 2(2? — 4w?)(v? + dvw — 3w? — 6wz + 22)

2 4+ dow + 11w? — 2wz — 22 =0

Xo(57) 3wz —4dvr +vy =0
—5w? — 22+ 8xy+y2 32 =0

3w? — 322 — 42 + 8zy — 4y?> =0

Xo(57)/W3 | Put u=y — 4z and Z = 32

(6u?r + 18Z2%x + 6u3 + 6uz?)? = 19uS + Tu*Z? — Tu2Z* — 326
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Xo(57)/W1g

80x* + 64x3y — 81622y — 176xy> + 119y*

+4320%22 + 4320% 2y — 54v%y? — 8lv* =0

Setting X = (20 +y — 3v); Y = —(4da + 2y); Z = (2y — 2z) gives
X4+ 4+2X3Y — X2Y?2 - 2X%YZ +2X2%7% - 2XY? - 2XY?Z

4+2XYZ2 —2Y3Z —3Y2Z24+6YZ3 =0

Xo(57)/ Wiz

Put u=y—4z and W = 3w

(18W2x + 30u?z + 6uW? + 6u3)? = ub + u*W? + 11u2W* 4 3W6

Xo(61)

w? — 2% + 22y — 622 + 3y? + 62y — 522 =0

222 4+ xy? + xyz +5x22 + 422 +5y22 + 623 =0

X (61)

w is + and all the other forms are — with respect to Wg;.

Therefore the second of the two equations is a model for X (61).

Xo(63)

w? 4+ 322 —yz =0
2 —w? +2wr+322=0

202 + 12wz +y? — 322 =0

Xo(63)/W3

v2 —w? +2wr+322=0

(322 —v? — 6wz)? = v* + 3w + 120wz + 5dw?z? + 272*

Xo(63)/Wr

Tvt 4+ v2y? + y* — 15y%2%2 — 30222 + 924 =0

X0(63)/ (W7, Wy)

1(32% — w? — 4wz + 322)? = w' + 2wiz + Tw?z? — 6wa® + 92!

Xo(64) 2t 4 622y% +y* — 824 =0
Xo(64)/W2 1(2% +3y%)% = 2y* + 22
X(65) v2—y? + 222 +222=0
v?2 =292 + 22+ w? — 2wr =0
Y2+ 29z + 222 —w? —22 =0
X0(65)/ W5 13v* — 18v2w? + 5w?* + 40v2wx — 40w3x + 80v2x? — 48w?z? + 96wz + 1122% = 0

Setting X = 2w +2z;Y =v —w —2x; Z = v+ w + 2x gives
8X* +10X3Y — 10X3Z — 3X?Y?2 — 12X%YZ — 3X?Z% - 2XY3 - 2XY?Z

+2XYZ?2 +2X7Z3X +3Y*+7Y2%22%2+32* =0
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Xo(65)/Wis

5ot + 20%y? — Tyt 4 8vyz 4+ 16y32 + 340222 + 46y222

+128y23 + 1372 =0

Setting X =z 4+y+x;Y =y+2—x;,Z = 2z gives

3X3Y —8X2YZ 4+ 9XYZ% 7Y Z? -3X3Z + X?2? - 1XZ3 - 27*

3XY3 -3Y3Z + X?Y?2 —8XY2Z +Y?Z%2=0

X0(65)/Wes

(2wz — 2xz — 2wy)? = 132* — 22222 + 524

Xo(67)

vz — 2wr — 3wy +wz =0
1502 — 5wv + 5w? + 822 — 122y — 142z — 11y? — 3yz + 1522 = 0

1002 + bwv — bw? + 42?2 — 122y + 222 — 2y — 35yz — 1222 =0

X (67) Put u=2z/3+yand Z =52;U =z — 3u
(4 ((10U2 + 20U Z + 2022)z + 5U3 + 9UZ +2U 22 + Z%))*
=US +2U°Z 4+ U*Z? — 20323 4202 2* —4U 25 + Z5
Xo(72) vy—wz=0
v?2—222 492 =0
vE—3wr+y?+22=0
Xo(72)/Wa | (2uzz + 2wry)? = 2(v* + 3w?)(3w? — v?)
Xo(72)/W3 | v =222 +9y2 =0
(6w? — 222)% = v* + 1402y 4 ¢*
Xo(72)/Wra | (6vwz — 22y2)? = 2(v? + 22)(30v* + 2%)
Xo(73) vz + 2wz + wy — bwz =0
3v2 4 6vw — 3w? + 42 + 8z — Ty? —4yz + 622 =0
3v? — 3vw + 6w? — 42% — 8y + 622 + 9y? + 13yz + 1622 =0
X (73) Putu=2x+y

(6u’x — T8uzz + 240222 — 3u® + 36u?z — 99u2? — 5723)2

= ub — 24ubz + 234u*22% — 1018u>23 + 957u’2* + 5058uz’® — 811126

Set X =u—52;7Z =3z
((6XZ — 6X2)z + 3X3 +3X2Z — 4X 2% + 73)°

= X0+ 2X°7Z + X4 722 + 6X373 + 2X%2 2% —4X 75+ 76

30
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Xo(75)

3v? +w? — 2wz + 2% —2yz — 22 =0
3w? — 322 4+ 5y% —dyz — 22 =0

w? + 4wz + 422 — 5y% —8yz + 422 =0

Xo(75)/Ws

370t 4 126v2w? — 243w* — 7603z + 396vw3x — 1200222

—360w?z? + 320vz3 — 80z* =0

Setting X =v — 3w+ 2z;Y = 2v — 2w; Z = —6x gives
3zt + 623y + 6232 + 22y + 322y + 42222 — 2xzy° — Sy’

—2xyz? + 22 — 3yt — 4Pz — 29222 —y22 =0

Xo(75)/Ws

9t 4 30v%y? + 108v2yz — 480222 + 25y* — 60y32 — 803222 + 162 =0

Setting X =2z —2y;Y =y + 2z —3v and Z = —2y — 4z gives
4X* 4 9X37 —4X?Y? —4AXPYZ +3X2Z% +9XY?Z +9XY 72

+Y442Y32 +4Y2224+3Y 23 =0

Xo(75)/Wrs

Set u =2+ 2w and Z = 3z

(36wz — 24uz)? = but + 14u?Z? — 324

Xo(81)

w2 —x2 41222 =0

w?x 4+ 3222 +922 — 3 =0

Xo(81)/Ws

23— 9222 + 923 — 2 =0

X (97)

—x2y2 + xy3 — 23z 4 nyz — xyzz + 2y32 —3x222 4+ 2:vy22

+y222 — 2223 4923 =0

X (109)

—xy® + 23z 4+ 2?yz — ay?e — 232 + 4a%2? + 2wy2? — AP 44w —y2d 424 =0

X (113)

22y? + a2y + 232 + 32%yz + Sry?z + 232 + 42222

+8xyz? + Ty?2% + 6222 + Tyz3 + 324 =0

Setting X =x+ z;Y = 2, Z = —y — 2z gives

X3Y + X37Z - X?Y?2 + X?YZ + XY3 - XY?Z - XZ3+Y?Z22-YZ3=0

XF27)

22y + zy + 232 + 322yz + bay?z + 4y3z + 62222

+13zy2% + 119222 + 13223 + 17y2% +102* = 0

Setting X = —z —y; Y = —y; Z = —x — y — 2z gives
X4 - X3Y - X3Z +2X2Y? 4+ X?Y7Z — X272 - 2XY3 4+ 2XY?%Z

+XZ3-Y32-YZ3=0
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X7 (137)

Yy +wy + 2y* + 2wz + 22+ 6yz + 322 =0
2% + wa? + 6222 — 2xy? — bryz + 2w + 13222 + 23 + 3wy?

+w?y 4+ 3wyz — 6y22 + 2w? — 42%w + 1422 = 0

Set W=w—-—zax+y—z;X=ax+z;Y=w—a—-2z;Z ==z
QW2+ 2WX —3WY +2WZ —2XY + XZ+Y?-YZ =0
QW3 + W2X —3W?2Y —W2Z+WX?2 - 2WXZ+WY?+WYZ - WZ?

+2X3 +3X27 - XY?2+ XYZ +2XZ%2-3YZ?+323=0

X (139)

22y? + ay® — yt + 232 + 32%yz + 3xy?z — 2932 + 5?22

+8xyz? — 2222 + 8223 +3yz® + 424 =0

Setting X =y+2;Y = —x —y — 2z, Z = —y gives

X3Y + X37Z — X2Y2 - 2X27Y +2XY?Z - XZ3 + ZY3 +27%Y?2 +223Y =0

X (149)

22y + 2y +yt 4 232 + 222y + 6z’ + 4tz 4 4x22? 4 Tay?

+7y?22 + 4wz + 5y22 + 24 =0

Setting X = z;Y = —x — 22; Z = —y gives
X4+ X37Z —2X2%Y? - X?YZ — X272 - XY3 - 2XY?Z —2XY 7?

—2XZ34+Y?Z224+YZ3+ 2% =0

X (151)

oy +yt — 232 — 22yz + by + 8ydz — 32222 + 6ryz? +20y%22 + 1Ty23 + 424 =0

Setting X =y + 2;Y =x + 2y + 22; Z = y gives
X374+ 3X2%Y? - 2X%Y7Z — X272 - XY? - XY?Z + XY 7Z?

—~XZ34+2Y3 2722 4+273Y =0

X (157)

—vx + 2wz — bvy — 8vz + bwz — 22z + 5yz + 22 =0
w? + wx + 4wy — 2y + y? + vz + 4wz — 22z — Yyz — 1222 =0

w? 4 3wz + 2% — vy + Ywy + 2xy + 6y? + vz + 12wz + drz + 3yz — 22 =0
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X0(169) /W13 | 22y + 2y + 232 + 32%yz + bay?z + 232 + 62222
+10zy2? + 4y?22 + 10223 + 5y23 + 424 = 0
X (173) 22 +wy + 2y —wz + 4z —3yz =0

zy? + 12 + w?z + wrz + 2222 + dSwyz + 6xyz + Yz + Jwz?

+11w2? + 14y2? + 1223 =0

Setting W =z 4+y+22; X = —y—2zY =w+y; Z = z gives
W24+ WX+WZ X2 - XY +2XZ-2YZ—~27Z2=0

IW2Z + WX+ WXZ+WYZ+3WZ? -2XYZ+2XZ*+Y?*Z -YZ?=0

X t(1rs) T

xt — 22%9% + ¢yt — 1222y — 432 — 42222 + 209222 + 32923 = 0

X (179) oy + 232 + 22%y2 + 2wy 2 + 232 + 4a?2? + Tayz? + 5y?2?
+6223 + Tyz® + 324 =0
Put X=—2—2Y=—y—2Z2==2
23z + 222?24+ 20%yz — x2° — 22y2? — xyPr — 2P —y2B P2 =0

X8 ¥ | ay+y? —wz+az+3yz+422=0

vw + 3wz + vy + wy + dry — 2y + vz + 16wz — 2xz + 18yz — 1022 =0
vx + 322 + vy — 62y — 9y? + bvz + 10wz + 162z — 1dyz + 1422 =0
—02w — vw? + w3 — Jvwzr — wa + va? + 223 + 3y — vwy + 5wy — vy
2wy — 42?2y — vy? + 3wy? — 10y3 + 302z + vwz — 2wz + Tvrz + 15wz
+9222 — 2uyz + wyz + 3zyz + Sy?z — v2? — dwz2? + 22?2 —4y2? + 223 =0
V2w + vw? — w? + vz + Jvwz + wix + 3vz? + 23 + 202y + Jvwy — Tw?y + Sway
—6vy? — Twy? + 2y? — 29> + %2 + ldvwz — Sw?z + 1dvxz + 5xz — buyz
+wyz — vyz + 4y?z + 6v2% — 6wz? 4+ 3222 =0

X (199) 2wy — 22 + 3zy — 622 — bwz + 3yz — 622 =0

—wa? + 3wy + 3wzy + 3wy? + xy? + y> — Tw?z — bwrz — Swyz — 2xyz — Y3z

+6wz? 4+ 4yz? — 322 =0

TThis equation is not normalised. One may absorb a factor of 2 into z.
¥This is an example of a canonical genus 5 curve which is not a complete intersection. By Hartshorne [20]

exercise IV.5.5, one sees that Xg'(lSl) has a linear system of dimension 1 and degree 3. This curve may therefore

be written as a plane quintic with one node, however it is not possible to obtain this model from the canonical

embedding.
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X (217)

3$2y2 + 31,y3 + 2y4 — 313y — 61;2yz — 4,ry22 =+ 2y32 — 132222

+ayz? — 26y22% — 2622 + 43y23 — 3421 =0

Setting X = z;Y =2 —y; Z = —x — 2z gives
X4+ X3Y +2X37Z +6X2Y2 - 2X?2YZ - 2X2%7% +4XY? -~ 1XY?Z

—3X73 -2v*-3Y3Z -3Y?*Z% =0

X (227)

—3vw — 2w? + vr — wr — % — vy — 1wy — zy — 24>

+hvz 4+ Twz + Tez + Tyz — 322 =0

—vw — 3w? —vx — 2wz + 2% + vy — 4oy + 3y + vz — 2wz + S8xz — 13yz + 1222 =0
202 + 3vw + 5w? 4 2ur + wr — 422 + vy — Twy + 2y + 2y% — vz

+12wz — 102z — Tyz + 322 =0

2w3 + 202z — vwz — Jwa? — 223 — 20%y — dvwy — wry — vy — 6wy — 2y

—vy? — Y3 + 30?2 —vwz — 2wz + 2urz — dwrz + Jvyz — 6wyz — 3Tyz

+2y%2 — 3v2% —wz? +5x2? — Y22 —222 =0

2p — 202% — wa? + 23 — Svwy — wy

03+ v%w + Sow? + 2w3 — vwz — w
+vzy + wry — 222y — vy? — 3wy? — xy? — > — v%2 + 3vwz + Sw?z — vz

—dwzxz + 522z + vyz + 6ryz + 2y22 + 3wz? — 3x2? +4y2? — 323 =0

X7 (239)

22y — xyd — yt + 232 — 22%y2 + dxyz + 2932

+5222% — Bryz? +8x23 —y2d +424 =0

Setting X = —x — 2;Y = 2;Z =y — z gives

XY + X2Y2 4+ X272 - XY3+ XY 22+ XZ2+ YA+ ZY3 - 23Y — Z4 =0

X (251)

wr —wy + xy — 2y% + 2wz +xz +4yz + 22 =0
w?x — w?y + 22y — wy? — 2zy? + 2% + w?z — wrzr — 3222 + 2wyz

+7zyz — 3?2z — 21222 + 10y22 — 2823 =0

Set W=ax—-—y+22;X=—-w—-y+22,Y=—2;Z=x+22
W2+ WX -2WZ+Y?+3YZ+2>=0
QW3+ W2X —5W2Z —WX2+2WY?2+5WZ2% - X2Y —2XY? - 3XYZ - XZ?

+2Y3 4+ 5Y27Z -3Y 2% -273 =0

TThis is another example of a genus 5 curve whose canonical model is not a complete intersection. See the
footnote to Xar(181) for further discussion.
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3.6 Some Tables for Genus larger than 5

We have also performed a few calculations of the canonical map when the genus is 6 or 7. Note
that, for genus > 6, the image curve is never a complete intersection. Therefore it is difficult to
verify that the equations are correct (for instance, because it is hard to know if one has already
gathered all the equations needed). We already know when X (N) is hyperelliptic but we do not
know in advance when X (p) is hyperelliptic. If a curve C of genus g is hyperelliptic then we
expect the image, of the canonical map in P971, to be given by (g—1)(g—2)/2 equations, so we
may detect hyperelliptic curves in this way. The tables do give some experimental support for
our claims that the models have small coefficients, although we have not been able to perform

the usual process of choosing a linear change of variable to minimise the coefficients.

Table 2. Higher Genus Curves

Xo(58) | —ux +vy +wy+vz=0

g=6 | —ww+zy+2xz=0
v2—vw—w?—22+yz+22=0

u? + 0% + 3vw + 4w? — 222 +yz =0

—u? — 202 +3vw —4w? + 222 + 92 +yz =0

—vx 4+ 6wxr +uy =0

Xo(79) | —wz + 20y +wy + 2y + 20z — 2wz + w2 +yz + 22 =0

g=06 | wr—uvy+2xy+1y®>—vz+3wz+8yz+22=0

—vx — 22 — vy + wy + 4y? — dvz — brz +2yz — 522 =0

—w? — 2vr — 2wx — 2% + vy — 3wy — 2y — 6vz — dbwz — 3xz + Yz =0
—vx — 20y +wy — xy + 4y? — bvz + 2wz —yz + 822 =0

u? — 02 4+ 2vw + 2w? — 2ux + 2wz — 2% + vy + 6wy + 4oy — 4y?

—dvz + 4wz — Sz —yz =0
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X0(83) | 3uv + 3uw + 2vw + 2w? + dux + wx — 2% + 6uy + vy + 1wy + 2zy

g="1 —29% — 2uz — 4vz — 6wz — Txz + 622 =0

wv + uw + 2ux + v + 2wz + 22 + 2uy — 3vy — wy + 4y% + 2uz + 8vz + 15wz
+8xz + 23yz + 422 =0

There are 8 further equations. The largest coefficient occurring is 23.

Xo(121) | ww — 2vw + 2uz — 6vzr + 2uy + 20y +uz =0

g==56 uw + vw + 2ur — 2vr + 2uy — 10vy — dbuz + 11lvz =0
—6u? + 6uv — 3v? — w? 4 6wz — 2 — Swy + 10xy — 9y? — 4wz + 102z =0
6u? + 12uv + 120% — 17w — 222 — bwy + 4ay + 14y? — 6wz — Tez — 1lyz =0
—9? — 8w? + wx + 922 + Twy — 102y + y? — Twz + 272z — 11lyz =0
—6u? — 12uv — 1202 — 3w? + Twz — 622 + 11wy + 122y + 1032 + 4wz

+17xz — 1lyz — 1122 =0

XJ(163) u? — uv + uw + dvw — 2w? — ux + 3vr + wr + 3uy + dvy — 6wy

g==©6 +2xy + 5y + uz + 220z — 4wz — 2wz + 3yz — 1422 = 0
u? — v? + 3uw + dvw + 2w? + 2ux — v + bwx + 1Tuy + Svy + 23wy — Yy
+33y2 + 23uz + 5vz + 29wz — Yyz — 622 =0

There are 4 further equations. The largest coefficient is 33.

3.7 Coefficient Size of Equations for X,(V)

Now that we have accumulated a large number of examples, we may consider the size of co-
efficients arising in models for Xo(N). In a later chapter we will discuss heights of projective
varieties and discuss coefficient size further.

First let us consider models for the whole curve X,(N). We have computed equations for
the image of the canonical embedding (using eigenforms) for all non-hyperelliptic curves X, (V)
which have genus 3 < g < 5. The “worst case” examples are X((43), which has a coefficient
64 (though we may simply absorb a factor of 2 into z making the coefficients much smaller),
Xo(44), Xo(55) and X(67). So in every case we have coefficients of size less than N.

We have also (for most of the genus 3 and 4 cases) managed to reduce coefficient size using
a suitable linear change of variable. I make the assumption that, for the higher genus curves,
it would be possible to reduce the coefficient size in the models to a similar extent. When
the genus is larger than 4 it is too difficult to find such changes of variable. The “worst case”
examples here are X((38) (largest coefficient 5) and Xo(57) (largest coefficient 8). Certainly
we appear to be able to find a model with coefficients of size < 2log(N) (this logarithm is to
base e).

Now let us consider the curves X (p) when they are not hyperelliptic. In our examples
we can find models for the canonical embedding (using eigenforms) of X (p) (here we only
consider genus at least 3) with coefficients of size O(p). The worst examples here are X (127),

XO+ (151) and Xgr (251). Now consider the results of reducing the coefficients using appropriate
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linear changes of variable. We see that the coefficients are generally less than log(p). The
results obtained seem to suggest that it is always possible to find canonical models of Xgr (p)
with coefficients < log(p).

It is important to stress that we have only computed models for curves of genus < 5
(except for the few cases in Table 2) and that we have only had access to g-expansion data for
N < 300. Therefore our results only represent a small initial segment of all the modular curves
Xo(N). The claims made in this section about coefficient size therefore cannot be considered
as watertight conjecture.

To emphasise the results obtained in our tables consider the general affine model for Xo(N),
which is given by the relation between j(7) and j(N7). The coeflicients which appear in this
model really are enormous. The only equation of this form I have ever computed was for X(2).
The largest coefficient appearing in that degree 3 affine model is 1.57464 x 104,

At this stage we have not included the results for genus 1 or genus 2 curves. Some genus 2
curves will be given in the next section. Certainly the elliptic curve case seems to follow the
pattern (see Section 6.7). From the point of view of coefficient size, the hyperelliptic curves
might be viewed more successfully as intersections in P? or P*. For instance, the quotients of
Xo(N) when N is equal to 51,55 or 56 were viewed as varieties in P?(C). In these cases, though,
the coefficients didn’t seem to be any nicer than those of the corresponding plane hyperelliptic
models.



Chapter 4

Equations for Hyperelliptic

Curves

The main drawback of the canonical embedding is that it cannot be used to obtain equations
for hyperelliptic curves. In this chapter we discuss a practical method to obtain equations for
hyperelliptic curves which appear as a quotient of a modular curve Xo(N). We first discuss
the genus 2 case and then, in Section 4.4, we show that the techniques generalise in a trivial
manner to genus g > 3.

There are various ways to obtain equations for genus 2 curves. Murabayashi [28] has listed
all the equations of genus 2 curves which appear as Xo(p) or X, (p) (where p is a prime). I
believe that the method used by Murabayashi is essentially the same as ours, except that it is
presented, in [28], in a very complicated manner. Also, Murabayashi apparently did not have
access to any tables of g-expansion data.

Wang [44] also gives a few equations for genus 2 curves. The paper [44] is concerned with
the 2-dimensional abelian variety which is associated to a modular newform having coefficients
in a quadratic field. The construction of this abelian variety was given by Shimura. Such
abelian varieties will always be isogenous to the Jacobian of a genus 2 curve C| since they are
principally polarised and correspond to a 2-dimensional space of cusp forms. In a very few cases
Wang gives a model for that curve. The curve C' need not be a quotient of the modular curve
Xo(N), though the Jacobian of C' will be isogenous to a quotient of Jo(N). Our method is
therefore quite different from that of Wang, as it is only useful when the curve one is interested

in is a quotient of Xy(V) by some Atkin-Lehner involutions.

4.1 A Method for Genus 2 Curves

Let C be a curve of genus 2. Then the space of holomorphic differentials, 2(C), is a two

dimensional vector space over C. Suppose C has the plane hyperelliptic equation
C:Y? = ps(X), (4.1)

where pg is a sextic polynomial. The ramification points of the double cover C' — P!(C) are
precisely the roots of pg. Therefore the function X has two distinct order one poles. The

following result is well-known, although we provide a proof as it is central to this chapter.

Lemma 9 The C-vector space of holomorphic differentials Q'(C) has a basis consisting of

dX XdX
Wi = and  we = ~ (4.2)
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Proof. From equation (4.1) we see that the divisor of poles of Y is 3 times the divisor of poles
of X. Thus the meromorphic differentials given in (4.2) are actually holomorphic differentials
on C. Furthermore they are linearly independent over C (as they have different divisors) and
thus they form a basis of Q!(C). O

From these differentials it is possible to reconstruct the functions X and Y which generate
the function field of the curve C, using the relations

X=“2 and v=2
w1 w1
Now suppose C' is modular. By this we mean that C is isomorphic to some quotient
Xo(N)/W (where W is a group generated by Atkin-Lehner involutions). By a suitable linear
change of variable we may assume that the cusp oo of the modular curve corresponds to one
of the order one poles on the model (4.1) of C. Then we may identify, in the usual way, the
holomorphic differentials with weight 2 cusp forms. This suggests the following method for
constructing equations for such curves C. Suppose we have an explicit basis {f, g} for the

space of weight 2 cusp forms. Construct functions X and Y by

X = i and Y = d—X
g g
Given these functions (we know their g-expansions explicitly) we may then find a relation
between them. For the relation to be in the nice form Y2 = pg(X) we will need Y to have a
pole of order 3 at the cusp co and we will need X to have an order 1 pole. Thus the choice of
basis {f, g} needs to be made so that f has an order 1 zero at the cusp infinity and so that g
has an order 2 zero.

In practice, using the tables of cusp forms [7], it is very simple to choose a basis {f, g} for
the space of cusp forms such that f and g have the right zeroes at the cusp oo. The functions
X and Y therefore must span the function field of the curve C' and hence they will give a model
for the curve.

This seems to be essentially the same method used by Murabayashi [28]. We give an example
to illustrate the method.

4.2 Example

The curve X((22) has genus 2. We know it must have a plane model defined over Q. The
canonical embedding cannot be used to provide this model.

Once again we use the fact that S2(22) = Q'(X((22)). In this case the weight 2 forms
are all old. We take f(7) to be the normalised newform of weight 11. A basis for the weight
2 forms of level 22 is thus {f(7), f(27)}. Note that, in some contexts, a more natural basis
would be {f(7) £2f(27)} (as these are both eigenforms with respect to Wa). However, for this
application, we want to ensure that X and Y have the right poles at oo, and so the basis is
chosen to satisfy that condition.

Write

X(7)

f()/f(27)

= ¢ ' =2+q—-2¢° —4¢° —4¢" +5¢° — 6¢° + - --.

(4.3)

This is a ratio of weight 2 forms and so it is a modular function of level 22 (equivalently, a
function on the curve C). The derivative of a modular function is a weight two form. Recall
that d/dr = d/dq.dq/dr = 2miqd/dq. We tend to ignore the factor of 27i here, as we are happy
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to work up to scalar multiples. Set

Y(r)

(f£xm) /@)

= —q3—q ' —4+4+9¢—24¢> + 44¢> — 88¢* + - - -.

(4.4)

Now, X and Y are functions on the curve and we explicitly know their integral g-expansions.
Hence we can find (using linear algebra on g¢-expansions) the following polynomial relation
between X and Y.

Y?=P(X)=X%+12X° +56X* + 148X° + 224 X? + 192X + 64. (4.5)

Once again we stress that the choice of basis was essentially determined by the condition
that X should have an order 1 pole and that Y should have an order 3 pole. Of course we could
have taken a basis {f(7) + Af(27), f(27)} instead, but it is clear that this corresponds to the
simple change of variable X +— X + A.

The next section contains a table of all the genus 2 modular curves obtained using this
method. Many of these curves have already been obtained as quotients of canonical models,

although finding the equations using this method usually requires less work.

4.3 Tables of Genus 2 Curves

This section lists the results of our calculations. We demand that the chosen basis {f, g} for
the weight 2 cusp forms is such that f and g have integral g-expansions of the form f =¢q+---
and ¢ = ¢°> + ---. This makes the choice of g unique. The choice of f is not unique, however
the value Y obtained will be independent of the choice of f and the choice of X is well defined
up to addition by an integer. We tend to choose X so that the coefficients in the model are
minimal.

The following table lists all genus 2 modular curves Xo(N) and probably all genus 2 curves
Xo(N)/Wy. It also lists many quotients Xo(NN)/W,. Many of these equations have been
found in the previous chapter or by other authors (e.g., Murabayashi [28]). The table lists the
sextic polynomial pg(z) such that, for the functions X and Y described in Section 4.1, we have
Y? = pe(X).

Note that many of these models have bad reduction at the prime 2, despite the fact that
they have odd level. This is due to the fact that we have insisted on using the model y? = pg(z)
instead of the more general model y2 + p3(x)y = pg(x) (where p3(x) is a cubic polynomial in
2 and pg(z) is a sextic). This extra bad reduction shows that the models do not have minimal
discriminant. Nevertheless they are models for the curves in question and they are still of use

for studying the arithmetic of the original modular curves.
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Table 3. Genus 2 Curves

Xo0(22)

28 — 4a* + 2023 — 4022 + 48z — 32

= (23 + 22 — 42 + 8)(23 — 222 + 4a — 4)

Xo(23)

28 —8xb + 224 +22% — 1122+ 102 — 7

= (@ -2+ 1)(2® 822+ 32 —7)

Xo0(26)

28 — 8x5 +8x* — 1823 + 822 — 8z + 1

Xo(28)

28 + 102 + 2522 + 28

=@+ +2) (2 -z +2)(22+7)

X0(29)

28 — 425 —122* + 223 + 822 + 8z — 7

Xo(31)

28 — 825 + 62 + 1823 — 1122 — 142 — 3

= (23 — 22% — x + 3)(a® — 62% — 5z — 1)

Xo(33)/ W3

28 — 425 — 62t — 1223 + 22 + 28z — 8

= (@ + 2% + 3z — 1)(2® — 4z — 8)(z — 1)

Xo(35)/Wr

28 — 425 + 22 — 3223 — 2722 — 64z — 76

= (2% — 52?2 + 3z — 19)(2? + 4)(z + 1)

Xo(37)

28 + 1425 + 352 + 4823 + 3522 + 14z + 1

Xo(38)/ W

28 — 425 — 62 + 42% — 1922 + 42 — 12

= (23 4+ 2% — 2+ 3)(2® — 52% — 4)

X (39)/W13

28 — 202 — 623 + 642 — 48z + 9

=(@? =52 +3)(2?+ 3z —1)(z+3)(z — 1)
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X0(40)/Wy | 2+ 42° + 823 — 4422 + 48z — 16

= (22 + 42 — 4)(2* + 422 — 8z + 4)
X0(40)/W5 | 2° + 162* + 642 + 64

= (2% + 1222 + 16) (22 + 4)
Xo(42)/Ws | 28 — 425 — 182° — 4z + 1

= @'+ 2+ 422+ +1)(2? — Sz + 1)
X0 (42)/Ws | 2%+ 62° + To* — 142 — 2322 + 362 — 12
X0(42)/Way | 28 + 22° — 2t — 623 + 1322 — 120 + 4

=(2* +32% + 2% —8x +4)(2® —x + 1)
X0(42) /Wy | 25 + 4xt — 223 + 422 +1

=@+ +422 + 2+ D)(@® -2 +1)
Xo(44)/Wo | 28 — 42 — 2023 — 4022 — 482 — 32

= (23 + 222 + 42 + 4)(23 — 222 — 42 — 8)
X0(46)/Wye | %+ 425 + 22* — 223 + 2® — 22 + 1
Xo(48)/Wy | 26 +102° + 272* + 2023 + 2722 4+ 10z + 1

= (2? + 4w+ 1)(z* + 62 + 1)(2? + 1)
Xo(48)/W3 | 25 + 82* + 3222 + 64

= (2% — 22+ 4)(2® + 22 + 4) (2 + 4)

Xo(50) 2% —42° — 1023 — 4z + 1

Xo(52)/Wo | 20+ 825 + 8z + 1823 4+ 822 + 8z + 1
X0(52)/Wso | 25 +4a® + 82* + 62 + 822 + 4z + 1
Xo(54)/Wy | 25 — 62* — 823 — 2722 — 122 — 20

= (23 + 322 + 3z + 5) (23 — 322 — 4)

Xo(57) /W3

28 + 1025 + 152* + 2423 + 1522 + 10z + 1
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Xo(58)/Wag 28 4 425 + 162* + 2223 + 1622 + 40 + 1
X0(62)/Ws2 x5 + 425 + 62 + 623 + 2% — 20— 3
= (2% + 42 + 52 + 3) (23 + . — 1)
X (67) 28 +22° + ot — 223 + 222 — 4z + 1
Xo(72)/Ws 25 + 625 + 152% + 2823 + 1522 + 62 + 1
= (2 + 223 + 622 + 22 + 1)(2? + 42 + 1)
X (73) 28 4+ 225 + 2t + 623 + 222 —dr + 1
Xo(74) /Wy 28 — 225 —at — 2% - 22 +1

Xo(85)/ (W5, Wir)

28 +22% + T2t + 6% + 1322 — 8z + 4

= (% + 22 + 32% — 22 + 1)(2? + 4)

Xo(87)/Wag

20 —22% — 623 — 1122 — 62— 3

X0(88)/(Wa, Wh1)

b -2 —pt — 1223 — 22 — 22+ 1

=@ +22+3x—1)(2® - 322 -2 — 1)

Xo(91)/ Wy,

a8+ 2% — 2t — 82 — 24+ 22+ 1

Xo(93)/ (W3, Ws1)

28 + 62° + 5zt — 6% + 222 + 1

=@ +522 + 20+ 1) (23 + 22 22 +1)

X0(100)/Ws 25 + 425 + 1023 + 42 + 1
X (103) 25 + 62° + 5at + 223 + 222 + 1
X (107) 28 + 22° + 52t + 22° — 222 — 4z — 3
Xo(111) /Wiy a8+ 22—t — 2420+ 1

Xo(112) /(Wo, W7)

28+ 22° + 1zt +42® + 1122 + 22 + 1

= (2% + 223 + 102% + 2z + 1) (2 + 1)

Xo(115)/(W5, Was)

28 4+ 625 + 522 + 1023 + 222 + 1

= (@ +52% 20+ 1) (23 + 22 +22+1)

Xo(116)/(Wa, Wag)

28 — 42® + 162* — 2223 + 1622 — 4z + 1
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Xo(117)/ (W3, Wi3) 28 4+ 4t — 623 + 1622 — 122 +9

= (z* 4+ 23 +422 - 32+ 9)(2? —z + 1)

Xo(121)/Wyy 25 + 62° + 112t + 823 + 1122 + 62 + 1

X0(122)/<W2, W61> 1'6 + 41‘4 — 61}3 + 4.13‘2 +1

Xo(125)/Ws 25 + 22° + 5% + 1023 + 1022 + 82 + 1

X0(129)/ (W3, Wy3) 28 + 225 — 9% — 242% — 922 + 22 + 1

X0(165)/ (W3, W5, Wi1) | 2® + 625 + 112* + 1423 + 522 — 122

XF(167) 28 — 425 4+ 22% — 203 — 322 422 — 3

Xo(177)/ (W3, Wsg) 25 + 22 — 623 + 5% — 62 + 1

X (191) 25 + 22 + 223 + 522 — 62 + 1

There are genus 2 quotients as far as the eye can see, so we stop at this stage.

4.4 Generalisation to Higher Genus

The methods of this section also apply to hyperelliptic curves of genus g > 2.
Let C be a hyperelliptic curve of genus g > 2. Then C has a plane model of the form

y® = Pagia(x)

where pag42(z) is a polynomial of degree 2¢g + 2 in z. The function x has degree 2 and, since

the point at infinity on the projective line is not a Weierstrass point, it has two poles of order

one. The divisor of poles of y is g+ 1 times the divisor of poles of z. Therefore the differentials
dr xdx 29w

s yot

y oy Y

span the space of holomorphic differentials Q! (C).
Now suppose C' is “modular” in the sense that Q(C) = S for some C-vector space S of
weight 2 cusp forms. One may give S a basis of forms {fi, -, fy} such that each f; has

g-expansion f; = ¢ + ---. Tt then follows that, up to scalar multiples,

dzx xdx
— = fg and — = fg—1~
Y Y

Therefore, as in Section 4.1, we may set

T = fgfl/fg and y= dw/fg

and find, by linear algebra on the g-expansions, the degree 2g + 2 polynomial relating x and .
We give a few examples.
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Table 4. Hyperelliptic curves of genus g > 3

X0(30) 28 + 627 4+ 92% + 62° — 42? — 62% + 922 — 62 + 1
=@ +4r—1)(@?+2—-1)(a*+23+222 -2 +1)
Xo(33) 28 + 1025 — 825 + 472* — 4023 + 8222 — 44z + 33
= (2% — 2 + 3)(a® + 2° + 82% — 323 4 2022 — 11z + 11)
Xo(35) 28 —4x” — 625 — 42® — 92t + 423 — 622 + 42 + 1
= (2242 —1)(2% — 525 — 923 — 5z — 1)
X0(39) 28 — 627 + 325 + 1225 — 232* + 1223 + 322 — 62 + 1
=@ -T2+ 1122 —Te+ 1) (' + 23 — 22 + 2+ 1)
X0(40) 28 + 820 — 221 + 822 + 1
Xo(41) 28 — 427 — 82° + 102° + 202* + 823 — 1522 — 20z — 8
Xo(46)/Wo | 28 + 227 — 1325 — 3425 — 92* + 102% — 222 + 122 — 7
= (@3 4222+ +1)(2® + 222 = 3z + 1)(2% — 22— 7)
X (46) 212 — 2211 + 5210 + 629 — 2628 + 8427 — 11326 + 1342°
—64at + 2623 + 122% + 8z — 7
=@ +2?—z+7)(2® - 222 + 32— 1)(2% — 25 + 42 — 23 + 222 + 22 + 1)
Xo(47) 210 — 629 + 1128 — 2427 + 1925 — 162° — 132* + 302 — 3822 + 28z — 11
= (2° —2* + 2% + 2% — 22+ 1) (2® — 52* 4 523 — 1522 + 62 — 11)
X (48) 28 4+ 142t + 1
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Xo(51)/Ws3 | 28 — 627 + 928 — 1425 4 202* — 22° — 1922 + 18z — 15

= (z* — 22% + 322 — 62 + 5)(2® — 5x? + 3z — 3)(z + 1)

Xo(55)/Ws | 28 — 627 — 25 + 382° + 2% — 842 — 2822 + 44x

= (@3 —dr—4) (2 +2 - 1)(2? =Tz + 1)z

Xo(56)/Wo | a8 — 627 + 926 — 1625 4 402* — 3223 + 3622 — 48z + 16

= (2% —42® =8z +4)(2® + 2+ 2)(z — 2)(x — 1)

Xo(59) 21?2 — 82 + 22210 — 2829 4 328 + 4027 — 6225 + 402°
—3z% — 2423 + 202% — 42 — 8
= (2% — 72® + 1627 — 2125 + 122° — 2 — 923 + 622 — 4z — 4)

(22 — 2% — 2+ 2)

X0(62)/Wo | 219 +22° — 52® — 2227 — 4125 — 302° — 22* + 3223 4 2122 + 42 — 12

(3 4+ 42% + 5z + 3) (23 + z — 1) (2* — 22° — 322 — 4z + 4)

Xo(71) o1 4 421 — 2212 — 3821 — 77210 — 262° + 11128 + 14827
+28 —1222° — 702" + 3023 4 4022 + 42 — 11

= (27 + 42% + 525 + 2% — 323 — 222 + 1)

(27 — 7% — 112* + 52% + 1822 + 4z — 11)

4.5 Summary

In Chapters 3 and 4 we have described methods for obtaining projective models for modular
curves and we have given large tables describing the results obtained.

We have given equations for every modular curve Xo(N) having genus 2 < g < 5. For each
of these curves we have, in most cases, given equations for all their (non genus zero) quotients
Xo(N)/W,, where n|N. We have also listed equations for all curves X (p) having genus 2 or
3 and, for p < 251, all curves X (p) of genus 4 or 5.

The hyperelliptic models given in this chapter do not seem to share the property of having
the strikingly small coefficients of the non-hyperelliptic models. For the hyperelliptic case we
have sought the obvious hyperelliptic model. This model is probably not, in general, the one
which has the smallest coefficients. One alternative model for genus 2 curves is a plane quartic
with a singularity, another choice is an intersection of quadrics in P*. We have not tried to find

alternative models, with small coefficients, for these hyperelliptic cases.



Chapter 5
The Hemi-Canonical Map

The standard way to embed abelian varieties (i.e., certain complex tori) in projective space is
to use theta functions. This idea was developed by Mumford [27], and it uses a very general
notion of theta function.

A variation on this process may be used to map certain modular curves into projective
space. This is described in Igusa [21].

A reason why this notion is appealing to us is that theta series may have g-expansions
which are very sparse and have small coefficients. It therefore seems plausible that the models
obtained from the projective embedding using theta series will have small coefficients.

There is a tradeoff here in that the most useful theoretical notion of theta function may not
be so useful from a computational perspective. In this chapter we aim to use a very simple
notion of theta series, with which it will be easy to compute. Namely, we will use theta series
coming from integral binary quadratic forms. The advantage will be that such theta series are
quite easy to work with. The disadvantages will be that the mapping to projective space does
not, in general, have the nice properties we desire.

In the first section of this chapter we give a summary of the classical theory of using theta
functions to give embeddings of modular curves. We then spend several sections introducing
the background on the theta series we will be working with. Later we discuss the application

of these ideas to the problem of computing equations for modular curves.

5.1 The Classical Approach

This section follows Chapter 5 of Igusa [21]. We are primarily interested in the one variable
case, so we specialise the argument if it helps to do so.

First we define two groups. The symplectic group Sps,(R) is the subset of GLa,(R)
consisting of v such that vE~! = E where

Thus, in the n = 1 case, Sp2(R) = SLy(R). Also, Oz, (R) is defined to be the subset of Spa, (R)
L ot
The Siegel upper half space of degree n is defined to be

consisting of v such that v~

H, ={Z=X+1iY € M,(C) | Z' = Z and Y is positive definite} .

Clearly for n = 1 this is just the usual halfplane H.
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There is a formulation of the Siegel upper half space in terms of the symplectic group.

Namely, there is a homeomorphism (given by “evaluation at i) between H,, and

Oz (R)\Spy, (R).

Igusa fixes an integer e = 0(mod 4) and considers the group Gz(e, 2e). This group is, in the
one variable case,
Gz(e,2e) = To(e) NTO(2) C SLy(Z), (5.1)

where TO(N) is the set of matrices in SLy(Z) whose top right entry is divisible by N. As
Gz(e,2e) C Spy(R) it acts on Hy. We define the following “modular curve”.

Y. = Gz(e, 2e)\H;. (5.2)

One may complete this by introducing cusps, just as one does for the modular curves Yp(NV).
The curve Y, is the object for which Igusa gives an embedding into projective space. To show
how this is done it is first necessary to introduce theta functions.

The general notion of theta function, as used by Mumford, is the following. Let r be
the dimension we are working in (for this application we take r = 1). For m,m’ € R",
7€H, C M. (C) and z € C" define

Om.me (T,2) = Y exp <27ri (;(n +m)r(n+m)' + (n+m)(z + m’)t)> . (5.3)

nez”

¢

In the theory of embedding of complex tori, it is z which is the “variable” and 7 which is
fixed (since 7 determines the lattice). When we want to obtain embeddings for modular curves
the situation is the other way around.
Igusa defines the theta constants to be 6,, ¢(7,0). These are modular forms of weight /2.
We are now in a position to quote Theorem 4 of [21] (page 189). We specialise the statement

to the one-dimensional situation.

Theorem 2 Let ¢ = 0(mod 4). Then the theta constants give a projective embedding of the

modular curve Y,. Namely we have a well-defined injective map
Y; _ ]P)efl

given by
T+ [04,0(7,0)]

where x© runs through %Z/Z.

This theorem gives a very explicit description of a projective embedding for a modular curve
closely related to our Yy(V). If N = 0(mod 4) then Gz(N,2N) = T'o(N)NT°(2) and so Yy(N)
is a quotient of the modular curve Yy of (5.2) under the involution induced from the coset
representatives of Gz(N,2N) in T'g(N). When N is not divisible by 4 then Yy(N) is still a
quotient, but the degree of the covering is larger than 2. There are several practical drawbacks
with this embedding.

The main drawback is that the image lies in (N — 1)-dimensional projective space. So to
embed a modular curve Yy would require very large projective space. The coefficients may well
be small in this case, but one couldn’t claim that the equation is easy to write down.

Thus we are led to consider a different notion of theta series. We will work with the “average”
of the canonical map (weight 2 forms) and the method discussed in this section (weight 1/2)
and use weight 1 forms. With that goal in mind we introduce theta series of integral binary

quadratic forms. The reason for using theta series of integral binary quadratic forms is that
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they have small coefficients in their g-expansions, and also that there are usually enough of them
for the process to work. The coefficients coming from single variable quadratic forms would be
much smaller, however there is only one such quadratic form and so, to obtain more than one
theta series, one would have to consider complicated characters etc. The Dedekind function
n(7) is a theta series coming from a single variable quadratic form and it has often been used
in the past to calculate equations for modular curves. These calculations, though useful, are
less “algorithmic” than the method we will introduce. If we were to consider quadratic forms
in at least three variables then the number of different theta series would grow but so would
the coefficients. It was hoped that binary quadratic forms would be a suitable balance of these

two opposing forces.

5.2 Quadratic Forms

In this section we state a few facts from the elementary and well-known theory of quadratic
forms. This is mostly taken from [4] and [29].

A quadratic form in m variables is any expression of the form ) . a,zi"..2" where
the n; € {0,1,2} and ), n; = 2. It is convenient to introduce a matrix notation for quadratic

forms.

Definition 8 A matriz A is said to be even if it is symmetric, has integral entries and has

even entries on the diagonal.

To any even n X n matrix A, we associate the n-variable quadratic form

1
Qalxy, ..., xp) = 5(951,...,a:n)A(xl,...7xn)t.

Here t denotes the transpose of a vector or matrix.

A quadratic form @ is said to be positive definite if it only takes positive values and if
the only solution to @Q(n) = 0 is the trivial one n = 0. The determinant, D, of a quadratic
form @ 4 is defined to be the determinant of the matrix A. In the two-variable case, a necessary
and sufficient condition that the quadratic form be positive definite is that the diagonal entries
of the matrix A are positive and that the determinant is positive. In the case where m (the
number of variables of the quadratic form) is an even integer 2k then we may also define the
discriminant A = (—1)*det(A). Note that A = 0,1(mod 4). In particular, 2 x 2 quadratic
forms have negative discriminant and their determinant is = 0, —1(mod 4). Note that for
3-variable forms the determinant is necessarily even.

Let X be any m x m matrix with integer coefficients and determinant +1. The map z — X

induces a bijection of Z™ to itself. Now
1 1
Qa(zX) = 52X A2X)" = J2(XAX" 2" = Qxax+(2).

So we see that the quadratic form obtained from A represents exactly the same values as that

represented by X AX*. This motivates the following definition.

Definition 9 Two matrices A and B (or two quadratic forms Q4 and Qp) are said to be
weakly equivalent if there is an integral matriz X with determinant £1 such that X AX? = B.
The matrices A and B are said to be strongly equivalent if there is a matrizc X € SLy(Z)
such that XAX' = B.

Note that weak equivalence is designed for use with theta series. If the word “equivalent”
is used without a qualifier then it is weak equivalence which is to be used. If the application of

quadratic forms is for class number calculations then one works with strong equivalence.
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Definition 10 The level of a quadratic form Q4 is the least positive integer N such that

NA™Y is an even matriz.

We will see, in Theorem 3, that a quadratic form of level N will give rise to a theta series
of level N. Note that we will usually be concerned with matrices for which N = D. Also we
will usually demand that NA~! be equivalent to A. These two restrictions are not too severe

in the two-variable case as we have

2a b 2c -b
A= with det(A) =D and DA™ =

b 2c —b 2a

Thus it is clear that N always divides D and that, to have N < D, it is necessary that a,b and
c all have a non-trivial common factor. When a, b and ¢ have a common factor, the quadratic
form is said to be imprimitive. If (a,b,c¢) = 1 then the quadratic form is primitive. If Q4 is
an imprimitive quadratic form then the matrix A would be a multiple of some primitive matrix
A’ of smaller determinant. This means that the theta series associated to A is an oldform

coming up from level det(A’). Finally, note that A is strongly equivalent to DA~! under

5.3 Reduction of Quadratic Forms

Once again we deal only with the 2-variable case and leave the general situation to the literature
(see for instance Cassels [4]).

There are many different equivalent matrices A representing any given positive definite
binary quadratic form. The process of reduction gives a way to easily list a set of representatives

for all the equivalence classes.

Lemma 10 Any positive definite binary quadratic form is equivalent to a form of the shape
Q(x,y) = ax?+bry+cy? where |b] < a < ¢ (recall that we only consider positive definite forms,
soa,c>0).

Note. This lemma is stated in the context of strong equivalence. For weak equivalence observe
that, by simply taking the mapping x = —x (which has determinant —1 when written in matrix
form), the variables may be chosen with 0 < b < a < ¢. For either definition of equivalence we
say that the form (or matrix representing it) is reduced if the coefficients satisfy the bound
|b] < a < c¢. Note that, if @ = ¢ or |b| = a, then the two choices of b give equivalent quadratic

forms, and so one may as well assume that b > 0.

Proof. We apply 2 basic operations to the quadratic form. They are
(1) = = —y';y = 2’ which maps the form to cz'?> — ba'y’ + ay'? .
(2) © =2' +y';y =3y which maps the form to az’? + (b + 2a)2’y’ + (a + ¢ + b)y'%.

Note that a + ¢ > |b| since the form is positive definite. These two operations are applied

repeatedly according to the following rules
(i) If a > c then apply the first operation.

(ii) If |b| > a then apply the second operation (choosing the + sign to be the opposite of the
sign of b).
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If neither of these conditions is satisfied then the quadratic form is already reduced and the
process halts.

This process will always halt because all applications of the second rule will strictly reduce
|b]. Hence only a finite number of steps can occur. O

Now, given that every equivalence class contains one of these representatives, we may bound
the size of the coefficients. Suppose we wish to find a representative for each (weak) equivalence
class of binary quadratic forms with determinant D. This amounts to solving D = 4ac — b2
subject to 0 < b < a < ¢. The constraint on a,b and ¢ gives 4ac — b? > 3b? and thus we see

that it suffices to look for quadratic forms with

0<b<+/D/J3. (5.4)

5.4 Class Numbers

Under strong equivalence, the grouping of quadratic forms into classes is exactly as with weak

equivalence, except that it distinguishes

2a b 2a b
and

b 2c -b 2c

when 0 <b<a<ec

It is well known that the number of equivalence classes (using strong equivalence) of primitive
integral binary quadratic forms of determinant D is the same as the class number hp of the
number field Q(v/—D).

Therefore, one may estimate the number of weak equivalence classes of quadratic forms
from the class number of Q(y/—D). In particular, if D is square-free, then all forms must be
primitive, and so the number of weak equivalence classes is between hp/2 and hp. In any case,

we see that the number of quadratic forms of discriminant D grows in a similar way to the class

number of Q(v/—D).

5.5 Theta Series

Suppose Q(n) = %@A@t is a quadratic form with determinant D = 0,—1(mod 4) and level N
(usually N = D). Define the theta series 6g(7), as a Fourier series in ¢ = exp(2mir), by

Oo(T) = Z exp(2miTQ(n)) = Z O, (5.5)
nez? nez?

The series defining 6¢ converges absolutely on 7 € H. This may be seen by noting that,
for 7 =z +iy € H (soy > 0), we have |¢(7)| = exp(—2ny) = € < 1. Now Q is positive
definite and, in fact, Q(z,y) > k(2? + y?) for some constant k (depending on a,b and ¢). So
oM <>, >, k(@ +v*) < (1 — €¥)=2. Hence the theta series is a holomorphic function on H.
In general there may be poles at the cusps. At the cusp co we see that 6 takes the value 1.

In order to prove that the 6g are modular forms it is usual to generalise slightly and study

Oo(rih) =y oW (5.6)

where h € Z?. Note that this is a generalisation as 0 (7) = 0o (7;0). We quote the following
result without proof from Ogg [29] Theorems 20 and 20" on pages VI-22 and VI-25, or Shimura
[34] Proposition 2.1.
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a b
Theorem 3 Fory = € Ty(N),

c d

Oq(:1) |y = (c1 + d) " 0o (v(7); 1) = exp (2miabQ(h)/N?) x(d)0q (7; ah).

Here the character x is defined to be the Jacobi symbol (see Shimura [34] pg. 442)

Note that this is the description of the character, y, for quadratic forms in two variables.
The general formula (for higher weight) is somewhat more complicated (see [29] or [32]).
In the applications we set & = 0 and find that 6g(7) is a modular form of weight 1, level N
and character x.
Theorem 3 is proved by first showing the following formula, using Poisson summation (as
always, the quadratic form @ corresponds to the matrix A).
0o (T; :c) =D1/? Z exp(2rin‘z — mir"'n'A7'n) . (5.7)

)
nez?

The general case of Theorem 3 may then be obtained by careful use of this basic relation.

In later sections we will need a generalisation of the basic transformation formula (5.7). The
rest of this section concerns the statement and proof of this generalisation. It is well known that
one may generalise the notion of theta series by putting a character in the definition, namely
0o (m;) =3, ¥ (n) ¢®™@. Our analysis is motivated by this example, however we have gone
further by not?ng that the multiplicative property of 1 is not essential.

Definition 11 Let P be a positive integer. A function of period P is a mapping v : Z2> — C
such that ¥(n +m) = y(n) for all m € PZ?.

Given a function 1) of period P, and any x € R2, we define the theta series

7_ x7w Z w Q(Q+£) (58)

nez?

Note that the usage z € R? is similar, but not identical, to the h € Z? of equation (5.6). We
now give the generalisation of (5.7) in this context.

Proposition 8 Suppose v is a function of period P. Write S = {(i,5)! | 0 <i,j < P} (i.e., S
is a set of representatives of Z*/(PZ?)). Suppose Q is a quadratic form arising from a matriz
A of the usual form. Then

2
. _ip-1/2 -1 - Cpoa—1 2
Oo(T;2,v) =iD 12+ E 2 E Y(s)exp(2min's/ P) exp(mn z—min'A" 'n/P 7') .

nez? seSs
(5.9)

Proof. For a fixed 7 write f(z) = 0g(7;2,v). Then f is a periodic map from R? to C of
period P. We consider f as mapping the “square” [0, P]?> C R? into C.
There is a standard orthogonal basis for the continuous functions on [0, P]?, namely { f,,(z) :=

exp(2min'z/P) | n € Z*}. The standard Fourier theorem states that f may be written as
> neze Anfn, where

1
an = §2) 0.2 f(@)fu(—2)dz.
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We will calculate the Fourier coefficients of the function f(x) following the methods used in
Ogg [29] pages VI-11 and VI-12.

1 (P (P - »
=z [ [ X vlmesn(rirQ(un + z)exp(~2in's/ P

mezZ?

We may swap the order of integration and summation so that the sum over m is on the outside.
Now break the sum over m € Z? up into P? parts by summing first over s € S (where S is
a set of representatives of Z2/PZ?) and then over m = s(mod P). We now have isolated the

action of the function . So we have

1 P P ' -
In = 53 RUE) > /0 /0 exp(2miTQ(s + m + z))exp(—2min'z/ P)dx

seSs mez?
m=(0,0)" mod P)
Now substitute y = m + z (noting that we have exp(—2min'y/P) = exp(—2win‘z/P)). The
sum of the double integral may now easily be turned into a double infinite integral.

1 o0 o0
an = — Y (s) exp(2miTQ(s + y) — 2min'y/P)dy| . (5.10)
= g0 [ emterirats s -ty

The next step is to “complete the square” on the inside of the exp in equation (5.10). For
typesetting considerations write w := s +y — %7‘_114_1@ Note that Tw!Aw = 7(s + y)tA(g +
y)— 3n'y — Zn's+ gzn' A~ n/7. Hence the term in square brackets of (5.10) may be written
as

/ / exp (WiTﬂtAw) exp (QWith/P — WiﬂtA_lﬂ/PgT) dy.

The second exponential has no dependence on y, so it may be carried to the front as a constant.
The remaining integral may be evaluated using exactly the same techniques as used in Ogg ([29]
pages VI-11 and VI-12), and this gives a value of D~ 1,

Hence we have

1
an = ﬁzw(g)exp(QTriﬂtg/P) D71/2i7'716xp(—mﬂtAflﬂ/PQT)
seS

and the statement of the proposition follows from this. a

We should note that these generalised theta series with functions of period P need not
actually be modular forms. However, if the function 1 of period P satisfies certain relations,
then the theta series will be a modular form. We do not go into detail about this point, as the
definition of the hemi-canonical map will not actually use this general notion of theta series.
The functions of period P arise, in practice, when trying to analyse the behaviour of the theta
series under certain Atkin-Lehner involutions (see Section 5.6). The previous proposition gives
all the information required to understand the action of the involutions and therefore we give
no further analysis.

It is possible to generalise the definition of theta series in other ways. One may use spherical
functions to create more theta series of a given level. This changes the weight of the corre-
sponding modular form. We could use this to generate equations but, if we start with forms of
different weight, the equations will not be homogeneous. We do not explore that option in this
thesis.

We finally note one further result which will be useful in later work. Notice that this result

applies to the discriminant, D, of the form rather than the level N.
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Theorem 4 ([29] Corollary page VI-12) If Q is a quadratic form of discriminant D arising

from a matriz A and if DA™ is equivalent to A then

0 -1
0o(7) = —ibq (7).
D 0

5.6 Involutions on Theta Series

It will be important to understand how the theta series behave under the involutions W,,. This
is actually quite complicated.

Theorem 4 of the previous section explains the behaviour of 8(7) under Wy when N = D.
However we will sometimes consider theta series of composite level. Thus we must understand
the action of the involutions W, where ¢|N. It seems that the eigenvalues of I, depend quite
subtly on the arithmetic properties of the quadratic forms associated with the theta series.

We give a full analysis of the case D = 76 = 2219 and we let the reader wallow in the agony
with us.

There are 3 strong equivalence classes of quadratic forms with discriminant 76. Namely

2 0 4 2 8 2
A1: A2: A3:

0 38 2 20 2 10

Note that A; and Az have level 76 while A5 has level 38 (i.e., Ay corresponds to an imprimitive
form). The order having discriminant 2219 is O = (1,v/—19) in Q(v/—19). As there are two
weak equivalence classes of matrices which are strongly equivalent to A3 we see that the order
O has class number 3.

Define the theta series 0;(7) := fq, (), where @; is the quadratic form associated with the
matrix A;. For all v € I'y(76) we have

0;(7) v = x(d)8;(7), (5.11)

where x(d) = (_776> for any prime p = d (mod N). It is an important point that the character
here depends on the discriminant and not the level. Therefore the theta series using A will
have the same character as the theta series associated to A; and Az. On the other hand, we
cannot include the theta series associated to %Ag (which has level 38), as it will have a different
character.

We now study the behaviour of these the Atkin-Lehner involution Wi9. Note that, in
general, the theta series we consider will not be eigenforms with respect to W,,. This is not a
problem for the application, because the hemi-canonical map is a map into projective space,
therefore all that is required is that 6(7)|W,, = u(7)8(7) where p(7) is the same for all the theta
series under consideration. It is usual to call p(7) the multiplier. We stress that the multiplier
need not be a constant, it may be a complicated function of 7. The issue is to know, for which
W, all the theta series of a given discriminant have the same multiplier with respect to W,,.
If this occurs then the hemi-canonical map will factor through the quotient.

The rest of this section is dedicated to proving that 6,(7)|Wig = —i6,(7) for j =1,2,3. In
this case the theta series are actually eigenforms. The arguments in this section are elementary
but detailed. It is necessary to handle the case 65 separately from the other two cases.

We first analyse 02(7)|Wi9. On I'g(38), the involution W39 may be chosen to be

19 -—-10
Wig = S GLQ(Q)

38 —19
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Writing w = 387 — 19, we have
19 1
92(7')|W19 - \/Ewilaz (TW) \/7w7192 < (1 — w>)

=V19w™ Z exp (2miQ2(n)/2) exp (—27miQ2(n)/2w) .
nez?
Now observe that Q2(n) = 0(mod 2) and so the first exp term is identically 1. Apply equation
(5.7) (equivalently (5.9) with P = 1) by substituting —1/2w for 7 and setting z = 0. The

previous expression becomes

= V19w i(—2w)D~1/? Z exp (m'QtAZ_IQQw) (5.12)

nez?

where D = 76. We now use the fact that 2w = D (7' — 7) and that DA gives the same

quadratic form (by swapping n; and ns) as As. Thus equation (5.12) becomes

1
—i n§2 exp (2771@2(71) <7’ - 2)) = —i6,(7).

So we have shown that 05(7)|W19 = —ifs(7).

Now consider the level 76 forms #; and 63. We repeat a similar argument but in this case
we collect some functions of period 2 along the way. We handle both cases together until the
last step, when the difference between the quadratic forms becomes important.

For level 76 a choice of Wiy is

19 -5
Wig =

76 —19

Writing w = 767 — 19 we find, as before,

0(7)|[Wio = V19w~ 10 <i (1 - w)) V19w~ > exp (2miQ(n) /4) exp (—2miQ(n) /4w) .

nez?

(5.13)
Observe that exp (2miQ(n)/4) is a function of period P = 2 which depends on the behaviour of
Q(n). We will simply call this ¢(n) and return to it later. Also observe that 4w = Dw’ where
w' =47 —1.
As in the level 38 example we must now apply a transformation formula. In this case we
need (5.9) as we are dealing with functions of period P. Again we substitute —1/4w for 7 in
(5.9) and set x = 0. We find that equation (5.13) becomes

= -2 Z Zw s)exp (2min's/2) | exp (min' A" 'ndw/4) . (5.14)

nez?

Now use the fact that 4w = Dw’ and that DA™ is equivalent to A. But we must be careful,
because in the equivalence of DA™! and A we switch the components of n. Therefore we change
the first exp term within the square brackets. We write X for the obvious equivalence matrix
and write m = Xn (so, equivalently, n = Xm).

Equation (5.14) therefore becomes

=-2i Y iZw@exp (2mi(Xm)'s/2) | exp(2miQ(m)(47 — 1)/4). (5.15)

meZ? s
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In order to show that these theta series have eigenvalue —i with respect to Wig it will therefore
suffice to show that

% > (s)exp (2mi(Xm)'s/2) | exp(—2miQ(m)/4) = 1 (5.16)

for each m € Z/27Z.

At this stage it is necessary to treat the two cases differently. For 6;(7) we note that
Q(x,y) = z2 + 19y2. We see that Q(0,0) = 0,Q(1,0) = 1(mod 4), Q(0,1) = —1(mod 4) and
finally that Q(1,1) = 0(mod 4). Recall that ¢(u,v) =exp(2miQ(u,v)/4). Therefore, if we write

m = (z,y)?, the term

Z¢(§)6XP (2mi(Xm)'s/2) = (L4 i(=1)Y —i(=1)" 4+ (=1)**Y). (5.17)

Now we may try the four possibilities for m in (5.17) and we see that the result follows.
Finally, consider the case of 63(7). Here Q(x,y) = 42 + 22y + 5y?. We find that the

analogous equation to (5.17) is
(14 (=1)Y +i(—1)" —i(-1)"1Y).

Again, by trying the four possibilities for m € Z2 /272 the result follows.
Note that 61 (7) and 03(7) have the same behaviour under W = Wp. With 6, since N # D,

0 -1
one cannot analyse 05(7)|Wy in such a direct manner. Instead, write W = and
% 0
note that
1/2 0
Wsg = Wr where v =
0 1

Therefore 05(7)|[Wsg = O5(7)|Wly = \_/—%(92(7'/2)7 and this is seen to be not equal to i6(7)
by considering the g-expansions. Hence the theta series do not all behave the same under
Wy. This therefore tells us that they do not all have the same eigenvalues under Wy (since
Wy = WyWig). In fact, as we will see later, these three forms give an equation for X (76)/Wig.

As one can see, the process of understanding the Atkin-Lehner involutions on theta series
comes down to the arithmetic of the quadratic forms themselves. In general one finds that
different theta series of discriminant D tend to have the same behaviour with respect to W,
(where p*||D) only when D/p® is small (e.g., 2, 3, 4). We conclude that general formulae
for the behaviour in this situation will be complicated to write down. In the applications, we
are usually more interested in finding equations for Xo(N) or XD+ (N) where N is not highly
composite, so the complexities discussed in this section do not tend to arise. Hence we spare
the reader and leave this topic behind.

5.7 The Hemi-Canonical Map

We now emulate the theory of the canonical embedding and that of the projective embeddings
of Mumford and Igusa, using the theta series introduced in earlier sections.

Suppose we are interested in obtaining a projective equation for the modular curve Xo(V),
where N = 0, —1(mod 4). We have seen that there are theta series, which are modular forms of

weight 1 and level N, coming from integral binary quadratic forms of discriminant N. Suppose
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there are at least 3 such theta series, and write them as {6, ...,6,}. We may then define the
map
¢: Xo(N) — Pt
(5.18)
T = [01(7) - 0,(7))

We will call this the hemi-canonical map (the name was chosen by Bryan Birch). That
the map does not depend on which representative, in the I'g(N)-orbit, of 7 follows from the
modularity of the 6(7) combined with the fact that they all have the same character.

Obviously this map is not defined if all the §; vanish identically at a point. However, as
long as this only occurs at finitely many points, we still get a rational map of curves and this
is good enough for our purposes.

The more important problem is to understand when this map is an injection. Certainly, as
we have seen, all the theta series behave the same under Wp. Thus (when all the theta series
have N = D) the hemi-canonical map factors through Xo(N)/Wy.

Note that the image corresponds, as in the case of the canonical map, to the curve defined
by some polynomials ®. These polynomials are found by considering relations between the 6;
which give the zero modular form. Such relations may be found using linear algebra on the
g-expansions in the same manner as that used in Chapters 3 and 4.

Also note that theta series naturally have small g-expansion coefficients, and indeed their
coefficients are quite sparse (meaning that zero appears quite often). This makes us optimistic
that theta series could yield projective equations for modular curves which have quite small
coefficients.

5.8 Examples

In this section we give some detailed examples of the hemi-canonical map. We analyse the
projective curves obtained as the image of this map. This gives both a demonstration of the

method in action and also an illustration of some of the difficulties inherent in this method.

5.8.1 Level 103

We find a total of three quadratic forms of determinant 103. They come from the matrices

Notice that for each of these we have N = D = 103.
Write x,y and z for the theta series corresponding to these three quadratic forms. These

theta series satisfy the relation

224 + 23y — 5adz — 3a%y? — 3a2yz + 102222 — 22y
+62y%2 + 2yz® — 9x23 + 6332 — 15y°22 + 5yz + 621 = 0.
This curve has only one singularity, and it is at [1: —2: —1]. Weset y = u—2z,z = v —x and

then make the curve affine by setting v = 1. This results in a curve in A? which has a singular

point at infinity. The form of this curve is

p2(u)a® + ps(u)z + pi(u) =0
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where p;(u) represents a polynomial of degree j in u. Multiplying by ps(u) and then making

the (birational) change of variable w = po(u)z, gives the obvious hyperelliptic genus 2 curve
w? + p3(u)w = —pa(u)py(u).
Explicitly this is
w? 4 (—8u® + 46u — 43)w = —144u5 + 732u* — 1296u> + 781u” + 167u — 246.

This equation is a model for the genus 2 curve X (103).

5.8.2 Level 76

As we have seen in Section 5.6, there are 3 quadratic forms of discriminant 76 = 2219, namely

2 0 4 2 8 2
A1: A2: A3:

0 38 2 20 2 10

Set, as before, Q;(n) = +nA;n' and 0,(1) = 6o, (7). We find (using linear algebra on the
g-expansions) the following relation between the three theta series.

=307 + 130,65 — 246705 + 226705 — 96105 + 65 + 106765 — 20670263 + 186,0563 — 86163 = 0

This gives a projective curve with one singularity at the point [1:1:0].
If we take functions z(7) = 05(7)/01(7) and y = 03(7)/01(7) we see that they satisfy the
relation
(x —1)%(2® — 72% + Tz — 3) = 2y*(4y® — 92% + 102 — 5).

We know that « and y are modular functions on I'y(76) and that they are both preserved under
Wig.
By the birational change of variables ¢ := y/(z — 1) we may remove the singularity at

(z,y) = (1,0) and obtain the non-singular equation
C:a2® —T2° +7x — 3 = t*(8(x — 1)*t* — 2(92° — 10z + 5)).

The map (x,t) — (z,v) (where v = t?) therefore makes C' a double covering of the curve
D:2®—72% 4+ 7x — 3 =v(8(z — 1)%v — 2(92% — 102 +5)). This cover is ramified over 4 points.
The curve D can be shown to be elliptic by the birational change of variables w = 8z,u =
8(v — 922 + 10z — 5)/(x + 1) which yields

E:u? =w’ — Tw? + 16w + 64.

This is an elliptic curve with j-invariant —1/2°19 and we see from Cremona’s tables [8] that it
has conductor 38.

The Riemann-Hurwitz formula therefore shows that the genus of C' is 3. The curve X (76)
is expected to split into curves of genus 1,3,2,2 (these are the ++, +—, —+, —— parts under the
involutions Wy and Wig). We expect our curve C to be a subvariety of X(76)/Wig. Since
both curves have genus 3 we conclude that we have found a model for Xy(76)/Wig using the

hemi-canonical map.

5.9 Discussion

Because the coefficients of the theta series we are considering are both small and sparse, we

had high hopes that the hemi-canonical map would give good projective models for Xo(NV).
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Indeed, the coefficients of theta series may be rigorously bounded and it was hoped that such
bounds could be used to obtain a bound on the size of coefficients in models for Xo(N).

Unfortunately these hopes were doomed to disappointment. The hemi-canonical map seems
to be much less successful than the canonical map.

One of the main problems with the hemi-canonical map is that the number of theta series is
related to the class number of (@(\/5) Admittedly, the image of the canonical embedding sits
in space of dimension g — 1. Nevertheless, the class number seems to grow much faster than
the genus. In these cases the image of the hemi-canonical map is described by the intersection
of a large number of equations. This is sometimes not a very useful form.

Often there are not enough theta series to even get started. In these cases it may be fruitful
to generalise the definition of theta series (for instance, by using suitable functions of period 2).
In this way we obtain more forms, but the drawback is that these forms tend to be of higher
level (e.g., 4N).

Finally, even when we are lucky enough to get a sensible number of theta series to start
with, the equation relating them tends to be singular. This is not necessarily a major drawback,
though it does mean that the equation is not as simple as it could be.

The root of the trouble is that there is very little control over the degree of the image of
the hemi-canonical map, or the dimension of the projective space it lies in. In the case of the
canonical embedding, since the weight 2 cusp forms correspond to well-understood geometric
objects (the holomorphic differentials), we knew we would obtain a canonical curve of degree
2g — 2 in P91, In the case of the hemi-canonical map, there doesn’t seem to be any concrete
link between the theta series and an easily understood geometric object. Correspondingly, it
is less easy to understand the geometry of the equations which arise. The dimension of the
projective space comes from the weak class number which can be understood from an arithmetic
viewpoint. However, one cannot predict the degree of the image curve.

Our original motivation for using theta series was that they have small g-expansion coeffi-
cients and so it was hoped they would give models with small coefficients. In this respect the
method has some value as the coefficients arising are quite nice. On the other hand one does

not obtain strikingly small coefficients (as we sometimes did with the canonical embedding).

5.10 Tables of Results

We list the results of some computations of equations using theta series. We only give equations
for curves having genus at least one (except for X (71), which is included because its coefficients
are nice). Since theta series tend to all have the same eigenvalues under W, it follows that many
of the curves found do actually have small genus. The variables correspond (in alphabetical

order) to the given ordering of the matrices.
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Table 5. The Image of the Hemi-canonical Map

X0(44)/ Wy

2 0 4 2 6 2

0 22 2 12 2 8

2xt — 23y — 222y% + y* — bl + 22yz + 229%2
+72222 + zyz? — 2222 — Bxzd — Y23 + 224 =0

Singular at [z :y:z]=[l:1:1]and [1:—1:1]

2 0 4 2 6 2
0 34 2 18 2 12
22y? —xyd + 2222 — 3wy +224 =0

Singular at [z :y: 2] =[1:0:0]

2 1 4 1 6 1 8 3
X (71)
1 36 1 18 1 12 3 10
g=20 w? —wxr —zy +y? —wz+yz=0
wr—x? -y’ —wz+zz+22=0
wr —wy —ay —y2 +2yz =0
2 1 6 3 10 5
Xo(75)/Wrs
1 38 3 14 5 10
g=1 2xt — Trdy + Tx2y? — Toy® + 2% + 232 4 2%yz — 29?2 — 32
=222 + 6ayz? — 2222 + 22 =0
Singular at [1:-1:z] where 22 = 5.
2 1 4 1 8 3
X (79)
1 40 1 20 3 10

23— 2xy? + 3 — 222 4+ 220yz — 3yPr — 222 + Y22 + 223 =0
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2 0 6 0 4 2 10 4

0 42 0 14 2 22 4 10
w? + wr? — 2wy? —w?z + 222 =0
w2z 4+ 2% — w?y + 2%y — 2222 =0
w?zy — 22y? — 2y — walz — w?2? +2y%22 + w2 =0
—w%y + w2y2 - a:y3 +wr?z — dwxyz + 2wy22
+a22? — 2wy2? 4 29222 + w2 =0

Singular model which is not a complete intersection.

2 0 4 2 8 2
0 26 2 24 2 12

223 — 2xy? — y3 — da?z + 3y?z +4x2? — 3y + 23 =0

2 1 10 1 6 3

1 50 1 10 3 18
25 — oty + 23y + 22y® — wyt o5 — 20t — 202922
—2tz + 2322 + 5ay2? 4 Bay?2? + 322 — 22223 — Sxy23
—222% + w2t oyt +225=0

Singular at [1:1:1] and [1:(1 4 /=3)/2:0]

X0(100)/ (W2, Ws)

g=1

2 0 10 0 4 2
0 50 0 10 2 26

3 — 322y + xy? + >3 + 2222 4+ 2wyz — 4222 =0
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2 1 4 1 8 3
X, (103)
1 52 1 26 3 14
g=2 2zt + 23y — bz — 3x2y? — 3xyz + 102222 — 21> + 62y’ + zyz? — 923
+6y32 — 159222 + 5y2® + 624 =0
Singular at [—1:2:1]
2 1 4 1 8 1
X (127)
1 64 1 32 1 16
g=3 4x® + dxty — 202z — bady? — 24x3yz + 452322 — 52y + 1022y%2
+5322y2% — 582223 + wyt + 18xy>z — Tay?2? — 58xy2> + 4222* + 2y° + 4tz
—139322 + 24223 + 23y2* — 152° =0
Singular at [—1:4:2] and [1:—1:1]
2 1 6 1 10 3
X, (131)
1 66 1 22 3 14
g=1 x® — 2y 4+ ay? — 2% — 2222 — y?2 + 2222 + 3y — 22 =0
2 1 4 1 8 3
X (151)
1 72 1 38 3 20
g=3 —28 — 62%y + 102°2 — daty? + 4datyz — 41222 + 13233 — 323922
—11323y2% + 952323 + 1222y* — 8722932 + 81229222 + 13522y2>
—1362%2* — 8xy® — dxy*z + 1232322 — 1492y 2% — T3xyz* + 115225
—8y0 + 48y5z — 642%y* — 492393 + 115242 + 5yz° — 5026 =0
Must have many singularities
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z® — 2ty 4+ 2203y? — 22y + xyt + 205 — 42dyz — 2%y2 — Szt
—Tytz + 322y2? + dxy?2% + 5y 2% + 2223 + dayz® — 222 =0

Singular at [0:0:1] and [—1:1:1]

2 0 6 2 14 6
Xo(188)/(Wa, Wyr)
0 94 2 32 6 16
g=1 —23y? — 2322 + 22293 — 20%y% 2 + da?y2? + 22223 — 2wyt + 4oy
—3xy?2? — dayz® —x2t 4+ 29° =0
Singular at [1:0:0], [1:0:1] and [1:1:—1]
2 1 4 1 8 1 14 1
X (223)
1 112 1 56 1 28 1 16
g==6 w 4+ 2wz + 2w%a? + wad — 22t — 2wdy — Tw?ay — Swr?y + 2w?y?
+Tway? + 622y? — wy® — 4oy — w3z — 3wirz — Swrz + 53z + 4wyz
+wryz — 22yz — 6wy?z — Tey?z + 5yt z + w222 4+ dwaz? — 32222 4 3wyz?
—4y222% — 3wz® + 3y + 22 =0
And three more equations like this first one !
2 1 6 1 14 1 10 3
X (251)
1 126 1 42 1 18 3 26
g=14 w?r — wr? — wly + 2%y + wy? + 2y? — 2222 =0

w3 —w?r + 2wr? — 2% — 2wy + 2%y + 3wy? — 2xy? — 2> — 2wz

2222 +3y%2 4+ 2222 —y2? + 23 =0
Note that this is an intersection of two cubics, rather than an

intersection of a cubic and a quadric, therefore it must be singular.

We should make a few comments about how to check that the equations are what they

claim to be.

In almost all cases N = D and therefore the theta series all behave the same under Wy.

There is the possibility that the theta series could have the same behaviour under other invo-

lutions W,,. Also one cannot rule out the chance that there are other ways for injectivity of the

hemi-canonical map to fail. Thus we expect the equations to describe some quotient of X¢ (V)
and usually this will be contained in Xo(N)/Wy.
By the Hurwitz formula, for genus at least 2, taking quotients reduces the genus. Thus we

have been able to check the correctness of our claims by calculating the genus of each of the

curves listed. The Pliicker formulae given in Griffiths and Harris [17] are useful for this task.
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We briefly discuss the calculation for X,(84)/Wsy, as it is the hardest case included in the
tables.

The second equation listed allows us to solve birationally for y, and thus obtain the plane
curve

w® — 3w'z? 4 8w?x?2? + Swr?2® — bw?az* — 8wtz — S (5.19)

This is singular at [1:1:—1], [—1:1:1] and [0:0:1]. The first two singularities are double points
or cusps. The third singularity has multiplicity 3. We will show that it may be removed by
blowing-up twice.

To blow-up [0:0:1] first set z = 1 to make the equation affine, with a singularity of multiplicity
3 at (0,0). Then set x = Aw and divide by w® to get the equation

—w3AS — 5w At — 8w\t — 3wPA? + 8wA? + 8\ + wS.

The singularity at (0,0) now has multiplicity one. Blowing up again by setting A\ = pw and
dividing by w? gives an equation which is non-singular at (0,0).
Therefore the genus of the singular plane curve (5.19) is given by
6-1)(6-2) 3(3-1)

- —1-1-1=4.
2 2

as expected.



Chapter 6

Heights of Modular Curves

In earlier chapters we have given explicit equations for projective embeddings of modular curves.
Some of these equations have very small coefficients. The theory of heights is a way to study
coefficient size in a precise mathematical manner. In this chapter we discuss the relationships
between different notions of height of (rather than “on”) curves. We are looking for clues which
would enable us to show why modular curves seem to have a model with small coefficients. Also
it would be interesting to know if our models with small coefficients can give any information
about the heights of abelian varieties such as Jo(N).

We will show how these heights relate to some conjectures in number theory. We discuss
some problems which could be considered as steps towards the proof of these conjectures. Using
the examples of previous chapters and by examining some of the heights in detail we illustrate
the subtlety and difficulty of some of these problems. It is hoped that this chapter has value
as a companion to the more theoretical literature on this topic.

This chapter is more speculative and concerns deeper theories than the rest of the thesis.
Correspondingly we will be more terse with the description and details. The first section

contains a brief summary of some of the motivating ideas and tools.

6.1 Heights and Arakelov Theory

The guiding star in this chapter, upon which the reader’s eyes should be fixed, is the classical

logarithmic height of a point in projective space over a number field. For a point P € PV (K)

fix a representative (Py,..., Py) € KNT!. For all finite places v of K set n, = 1 and define

||P||, =max{|P;|,}, where |.|,, denotes the usual (normalised) v-adic absolute value. For each
1/2

infinite place v of K define || P||, = (ZJ |Pj|12,) and set n, = 1 if v is a real place, or n, = 2

if v is complex. Then the logarithmic height of P is defined to be

h(P) = [Kl;(@] S nlog] P,

A key point is that this notion of height does not depend on the particular representative of P
chosen in KN*!. The reason for this is the well-known product formula.

Generalisations of the classical height have many applications. For instance the analysis of
the heights of rational points on elliptic curves is a major ingredient of the proof of the Mordell-
Weil theorem. A computational analysis of the heights may be used to actually compute
generators of the Mordell-Weil group.

The classical height associates a real number to a point in some space. In this chapter we
are more interested in heights which associate a real number to some geometric object (for

instance a curve or an abelian variety).
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It was observed that the classical height on projective space may be interpreted in the
language of Arakelov Theory (this interpretation is described in Faltings and Wiistholz [11]
I1.1). Arakelov Theory is also a useful language for the construction of heights on other objects.
We aim to keep the description as simple as possible and so we refer to [39], [40] for details on
Arakelov theory in general.

In the Arakelovian approach, one of the basic objects is the metrized line bundle. It will be
necessary to mention such objects in a few places in this Chapter, so we give some discussion
about them here. A good reference for this theory is Silverman [37]. Let X be a variety defined
over a field K. We will think of X as a scheme over Spec K, with sheaf of functions Ox. Let
L be a line bundle on X. For each point P of X, the stalk Lp is an Op-module. Since X is
a scheme over Spec(K), the stalk Op is a K-algebra. Therefore, Lp is a K-vector space. For
each infinite place v of K one may consider the K,-vector space Lp ® K,, where K, is the
completion of K with respect to the valuation v. We call £ a metrized line bundle if there
are metrics on each Lp ® K, which are chosen so that they “vary continuously” over P in X
(see Silverman [37]).

6.2 Heights of Abelian Varieties

One of the ideas introduced by Faltings (see, for instance, [11] or [12]) in order to prove the
Mordell conjecture is the notion of a height of an abelian variety. This is a number associated
to an abelian variety which measures, in some sense, its arithmetic complexity. Suppose A is
an abelian variety defined over a number field K. Let A be the connected component of zero in
the Néron Model of A over Spec(Of ). The canonical bundle w 4,0, may be given the structure
of a metrized line bundle (i.e., we give a canonical Hermitian metric on the bundle over each
infinite place, see Silverman [37] and [38] for details). The height of the abelian variety A is
defined to be

h(A) = [Klinﬂdeg (wA/oK)

where deg denotes the usual degree function (see Silverman [37]) for a metrized line bundle
over Spec(Ok).

Let M be the moduli space of principally polarised abelian varieties of dimension g. Assume
we have some projective embedding of M. The height of such an abelian variety A is closely
related to the height of the point P € M, which corresponds to A.

Information about heights of abelian varieties gives vast amounts of arithmetic information.
The following few sections will start to describe some of the theory necessary to provide a

theory of heights of projective varieties.

6.3 Heights of Polynomials

Heights also arise in the theory of transcendental numbers. Working in this area Philippon [31]
(following Mahler and others) introduced the height of a polynomial. The height is defined to
be a sum of local terms, in the same way as the classical height on projective space.

Suppose P(z) is a polynomial in K[xg,...,zx] (where K is a number field). Let v be a
finite place of K. The local component, at v, of the height of the polynomial P is defined to be

M, (P) :=logmaz{|Py|,} (6.1)

where P; runs through all the coefficients of the polynomial P.
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For an infinite place v of K we define a “local height” using the Mahler measure. The

classical Mahler measure of a polynomial P is

1 1
M(P):/O /0 log | P (exp(2miug), . . . ,exp(2miuy))| dug . . . dun-.

We will use the following variation of the Mahler measure (see Soulé [39] or [3]). For homoge-
neous polynomials in N + 1 variables, define a set § = {z € CN*1 | YN |22 = 1}. This is
a sphere in CVN*1. Let du be the unique U(N + 1)-invariant probability measure on S. Each
infinite place, v, corresponds to a pair of conjugate embeddings K Z% C. The absolute value
|a], on K, associated to v, is |0, ()|, where |.| is the usual absolute value on C. Therefore,
for an infinite place v of K, fix a corresponding embedding ¢ : K <— C and then consider
the polynomial oP(z) as a polynomial with coefficients in C. Define the local height of the
polynomial P at the infinite place v to be

M, (P) := /Slog|UP(z)|d,u. (6.2)

Some authors discuss the Fubini-Study metric on PY¥(C) but the definition we have given
is less complicated and is sufficient for what we need.

To combine these local heights (6.1) and (6.2) into a height of a polynomial we set, as before,
n, = 1 for finite or real places, and n,, = 2 for complex places. The height of the polynomial
P is defined to be

h(P) = m S My (P).

By the product formula we see that h(AP) = h(P) for any A € K*.

6.4 The Chow Form

To define the height of a projective variety we will need to associate a particular polynomial to
the variety. There is a standard method in algebraic geometry which associates a hypersurface
to a variety. The idea (see for instance Harris [19], Lecture 21) is to give a parameterised
collection of hyperplanes such that their intersection describes the variety.

To be precise, let X be a variety of degree d and dimension k in PV. A hyperplane U; C PV
may be identified with an element of PV (i.e., the equation of U; is ug jzo+---+un ;TN SO we
identify U; with [ugj : --- : un,;]). Consider the set I' = {(p,Ux,...,Ur41) | p € X,p € U;Vj}.
This set projects, in the obvious manner, to the set of all hyperplanes whose intersection meets
X. Indeed (see Harris [19]) it is possible to map I' birationally to PV x ... x PV (k + 1 times)
and a dimensions argument shows that the variety obtained is a hypersurface (i.e., it is defined
by a single polynomial). Any such choice of polynomial is called a Chow form (or Chow point)
of the variety X. Note that the Chow form is unique, up to a scalar multiple, once a choice of
embedding of X in PV is given. The Chow form is multihomogeneous of degree (d, ...,d) in
the k + 1 sets u; of N + 1 variables u; = {uo j,...,un;}

A slightly more concrete description of the Chow form, in the case where X is an irreducible
curve, is given in Philippon [31] (he calls the Chow form a “forme éliminante” in this case).
Suppose the dimension k variety, X, is given by the zero locus of a Clz]-ideal Z. Let u be the set
of variables u; ; where 0 < ¢ < N and 1 < j < k+1. Write, as before, U; = ug jxo+...+un ;TN.
Now define the C[u]-ideal

C(T)={feClyl| f(xoy...,an)" C (Z,U1,...,Uxs1) for some m} .

Note here that the ideal (Z,Uq,...,Ugs1) is a Clz, u]-ideal. The ideal C(Z) can be shown to be

principal. Any generator of it is a Chow form.
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Let us come down to earth and consider the case of a curve X C P? described by a single
polynomial ¢g(xg, z1, z2). Here k = 1 so we have Uy = ug 120 + 1,121 + uz,1u2 and similarly for
U,. We have the following relations

U1 ug Uy —ug1Us = (ug2u0,1 — Uo2u2,1)To + (U2,2u1,1 — U1 2U2,1)T1

(6.3)
V2 = U1,2U1 - u1,1U2 = (Ul,zuo,l - U1,1U0,2)5U0 + (U1,2U2,1 - U1,1U2,2)$2~

Thus it is possible to “replace” all occurrences of the variables x; and x5 in g by zg, while all
the time working in the ideal (g, Ux,...,Ugt1).
We give an example. Let X = X((64), so that g(zg,z1,72) = ¢ + 62227 + 21 — 8x3. To

remove the term 3, for instance, we use the second relation in (6.3). It is clear that
(u1,2u2,1 — U 1ug,2) g(x0, 21, 2) + 8vy

will have no x3 terms. Note that we have added terms such as x¢x3 in the process, but these
have lower degree in xo. Thus the process may be repeated until only zg remains (and it
will necessarily have degree 4). The calculation is quite horrible. The following combination

eliminates all ;1 and z».

(o, 1, 22) (U1 1u2,2 — w1 2uz,1)* + 8v3 — vi — 322V (U 2uo,1 — Uo,2U1,1)
—4x0v3 (up 2U2,1 — U2,2u0,1) + 482303 (ug,1u1 2 — U 2u1 1)?
—6230% ((u2,2u01 — Uo2u2.1)* + (U1 1u2,2 — U2 1u1 2)?) — 32x3ve (U1 2u01 — U 2u1,1)?
+4z3v1 ((u2.2u01 — uz1u02)% + 3(uz2u0 1 — Uz 1ug2) (U1 1U2,2 — U1 2ug1)?)
The result of this is 23 multiplied by the polynomial f[u] € C[u] which has multihomogeneous
degree (4,4).
flu] = U%,z“é@ - 8“%,2“3,1 + 32“?,2%,2“1,1“8,1 - 4“%,2%,2“2,1“8,1
—48uf yuf ouf up 1 + 6“3,2”?,1“3,1 — 12u3 yu1 guz 1u1 1uf  + 6US HuG HuS UG
+6u§’2u%2u§71u311 + 32u112u%’2u5{”1u071 — 12u§72u072u2,1ui1u0’1
—|—24u§72u1,2u0)2u§’1u171u071 — 4UQ7QU872US’1UO)1 — 12u2,2u§)2u072u§71u0,1 — 8u372u‘1{1
Jrug,zufl — 4uj yuy gug 1uf g + 6u3 yup Jus uf | + 6uj puf pus ul
_121‘2,2“1,2“3,2@,1“1,1 - 4“2,2U?,2U§,1U1,1 + Ué,z“%,l + 6“%,2“%,2“3,1 + u%g“%,r

One important observation to make is that the coefficients of the Chow form f[u] are at

worst 4 or 6 times those of g(zo,z1,22). The reason for this is given by the following lemma.

Lemma 11 Suppose X C P? is a curve of degree 4 defined by g(xo,x1,x2). Let g, and f, be
the mazximum of the p-adic norms of the coefficients of g and the Chow form f of g respectively.
Then fa < 4g2, f3 < 3g3 and f, = gp for all primes p > 3.

Proof. The polynomial ¢ may be written as
> aijrwhrlal
itj+k=4

where 7, j,k > 0. To eliminate the variables x; and zo, one uses the elements v; and vs (see

equation (6.3)) which lie in the ideal. Write these as v1 = axg+ Sz and v = yag — 22, where
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o = Ugz,2Up,1 — U0,2U2,1, /8 = U2,2U1,1 — U1,2U2,1 and Y = U1,2Up,1 — UO,2UL1- The polynomial

B*g(z0, 21, 72) is equal (in the quotient ring Clxg, 1, z2,u)/(g, U, ..., Uks1)) to

i i koA
> aiirB(—a) . (6.4)
itj+k=4
The term F'af~* contains terms
Jit+ki, i1+71, jetke, to+j2, dotki, i1+k2
Upp " Ugo™ Uyg Uy " Upyo Uy (6.5)

where i = i1 4142, j = j1 +Jj2 and k = k1 + ko. We want to know when there can be two different
sets of powers i1, 19, j1, j2, k1, k2 which give the same monomial in (6.5). Fix such a choice of
monomial and write it as u&lugzugﬂug’lufﬂu{l so that a = j; + k1 etc. Suppose there two
different ways of obtaining this monomial in the form (6.5), and write the corresponding powers
as i1,..., ko and #},..., k. It follows that j; # j; and js # j5 (and, indeed, all the other pairs
are non-equal t0o). It is easy to obtain the following relations (and more).

ji=a—k di=b—a+k Jo=c—ko
i2:d—c+k2 ilzf—kg ig:e—kl.

From these relations one sees that, to get a non-unique solution to (6.5), one would need
1<a,b,c d,e, f. Furthermore, it is clear that a + b+ c+ d+ e + f = 8. Suppose one of these
variables, say a, is at least 3. Then one of j; and k; is at least 2, and thus b or e is at least 2, but
this would give a sum larger than 8. Therefore, if a monomial arises in a non-unique way, then
1<a,b,c,d, e, f < 2. From the above relations one may also deduce that i =i, +i; = b+e—a,
j=a+d—eand k=a+ f—b. and, therefore, a monomial can arise in a non-unique way only
for a single choice of i, j and k.

When taking monomials of an arbitrary form using (6.4), the coefficients will grow from
taking powers. Since 0 < 4, j,k < 4 the powers can introduce only extra factors of 2,3,4 or 6.
From the discussion in the first part of the proof, if there is non-uniqueness in the calculation
of the monomial then it only occurs within a particular choice of i, j, k, and the extra multiples
introduced by taking powers are at most 2. Therefore combining such terms does not change
the coefficients by more than a factor of 2 or 4. In particular, different a; ; j, do not get combined
by this process. Therefore the coefficients of the Chow form are simply multiples (by 1,2,3,4 or
6) of the coefficients of the original model. O

This lemma may be viewed as a low-dimensional coincidence. For curves in P™ (where
n > 2), which are defined as intersections of higher dimensional varieties, then there will not,
in general, be such a strong correlation between the coefficients of the Chow form and those of
the original equations. This difficulty will become relevant in later sections when we try to use

the Philippon height as a framework for the analysis of the coefficient size of models for curves.

6.5 Heights of Projective Varieties

It is now possible to associate a height to a projective variety. The method discussed in this
section is to take the Philippon height of the Chow form of the variety. This was developed in
[31], though we follow the presentation in Soulé [39].

There is another method of defining a height on projective varieties which was introduced
by Faltings [12]. It is modelled on the definition of the degree of a projective variety. One of
the ways to compute the degree of a projective variety is to use intersection theory (see Fulton

[16] page 42). Faltings adapted this definition by using Arakelov intersection theory. We will
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not give details about the definition of the Faltings height. In the next section we will discuss
the relationship between these two different notions of height.

Let X be an irreducible variety of degree d and dimension n in P¥. Let F be the Chow
form of X. As we have seen this is a homogeneous polynomial of multidegree (d,...,d) in the
variables U; = {ug ;... un, ;} where j =1,...,n+ 1. Take S = {z € CN*1| Y, |2;|> = 1} with
measure du.

For the infinite places o : K <— C we consider

/ log|lo F|dpu.
sn+1

For the finite places v we consider the maximum of the v-adic norm of the coefficients of the
Chow form F'.

Definition 12 The Philippon height of X is defined to be

hp(X) = ZlogmaxﬂFﬂy—&— Z /S+1 log|loF|du
vioo o:K—Cv5"

where J indexes all the coefficients of the Chow form F of X.

From the statement of Lemma 11, and from the equations for Xo(N) calculated in Chapter 3,
one can give bounds for the height of some of the curves Xo(N) (and Xo(N)/W,,). The accuracy
of these estimates depends mainly on the estimation of the integral (i.e., the component at the
infinite places). We have not explored the subject of estimating integrals in this chapter as
there is no obvious reason, at this stage, why estimates of h(Xo(N)) for known curves would
be useful. Instead we concern ourselves with trying to link heights of projective varieties with
other parts of arithmetic geometry.

6.6 Comparing Heights

We have been very vague about the Faltings height of projective varieties. Philippon [31] and
Soulé [39] have been able to explicitly relate the Faltings height with the Philippon height.
Such a situation was already alluded to by Faltings in Corollary 2.12 of [11]. In this section we
write down the relation between these two heights. For the purposes of this thesis, one may as
well define the Faltings height to be the right hand side of equation (6.6) below.

The Philippon height is suitable for practical use as it has a very explicit description.
The Faltings height is a more theoretical notion, and it is useful as one may apply geometric
techniques to prove statements about it. An important intuition to keep in mind is that heights
of projective varieties behave in a similar way to degrees. This is quite clear from the definition
of the Faltings height of a projective variety.

Theorem 5 (See Soulé [39] Theorem 3). Let X C PY be an irreducible variety of dimension
n and degree d. Then

N
1 1
hi(X) = hp(X) + 5 (n+1) > = | [K : Qldeg(X). (6.6)
j=1
We emphasise that, although both these heights are related by (6.6), they both also depend
on the choice of embedding of X in PV,
It would be very nice to have some relation between these heights and a more intrinsic height

associated to the curve X. In particular it would be very useful to have a relation between the
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height of the projective variety X and the height (as an abelian variety) of its Jacobian variety
Jac(X).

In the next section we will discuss the case of elliptic curves. We know that the Philippon
height hp(F) depends on the coefficients of the projective model for the curve E. In the next
section we will prove (Corollary 1) that, for a certain special class of elliptic curves E, the
height of Jac(E) & FE as an abelian variety depends only on the particular 7 corresponding to
E. There does not seem to be an obvious connection between the size of 7 and the size of the
coefficients of E. This leads us to suspect that a relation between hp(F) and h(E) may be
rather difficult to understand.

6.7 Computation of a Height for Elliptic Curves

The article of Silverman [38] gives a concrete illustration of the theory of heights of abelian
varieties by stating all the results in the context of elliptic curves. Our intention in this section
is to provide a companion discussion, this time giving an illustration for the theory of heights
of projective varieties.

In this section we will also specialise the discussion to the case where we are working over
K = Q. There is no real theoretical saving compared to working over a general number field
but this restriction will allow us to recognise some expressions more easily.

We begin by recapitulating some of the results about the height of an elliptic curve £ when
it is considered as an abelian variety.

6.7.1 Elliptic Curves as Abelian Varieties

Silverman’s paper [38] gives an explicit analysis of the height of an elliptic curve E. The primary

result ([38] Proposition 1.1) is that, for an elliptic curve E/Q with minimal discriminant Ag,
1
h(E) = 5 [loglAs| = log (|A(T)|(Im7)°)] (6.7)

where 7 € ‘H is such that F = E. and where A(7) is the usual modular form of weight 12.

At first glance this supports the idea that the height depends on the coefficients of a small
model (i.e., the model having minimal discriminant Ag). We have found a corollary to (6.7)
which demonstrates that the height of F actually depends more on the modular interpretation.

Corollary 1 Suppose E/Q has a mimimal integral model of the form E : y? = 23 + Ax + B.
Suppose 19 € H is the specific T which corresponds to this model for E (via the usual complex

analytic map from T € H to plane elliptic curves). Then

h(E) = %llog(fm 70).

Proof. The formulae in Silverman [35] Section III.1.3 and Chapter VI show how E and 7 are
related. The elliptic curve E is isomorphic to one of the form (2y)? = 423 + 4Ax + 4B and it
is known that there is some 79 € H such that go(79) = —4A4, g35(70) = —4B where go, g3 are
the usual modular forms (see Silverman [35] VL.3). It follows that A(r9) = Ag. Substituting

T = 7o in equation (6.7) gives

Apg

_ 1 oy L, |__ B
h(E) = T [log|AE| log (|AE|(ImTO) )] = 12109 Ap(Im o)

and the result follows. O
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Note that the hypothesis in this corollary (that the minimal model for F is of the simplest
form) is quite a restriction as it implies Ap = —16(4A3 4+ 27B?) and, therefore, that E has bad
reduction at the prime 2.

Silverman gives several other approximations for h(F). He demonstrates the expected
relation, between the height of an abelian variety and the height of the corresponding point in
the moduli space, in the formula |h(j(E)) — 12h(E)| < 6log(1 + h(j(F))) + C where h(j(E)) is
the usual height of a rational number.

For modular elliptic curves, Proposition 3.1 of Silverman [38] gives the well-known relation
between the height of E and the degree of its modular parameterisation ¢ : Xo(IN) — E. This

relation is

5109.deg(9) = h(E) + log| fi | + loglex| (63)

where fg is the modular form associated to E, || fg|| is its Petersson norm and where cg is the
Manin constant which is conjectured to be simply +1. This formula has been used by Cremona
[9] to compute tables of the degrees of the modular parameterisations for a large number of
modular elliptic curves.

Cremona [9] gives a comprehensive table of results. A glance through his tables quickly
reveals the following pattern: If the model for E has large coeflicients then the covering map
must have high degree. Note that the tables of Cremona use the convention of writing elliptic
curves as F : 4% + ayzy + azy = 2 + axx? + ayw + ag where ay, a3 € {0,1} and ay € {0, £1}.
Indeed Silverman [38], Proposition 3.4 shows that, for each ¢ > 0, there is some constant C.
such that

deg ¢ > Cemazx{|es|**, g/ 012 (6.9)

Here ¢4 and cg are the usual quantities associated to a model for the elliptic curve E. To be

precise, suppose E : 4%+ a1yzx + asy = 2> + asx? + asx + ag. Then ¢4 = a‘l1 + Sa%ag —24aia3 +

16a§ —48ay4 and cg = —a? — 12a‘11a2 + 36a§’a3 — 48a%a% + 72a%a4 +144a1asa3 — 64@% + 288asay4 —
216a§ — 864ag. Note that when a; = as = ag = 0 these formulae collapse to ¢4 = —48a4 and
c¢ = —864ag. Equation (6.9) clearly justifies the pattern observed in Cremona’s tables.

A relationship between the height of E' and the degree of the modular parameterisation is
already conjectured in the “degree conjecture” (see Frey [14]). This conjecture is related to
the height conjecture and both conjectures imply the A-B-C conjecture (and thus Fermat’s
last theorem). We discuss the height conjecture (see Frey [14]) in more detail. In our case
(restricting to elliptic curves over Q) it becomes the following.

Height Conjecture. There are numbers ¢,d € R such that, for all elliptic curves E/Q, one
has h(E) < ¢+ dlog(Ng) (here Ng is the conductor of E).

This conjecture may also be generalised to abelian varieties of higher dimension. Frey goes

on to prove the result for elliptic curves over function fields.

6.7.2 Elliptic Curves as Projective Varieties

Suppose we have a model y? = 22 +ax+b for an elliptic curve E with coefficients in Z. Certainly
this may be viewed as a quasiprojective variety over Q.

In this section we estimate the Philippon height of E. Certainly the component of the
height at the finite places just depends on which primes divide a and b.

For the component of the height at the infinite places we consider the Chow form of the
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elliptic curve E. This may be calculated to be

—bu%ylu‘;’,2 + ug’lugyzum + 3bu%71u1’1u0,2u%’2 — u8,1u1¢1u§,2uo,2 — aug,lulﬁluz’gui2
—2U871U1y2U;2,1U272U072 + au3)1u271u§72 — 3bu071u%72u172u%1 + 2au071u%1u0,2u172u272
+2U071U372’UJ171U271U272 — 2(ZUO71U1’1U271U%2’U,072 —+ u071u372u1,2u%71 —+ buaguil (610)
—auf uf yuz o — uf ud 5 + aui yun2uf puzy + 3ui yur 2uzu3 5 — U Hurud

2 .2 3 .3
—3u1,1u7 pUs 1U2,2 + UT QU3 5.

From this we estimate the integral [, log|F|dp. Let M = max{|3b, |2al, |3|,]2|} and note
that there are 20 terms in the Chow form (6.10). For points u € S"*! it is clear that all
lui ;| < 1. A very crude estimate of the integral is therefore [, log|F|du < log(20M).

For the finite places, the contribution to the height is

max{2, |2ala,|bl2} + max{3, |als, |3b|3} + Zmamﬂa\p, blp}-
p>3

If a and b are integers such that ab # 0 then we obtain
hp(E) < log(6|abl) + log(20M) < log (20(6ab)?) . (6.11)

One knows that Ng|Ag and that A = 4a® +27b%. In order to be able to apply the theory
of the Philippon height to the height conjecture there are two difficulties to be overcome. The
first, which we have already mentioned, would be to relate the height of E as a projective
variety to its height as an abelian variety. The second obstacle is to relate the coefficients
of the model for the elliptic curve to the conductor Ng. This second problem is probably
insurmountable. Although the discriminant depends precisely on the coefficients of the elliptic
curve in an explicit way, the size of the discriminant cannot usually be inferred from the size
of the coefficients. For instance, the elliptic curve F : y? +y = 2> — 22 — 7820z — 263580 has
level 11 and discriminant —11. Also, the level Ng may differ from Ag by a large amount. The
difference between the size of Ng and the size of Ag may at least be bounded by the conjecture
of Szpiro [42]. This conjecture (when restricted to the case of elliptic curves over Q) states the

following. For each e > 0, there is some constant C such that, for all elliptic curves E/Q,
Ap < C.NGFe. (6.12)

It seems that the study of heights of elliptic curves as projective varieties is probably not a

suitable angle from which to attack the height conjecture for elliptic curves.

6.8 Rational Maps Between Varieties

In several places we have come across maps from the modular curve Xy (V) to curves of smaller
genus. An important example is the modular parameterisation of a rational elliptic curve E.
Another example which has arisen in this thesis is the canonical quotient Xo(p) — X (p). It
would be interesting to be able to understand how the heights of curves change across such
rational maps.

Consider, for instance, the relationship given in equation (6.9) between h(E) and the degree
of the modular parameterisation ¢ : Xo(N) — E. If it were possible to infer the height
h(Xo(N)) from h(E) and deg¢, then we could have a theoretical way to get bounds on
h(Xo(N)).
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In this section we consider the following slightly more general questions. Let f be a rational
map of degree d between two projective curves X and Y. Given h(X) and deg(f) what can
one say about h(Y)? Given h(Y) and deg(f) what can one say about h(X)?

Faltings [12] mentions the behaviour of the height under the operation of projection of a
variety X C P from a point down to a variety in P*~!. To be precise, choose a point € P" —X
and let 7 be the projection of X from x to P*~!. Faltings calls 7 a “good projection” if it
satisfies certain properties which, essentially, exclude projections which will allow the height to

grow. Faltings then proves that ([12] Proposition 2.10)
h(m(X))degm < h(X)+c¢ (6.13)

where c is a constant depending only on the degree of the variety X. This result suggests that
heights should become smaller across rational maps. However the good projections studied by
Faltings are not sufficiently general for our application.

For the more general case, the most promising angle of attack is the following. Sup-
pose X C Py, Y C P and suppose that f : X — Y extends to a morphism f : Py —

P7'. The heights of the projective varieties X and Y are computed using an analysis of

metrized line bundles of the form O(1). The precise definition involves expressions of the

form h(X) = deg (61 ((9(1)) .X). It is known ([40] Theorem II1.3 (iii) and Theorem IV.3 (i))

that f, (61 (f*m) X) =0 ((’)(1)) f.X. Also the pushforward f, X is well-understood (see
[40] Theorem III.3 (ii)). Therefore one hopes to be able to compute a relation between h(X)
and h(Y) using a careful analysis of the pushforwards and pullbacks, of certain metrized line
bundles, along f.

The key is to understand f*O(1) where O(1) is the canonical metrized line bundle on P
The behaviour at the metrics over the infinite place is not the real problem here. The main

challenge is to understand the geometry. It is known (Hartshorne [20] Theorem II1.7.1) that
f*(O(1)) is a line bundle on P} which is generated by m+ 1 global sections (namely the inverse
images of the m + 1 global sections which generate O(1) on P7'). In the applications we will
have n > m so this shows that f*O(1) cannot be equal to O(1). What, then, is this pullback?
No progress was made with understanding these questions.

The hope would be that, despite the fact that f*(Opm (1)) # Opn(1), there is a way to
manipulate the line bundles in a suitably controlled way, so that one may still understand the
relation between h(X) and h(Y).

The parallelism between heights and degrees suggests we consider the behaviour of the
degrees of projective varieties under rational maps. There does not seem to be any simple
relation in this case. The most obvious example of such a relation is the Hurwitz formula which
relates the genus of projective curves X and Y to the degree of the map f : X — Y between
them. The genus is related to the degree but, again, the precise relation is quite complicated.
It seems that what we are looking for is some kind of “arithmetic” analogue of the Hurwitz
formula. One would expect this to be quite difficult to analyse.

It seems that there are no further techniques available to easily relate h(X) with A(Y).
Indeed this question seems harder than it might appear. We suffice to examine a few examples.

One noteworthy example is the case of the genus 4 curve Xy(61). The canonical model for
X(61) given in Chapter 3 is the following.

w? — 22 4+ 22y — 622 + 3y? + 62y — 52° =0 (6.14)
22z 4+ xy? 4+ zyz + bxz® + 4%z + 5y2® + 622 =0 (6.15)

It can be shown that X (61) is an elliptic curve, and it is given by simply equation (6.15). The
quotient map from the canonical curve Xo(61) C P3 to P? simply “forgets” the variable w and
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equation (6.14). Let us compare the Philippon heights of the two curves. The Chow form for
X(61) will be extremely complicated. I have not been able to calculate explicit expressions
for any Chow forms of varieties in P3, as the presence of extra variables makes the calculation
vastly more tedious. The Chow form will have multidegree (6,6) in the two sets of 4 variables.
The relationship between the coefficients of the model for Xy(61) and the coefficients of its
Chow form is also less transparent in this case. The Chow form of the canonical curve X (61)
will be much less horrible but, nevertheless, related to that of X(61). The coefficients of (6.15)
are larger at the finite places than those of (6.14), so one might expect that the Chow forms
will have the same valuation at the finite places (at the primes 2, 3 and 5 the valuation may be
larger on X (61) as there is a 6th power compared with the powers of 3 for the X (61) case).
The difference in the heights will then come down to the difference between the integrals of the
two Chow forms. The relationship between the integrals of the Chow forms is not clear.

This example shows a difficulty in the use of the Philippon height. When looking at equa-
tions (6.14) and (6.15) one is tempted to say that the heights of both X (61) and X (61) are

3

the same (as they have the same “worst” coefficients). However their Chow forms are very
different and it is not clear how the integrals of the Chow forms are related.

In many cases we have been able to compute a model for X (p) when the whole curve
Xo(p) is out of reach. Does the fact that the model for X (p) has small height reflect on the
model for Xy (p)?

In earlier sections we noted how the coefficient size of a rational elliptic curve E depends
on the degree of its modular parameterisation ¢ : Xo(N) — E. This fact suggests that the
coeflicient size should grow, in general, across rational maps. This is the opposite of Faltings’
statement (6.13) about good projections. It is evident that there are some subtleties in this
problem.

As mentioned earlier, it would be useful to have a better theory about the behaviour of the
heights of projective varieties across rational maps. Also it would be useful to have a better
understanding about how the heights at the infinite places behave.



Chapter 7

Rational Points on Modular

Curves

The study of rational points on curves is central to number theory. For modular curves, since
their points have an interpretation as interesting objects in their own right, the study is even
more important. For instance, Mazur [24] classified the possible torsion groups of elliptic curves
over the rationals by a study of which curves X;(IN) have non-cuspidal rational points.

7.1 Rational Points on Xy(N)

The modular curve Xo(N) will always have some rational points coming from cusps. If the
genus of X((N) is zero then there will be an infinite number of rational points on Xo(N). Mazur
[24] classified all the non-cuspidal rational points of Xo(p). This programme was continued by
Kenku and others. When the dust settled the conclusion was that Xo(N) has both genus
g > 1 and a number ny > 1 of non-cuspidal rational points for precisely those N listed in the
following table (see Kenku [23]).

Table 6. Number of points on Yy(N)(Q)

N || 11 |14 | 15 | 17 | 19 | 21 | 27 | 37 | 43 | 67 | 163

ny || 3| 2| 4| 2 11411 2 1 1 1

The explanation for these rational points is the following. The cases N = 11,19,27,43,67
and 163 correspond to modular curves with Heegner points over Q. These Heegner points arise
from elliptic curves with complex multiplication by the orders in Q(v/—N) of class number one.
Note that the class number one discriminants D = —3,—4,—7,—8,—12, —16 correspond to
genus zero modular curves. There is one further class number 1 discriminant, namely D = —28.
However, there are no points on X((28) arising from Heegner points with complex multiplication
by the order of discriminant —28, because the equation B2 —112C = —28 is insoluble subject to
(28, B,C) = 1. In later sections we will introduce Heegner points and show why this equation
is important.

The curves Xo(N) where N = 11,14,15,17,21,37 are well-known for having exceptional
rational isogenies. For instance, the curve X((37) has 2 rational cusps and it is hyperelliptic.
The hyperelliptic involution is defined over QQ, but it does not come from the action of an
element of SLo(Z) on H. The images of the cusps under the hyperelliptic involution must

be distinct rational points, and it turns out that neither of these rational points are cusps.

76
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Therefore one obtains two exceptional rational points on X(37).

Three of these examples (N € {37,43,67}) have been calculated in earlier chapters. In the
remainder of this section we will exhibit the rational points on our models of these curves.

For X(37) we give all the details of the calculation. From the tables of weight 2 cusp forms
we find two eigenforms of level 37, namely hy = ¢ —2¢%> —3¢> +---and hy = ¢+ ¢> +---. We
note that hi|Ws7 = hy and he|Wsy = —hso. Setting f = hy, g = (ha — h1)/2 = ¢®> +2¢° + - - -,
X =f,Y = (gdf — fdg)/g* = ¢ +7q+--- and Z = g yields the following equation for
Xo(37).

Y224 = X6 4 20X°7 + 120X% 22 + 348 X373 + 544 X% Z* + 444X Z° + 14825

Note that the change of variable X = U — 1 gives the equation listed in Table 3 of Chapter 4.

To compute the image of the cusp at infinity under this projective mapping we consider
(X:Y:Z] =g+ :q ' +-:¢*+--]. Multiplying by ¢q and evaluating at 7 = ico (i.e.,
¢ = 0) gives the point [0:1:0].

To compute the image of the cusp zero we must act on the functions X,Y and Z by Wj7.
Note that X|W3y = X, Z|W3r = =X — Z and Y|W3y = -YZ?/(X + Z)? = —q¢+ ---. Thus
[X|Ws7 : YW 0 Z|Wsg] =g+ : —q+ -+ : —¢+--+]. Dividing by ¢ and evaluating at
T = 400 gives the point [1:—1:—1].

There are also two non-cuspidal points on X((37). These are the images of the cusps under
the hyperelliptic involution (which just maps the Y coordinate to —Y"). For the point [—1:1:1]
the image under the hyperelliptic involution is [1:1:—1]. For the point [0:1:0] the image under
the hyperelliptic involution is the same point [0:1:0]. The reason why there are two points at
infinity is the following. The curve X (37) is a smooth projective curve of genus 2 and thus it
does not have a non-singular projective model in P2. The model we are calling an “equation for
X0(37)” is actually the projection of a good model down to P2, and this projection cannot be an
isomorphism. Indeed it maps a pair of points to the singular point [0:1:0] (see Section 2.6). We
stick to the convention of not worrying about the fact that our models are singular, although
it will be necessary later in this chapter to remember that there are two rational points [0:1:0]
on genus two curves in general.

For X(43) it is fairly easy to show that we have the point [1:1:0] corresponding to the cusp
at infinity and the point [1:—1:0] corresponding to the cusp zero. One may then find the point
[0:4:—3] corresponding to the non-cuspidal point by a simple brute-force search.

For Xy(67) the point [1:0:1:1:0] corresponds to the cusp infinity, the point [—1:0:1:1:0]
corresponds to the cusp zero and the point [0:0:-7:12:2] is the extra one. Under the covering
Xo(67) — X (67), given explicitly in Table 1 of Chapter 3, the extra point [0:0:—7:12:2]
maps to the point (—2,—7) on the affine hyperelliptic model. We will see later that the point
[0:0:—7:12:2] must be a Heegner point which is fixed by Wgr.

As the study of rational points on X((N) is already fully understood we turn to the case of
rational points on X(]L (p). This is a particularly interesting case as it is the one not studied by
Momose [25], [26]. It is no more work to introduce the ideas for X, (N) = Xo(N)/Wx so we

work with the greater generality.

7.2 Points of X (N)

The standard moduli interpretation of Yy(N) is that a point 7 € T'o(N)\H corresponds to the
elliptic curve E; = C/(1,7) (where (1,7) = Z + Z7) together with the fixed cyclic N-element
subgroup C, = <%, T>. It is a fact that, for every elliptic curve E and every cyclic N-element
subgroup C of E, there is some 7 (unique up to I'g(N)) such that £ = E, and such that C is

mapped to C; under this isomorphism.
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Equivalently we may interpret the pair (E,C) as a pair (E, E’) where there is a given
isogeny 7 : E — E’ such that kerm = C. Note that E’ is determined, up to isomorphism,
by E and C (see Silverman [35] Proposition I11.4.12). Sometimes F and E’ do not uniquely
determine C, so it is necessary to always keep the particular isogeny 7 in mind. Note that
E./Cr =C/(1,7)/ (% 7) =C/{5,7) = C/{L,N7).

The involution Wy acts on Yy(N) by mapping 7 to —1/N7. Therefore E. is mapped to
C/(1,5%) =2 C/(1,N1) and C; is mapped to (3, 5~ ) = (1,7). Thus a point of Y;" (V) may
be interpreted as an unordered pair {E, E'} of elliptic curves with specified cyclic N-isogenies
E S FE -, E. We will often lazily write simply E —— E’ to represent a Heegner point
since the dual isogeny is uniquely determined. We remark that Y,"(N) is T'(N)\'H, where
TE(N) =To(N)UWxTo(N).

Note that X (V) will always have one particular rational point, namely the cusp at infinity.
Since the cusps correspond to generalised elliptic curves they will not arise in the constructions

given in the following sections.

7.3 Heegner Points

A Heegner Point of Yy(N) is a pair (F, E’) of elliptic curves together with a cyclic N-isogeny
E =5 F’, such that both E and E’ have complex multiplication by the same order O.
We assume much of the theory of complex multiplication here. For future reference we

quote a few key results.

Theorem 6 (See Silverman [36] Theorem II.4.3 on page 122) Let E, be an elliptic curve with
complex multiplication by O then [K(j(7)) : K] = [Q(j(7)) : Q] = ho the class number of the
order.

For a given 7 € H, all the elliptic curves E,(;), where v € SLy(Z), are isomorphic to £, over
C. There is a particular choice of elliptic curve, in the C-isomorphism class, which is defined
over Q(j(7)). For instance, if j # 0, 1728, consider the model E : y*>+xy = 23— jfngSx—ﬁ
(see Silverman [35] Section II1.1). Therefore we will always assume that the elliptic curves in

question are defined over Q(j(7)).

Also note that there are precisely ho isomorphism classes of elliptic curves E having complex
multiplication by @. This correspondence may be seen by taking, for each ideal class [a] of O,
the elliptic curve E = C/a. We sometimes use this notation of ideals and write j(a) instead of
i(E).

We emphasise the above results in the class number 1 and 2 situations.

Corollary 2 Suppose O has class number one. Then there is a unique elliptic curve E (up to
isomorphism over C) having complex multiplication by O. For this elliptic curve E we have
J(E) € Q so we may consider E as being defined over Q.

Corollary 3 Suppose O has class number two. Then there are two non-isomorphic elliptic
curves, Fy and E3, each having compler multiplication by O. Suppose K is the quadratic
imaginary field associated to O. Then j(E1),j(E2) ¢ K and if o € Gal (K(j(E1))/K)\{1}
then j(E1)7 = j(E2).

We will use the notation of Gross [18]. Suppose O is an order in a quadratic imaginary field
K and let its discriminant be D < 0. The conductor of the order is the number f such that
D/ f? is the discriminant of the full ring of integers of K. Equivalently, f is the largest integer
such that D/f? = 0,1(mod 4). Then K = Q (x/ﬁ) =Q (W) Let a be a fractional ideal
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of O (we will write [a] for the class of a in Pic(Q), the ideal class group of O). Then E = C/a
is an elliptic curve with complex multiplication by O.

In this Chapter we will be concerned with N-isogenies of curves such as E. We say that
N factors in K if (N) may be written as a product of two ideals (N) = nn’ in K, such that
both n and n’ have norm equal to N and such that O/n = Z/NZ. That N factors in K implies
that all the rational primes dividing the square-free part of N either split or ramify in K.
Later, in the case where N is prime, it will be necessary to distinguish between the split and
ramified situations. Suppose N factors as nn’ in . Then the identity map on C induces an
isogeny C/a — C/an~! which has cyclic N-element kernel an~!/a =2 O/n = Z/NZ. We write
y = (O,n,[a]) to represent the Heegner point F = C/a which has complex multiplication by O
and which has an isogeny with kernel n. We define j(a) = j(E).

The Heegner point y = (O, n, [a]) must correspond to some 7 € H. Indeed, write the Z-
module a as (w1, ws) where the w; are chosen so that the kernel of the isogeny is (w1 /N, ws).
Then 7 = wo/w; lies in K. Let A, B,C be coprime integers such that A72 + BT+ C = 0. It
can be shown that B? —4AC = D. Furthermore, since E' = Ey, it follows that N7 must also
be quadratic imaginary of discriminant D. But Nt satisfies A(N7)?2 + NB(N7) + N2C = 0
and this has discriminant N2D, so it must be possible to factor out N. This means that N|A,
ie., A= NA'. So Nt is a root of A’2?2 + Bx + NC = 0 and (A’, B, NC) = 1. Furthermore,
any A’ B,C such that D = B2 —4NA'C and (NA’, B,C) = (4’, B, NC) = 1 will give rise to
a Heegner point of Xo(N).

Our main interest is in Heegner points on Xo(N)/Wy, and we will need to discuss the field
of definition of them. It is also possible to understand the field of definition of Heegner points
on Xo(N) using the same ideas. This will not be needed in later work. We merely comment
that every Heegner point which comes from a class number 1 order in a quadratic imaginary
field K gives a point of X,(/NV) defined over K.

7.4 Heegner Points on X; (N)

Suppose N factors in K. For each order, O, of K we have (N) = nn/, where both n and n’ have
norm N. Suppose y = (O,n,[a]) is a Heegner point of Xo(N) with complex multiplication by
0. Write E = C/a and E' = C/an~! and recall that j(a) = j(E) and j(an~!) = j(E’). Then
the Atkin-Lehner involution Wy takes y to (O,n,[an"!]). The pair {y, W,(y)} is a point on
X (N).

In this section the goal is to ascertain when such a Heegner point gives a rational point of
X (N). A point of X (N) is rational if it is fixed by Gal (@/Q) In this situation, it is clear
that the Heegner point will be fixed by Gal (Q/K(j(E))). Note that K(j(E))/Q is a Galois
extension since, by the theory of complex multiplication, K (j(E)) is Galois over K (it is the
ring class field of the order O), and K/Q is a degree 2 extension. The purpose of this section
is to examine, in detail, the action of Gal (K(j(E))/Q) on these Heegner points.

Let o be any non-trivial element of Gal(K (j(E))/K), if there is one, and let p be the non-
trivial element of Gal(K/Q). Consider the action of these Galois conjugations on the Heegner

point y = (O, n, [a]). Following Gross [18] we see that
(O,n,[a])" = (O, n', [a”]).

Note that a” is a principal ideal if and only if a is.

To understand the action of o on y it is necessary to recall the Artin map. We restrict
attention to the case where O has class number 1 or 2. Recall that K (j(F))/K is the Hilbert
class field (or ring class field, when O is not maximal) of K (i.e., it is the maximal extension

of K which is unramified everywhere). In this case the Artin map is the only possible group
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isomorphism o[.] : Pic(O) — Gal(K(j(E))/K). Note that ¢ € Gal(K(j(FE))/K) doesn’t act
on a C K itself, this is why one must use the Artin map. For a more thorough picture of what
is going on see Shimura [33] Chapter 5. The action of Gal(K (j(F))/K) is given by

(0,0, [a)" = (O, n, [ab™ ).

If {y, Wn(y)} is to give a rational point on X (N) then it follows that both of the above
expressions must be either (O, n, [a]) or (O,n/, [an™1]).

In the class number 1 situation, o is trivial, j(a) = j(an™1), and both elliptic curves are
defined over Q. Thus p switches the two expressions. Therefore the Heegner point will give a
rational point of X (N). Furthermore it follows that the points (or point) of Xo(N) which lie
above this Heegner point must be defined over K.

In the class number 2 situation, j(a) and j(an~1) are defined over Q(j(E)). If E = E’ (i.e.,
n is a principal ideal) then o maps the Heegner point to a completely different one, while p
swaps the two expressions around. Hence we obtain a point on Xar (N) which is defined over a
quadratic field.

If E2% E' (ie., the ideal n of K is not principal) then E and E’ are Galois conjugate and
o swaps the curves (though it does not necessarily swap the isogenies in the correct manner).
There are now two cases. Firstly, if N ramifies as n? in K then p acts trivially and o switches
the Heegner points, and so we get a rational point of Xgr (N). If N does not ramify in K then
p maps (O,n,[a]) to (O,n’,[a?]) which is a different Heegner point. Similarly, ¢ maps y to
(O,n, [an~!]) which is the companion of y”. In this case we obtain a point of X" () which is
defined over a quadratic extension.

The case where one obtains a rational point from a Heegner point of class number 2 is very
rare. We now restrict to the case where N = p is a prime. For p to ramify in an order O we need
p|D where D is the discriminant of the order O. Stark has proved that there are precisely 18
quadratic imaginary fields having class number 2. There are 29 orders with class number two
and their discriminants are {—15, —20, —24, —32, —35, —36, —40, —48, —51, —52, —60, —64, —72,
—75,—88, —91, —99,—-100,—112, —115,—123,—147,—148, —187, —232,—235, —267, —403,
—427}. From this list it is seen that the only primes p which ramify are 2,3,5,7,11, 13,17,
23,29, 31,37,41, 47,61,89. In all of these cases the genus of XS'(p) is 0 or 1. Therefore we

have proved the following theorem.

Theorem 7 Let p be a prime such that XO+ (p) has genus at least 2. Then Heegner points

corresponding to orders of class number 2 are never rational points of X (p).

We end this section by giving an example which shows a rational point on the genus one
curve X (61) which comes from a Heegner point of class number 2.

First note that p = 61 ramifies in the order O of discriminant —427 = —7.61 (this order is
the full ring of integers of Q(v/—427)). The point 7 € H which is a root of 6172 + 617 + 17
corresponds to the Heegner point of discriminant —427. Evaluating the weight 2 cusp forms
x,y and z (see the tables in Chapter 3) at 7 gives the point [—30:8:3] on the model

222 + 2y + zyz + 5x2% + 4y’ 2 + by + 622 =0

for X (61). This point corresponds to the two points [£31/61:—30:8:3] on X(61) and we see
that these points are defined over K = Q (\/—427) as expected.

7.5 Rational Points from Heegner Points

We now combine the results of this Chapter with the explicit equations for modular curves
found in Chapters 2 and 3. The aim is to produce a list of rational points, coming from

Heegner points, on the curves X (p) of genus at least 2.
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Following the ideas of the previous section we have a method for finding explicit rational
points on the embedding of X(]L (p) into P™. Namely, for each class number 1 discriminant
D < 0 we find (as long as D is a square modulo 4p) integers A, B, C' (here A is what we called
A’ before) such that B? — 4pAC = D. Then evaluate the modular functions which give the
embedding of X (p) into P*(C) at the value of 7 € H such that Apr? + Bt + C = 0. We see

that there is a single rational point for each of these 7.

Theorem 8 Suppose D is the discriminant of a class number 1 quadratic order and suppose
D is a square modulo 4p. Then there is precisely one rational point on XS' (p) corresponding to

the Heegner point of discriminant D.

So one gets a single Heegner point for each class number 1 quadratic order in which p factors.
The corresponding elliptic curve E is defined over Q and is a fixed point of W), on Xo(p). Note
that it doesn’t correspond to a rational point of Xy(p) as the cyclic p-element subgroup (the
kernel of the p-isogeny) will not in general be defined over Q. The corresponding points of
Xo(p) will be defined over Q (\/ﬁ)

In the case of class number 2 discriminants, we saw that it was necessary for F and E’ to be
Galois conjugates. Therefore we would still only get one rational point for each discriminant.
We will only consider the case where the genus of Xar (p) is at least 2 and hence the class
number 2 case does not occur.

Note that, by a result of Mazur ([24] Corollary 1.5 on page 143), Ji (p) is torsion-free. Hence
the rational points we find will yield points of inifinite order on the Jacobian of the genus 2
curve. It would be interesting to know if these points could be used to yield a set of generators
for the Mordell-Weil group of the Jacobian.

7.6 Other Rational Points

We have seen that on XS' (p) there is a rational cusp and also some rational points coming from
Heegner points of class number 1. In a few cases we also get rational points coming from a
Heegner point of class number 2. It is impossible to obtain rational points which are Heegner
points of class number larger than 2. This is because such points will have at least 3 distinct
Galois conjugates, and therefore a pair of them cannot be Galois invariant.

We may now ask if there are any other rational points on Xar (p) and, if so, where they come
from.

The first step is the following proposition.

Proposition 9 Suppose E —— E' corresponds to a rational point on Xa' (p) which is neither
a cusp nor a Heegner point nor a rational point of Xo(p). Then E and E’ do not have complex

multiplication and neither E nor E' are defined over Q.

Proof. Since the point is not a cusp we know that E and E’ are genuine elliptic curves. To be
a rational point of X (p) it follows that, for every o € Gal (@/(@)7 we must have E = E'7

equal to either E — E’ or E’ . E. Therefore cither E° =~ E and 7% = m, or B = E’ and
w7 =gl

Suppose first that F is defined over Q. If j(E') ¢ Q then choose some o € Gal (@/Q) which
acts non-trivially on E’. The conjugate of E —— E' by o is E ™, B'°. Since E'° % E' this
contradicts the assumption that we have a rational point. Therefore E’ is defined over Q. An
element o € Gal (@/Q) takes E > E' to E = E'. If 7° = n for all o then ker 7 is defined
over Q and therefore we actually have a rational point on Xo(p). Otherwise we must have
77 = 7/ for some o and, therefore, E = E’. In this case 7 € End(E) and so E has complex

multiplication and is a Heegner point.
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Now suppose j(E) € Q. Then F must be defined over some quadratic field L/Q and E’
must be E? for the non-trivial element o € Gal(L/Q). The endomorphism ring of E is the
same as the endomorphism ring of E?. Therefore, if F has complex multiplication by O, then

so does E’ and this completes the proof. O

The only cases where the genus of X (p) is at least 2 and where Xy (p) has non-cuspidal
rational points are for p = 67 or 163. In both these cases there is only one such point on Xq(p).
Therefore that point must be fixed by the involution W), (since the action of this involution is
defined over Q). Thus the corresponding rational point on XO+ (p) is actually a Heegner point
after all.

If XS' (p) has genus zero then there are an infinite number of rational points. Slightly more
interesting is the genus one case. If X (p) has genus 1 then it isomorphic to J; (p) and Mazur
has shown that this abelian variety is torsion free and has positive rank. Therefore there are
an infinite number of rational points on it. In both these cases it must be that there are points
which do not come from elliptic curves having complex multiplication.

If X (p) has genus at least 2 then we know that it has only finitely many rational points.
Momose [25], [26] has studied the cases of composite level N and has shown that, in certain
cases, there are no rational points on Xo(N)/Wy other than the expected cusps and complex

multiplication points. We quote the statement of his theorem from [26].

Theorem 9 (/26] Theorem 0.1). Let N be a composite number. If N has a prime divisor p
which satisfies both conditions (i) and (ii) below then Xo(N)/Wx has no rational points other

than cusps and complex multiplication points.
(i) p> 11 and p # 13,37.
(i) #J5 ()(Q) finite.

According to Momose, all primes 17 < p < 300 satisfy the condition #J; (p)(Q) finite
except for possibly p € {151,199, 227,277}. The justification for this is given in Mazur [24], on
page (coincidently?) 151.

As a result of our calculations we will exhibit, for some primes p, points on XS' (p) which
are neither cusps nor Heegner points.

One wonders if there is an arithmetic interpretation of these exceptional rational points. It
seems a peculiar state of affairs that, when the genus of X (p) is 0 or 1, one gets an infinite
number of such points but when the genus is at least 2 one gets almost none of them.

7.7 Tables for Genus 2 Curves

In this section we present the results of some computations of rational points on genus 2 curves
arising from Heegner points. The cusp infinity will always be associated to one of the points
[0:1:0], though we write the equations in affine form in the tables. The hyperelliptic involution
is always [x : y : 2] — [v : —y : 2], which is clearly defined over Q. For the curves X, (p),
the hyperelliptic involution does not come from the action of SL(Z) (this is unlike the Xo (V)
case, where Ogg [30] showed that X((37) is the only example of a hyperelliptic modular curve
whose hyperelliptic involution does not come from an element of SLy(Z)).

We list the discriminants D of suitable orders O (i.e., so that D is a square modulo p).
The computation of suitable 7 is elementary. The evaluation of the given modular forms at
7 is, however, more involved, as the g-expansions do not usually have very good convergence.
In general one finds that a g-expansion of about 80 terms will suffice in order to obtain a

recognisable form for most of the Heegner points. Sometimes, though, the convergence is very
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bad. Even using 300 term g-expansions and optimising the choice of 7 using the action of I'fj(p)
does not allow us to calculate these points to even crude accuracy. In these cases we mark the
Heegner point with a question mark. Note that since the modular functions should evaluate to
a rational number we may get a feel for the error in our calculation by looking at the size of
the imaginary part.

The model for the curve is that used in Chapter 4. Thus we have modular forms f and g with
X = f/gand Y = dX/g. The projective model Y2Z* = ps(X, Z) corresponds to X = f, Z =g
and Y = (gdf — fdg)/g?. Thus a point 7 corresponds to oo = [0:1:0] if X(7) = f(r) and
Z(t) = g(1) are very small compared with Y (7). Care must be taken here as it is easy to
mistakenly identify oo in this way. Set d = gdf — fdg = —¢® + ---. It therefore follows that
d/f? = —1+ ---. Thus, at the cusp ioco, the function d/f? must take the value —1. For the
“other” point which falls at oo, the modular forms must behave in the same way. Therefore
we recognise points at oo by checking to see that d/f2 = —1. We use this criterion to confirm
that our candidate 7 does give the point co.

We have performed a search for all points [X:Y:Z] on the projective model of the curve such
that X,Y,Z € Z and | X|,|Y|,|Z| < 300. Note that, in the genus 2 case, we tend to represent
the points in affine form as (z,y) or as co. One suspects there will be no other rational points
on these curves but I do not have the tools to show this. We list all the points found in the
search which are not already listed as Heegner points.

One confidently expects that the question marks in the list of Heegner points may be filled
with a suitable choice from among the points found by the brute-force search. Indeed, the
correspondence may be deduced, in many cases, by lifting the rational points from XS' (p) to
Xo(p) and then examining their field of definition.

An interesting case arises when there are points “left over”. In these cases we genuinely have
rational points which do not arise as Heegner points. It is clear from our computations that
these points are very rare. Unfortunately we cannot “invert” our modular forms so we cannot
find which 7 correspond to these stray points. As a result we have no clues to the arithmetic
interpretation of these points.
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Table 7. Rational Points on Genus 2 X (p)
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X (67) y? =20 +22° + 2t — 223 + 222 — 4z + 1
=-3 (-11) D=-7 (01
=8  (0,-1) D=-11 o
D=-12 (L1 D=-27 (-1,-3)
D=-28 (-2,-7) D=-43 (1,-1)
D=—67 (—2,7) (from Xo(67)(Q))
X (73) y? =25 +22° + 2t + 623 + 227 — 4 + 1
“ Y — 4 (1
D=-8  (0,-1) D=-12 oo
=—-16 (1,-3) D=-19 (0,1)
D =-27 (-1,1) D=-67 (1,3)
(3,—3)
X(103) y? = 2% 4+ 62° + 5zt + 223 + 222 + 1
=-3  (2,-19) =-11 (0,1)
D=-12  (0,-1) D=-27 (-1,1)
D=-43 (-1,-1) D=—-67 oo
(2,19)
X (107) y? = 2% + 22° + 52 + 223 — 222 — 4z — 3
D=-7  (1,-1) D=-8 o0
=28 (-1,1) D=-43 (1,0)
D=—67 (-1,-1)
X, (167) y? = a8 — 42° +22% — 223 — 322 + 22 -3
D=-43 D=—67 (-1,-1)
D=-163 (-1,1)
X (191) y? = a8 +22% +22% + 522 — 62 + 1
D=-7 (0,1 D=-11 (0,-1)
D=-19 00 D=-28 (2,11)
(2, -11)

So X (73), X, (103) and X (191) each have an extra rational point and, as we have shown,

this cannot come from a Heegner point or a complex multiplication point. In the case of XS' (73)
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we may trace (from the tables in Chapter 3) the point (1, <2) back to [v/—127:—2y/=127:—3:19:2]
on X((73) and so it follows that this point is the non-Heegner point as it isn’t defined over any

of the fields having class number one discriminant.

7.8 Tables for Higher Genus Curves

We now perform a similar analysis for curves XO+ (p) of genus 3 < g < 5. In all cases the points
given lie on the model (using eigenforms) listed in Chapter 2.

First we consider genus 3 curves X (p). Once again we have occasional trouble with con-
vergence of the g-expansions. Nevertheless we compute points corresponding to most of the
applicable discriminants and we perform a search over all integral points [X : Y : Z] with
|X|,[Y],|Z] < 300. We assume, as before, that the points with bad convergence (marked with
a “?”) can be paired with the unmatched points found in the search. We find that all the
rational points arise as either the cusp (in this case always [1:0:0]) or as a Heegner point. So
there are no exceptional points in these cases.

Note that, in this case, our modular parameterisation really is projective. Therefore the
modular forms do not evaluate to rational numbers themselves, but taking ratios yields eas-
ily recognised rational numbers. In theory we could use the PARI-GP function algdep to
recognise these rational numbers, but in all our examples they have such small height that it

is obvious by sight.

Table 8. Rational Points on Genus 3 X (p)

X;(97) | cusp [1:0:0]
D=-3 7 =—4 7
D=-8  [-1:0:1] D=-11 [0:1:0]
=-12 [1:1:-1] D=-16 [-2:0:1]
D=-27 [-2:1:] D =—-43 [1:1:0]

D=-163 [-T7:3:2]

[0:1:0] [0:0:1]

X7(109) | cusp [1:0:0]
D=-3 7 D=-4 ?
D=-7 [1:1:—1] D=-12 [0:1:0]
D=-16 [-1:0:1] D=-27 [2:1:—1]]
D=-28 [-3:1:]] D =-43 [0:—1:1]

[—4:1:2] [1:2:—1]
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X (113) | cusp [1:0:0]
D=—-4 [1:2:-1] D=-7 [-1:1:0]
=-8  [l:1:—1] D=-11 [0:1:0]
=-16  [~1:0:1] D=-28 [1:1:=2]
D=-163 [3:3:—1]
X (127) | cusp [1:0:0]
-3 7 =7 [21:-1]
=-12  [0:1:0] D=-27 [-2:0:1]
D=-28 [0:—1:1] D= —43 [-1:1:0]
D=—-67 [3:2:—1]
[4:3:-2)
X (139) | cusp [1:0:0]
=-3 2 = -8 [1:1:—1]
D=-12 [-1:0:1] D=-19 [-2:0:1]
D=-27 [2:1:—1] D=—43 [0:—1:1]
[—5:2:1]

86
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X (149) | cusp [1:0:0]
=—4 7 =7 [-1:0:1]
=16  [2:1:—1] D=-19 [l:1:-1]
=28 [1:2:-1] D=-67 [-3:1:1]
[0:-1:1]
X (151) | cusp [1:0:0]
-3 2 =7  [-1:10]
=12 [-2:0:1] D=-27 [0:-1:1]
D=-28 [1:1:-2] D=-67 [1:-2:1]
D=-163 [1:0:1]
[0:—4:1]
X (179) | cusp [1:0:0]
=7  [-101] = -8  [0:1:0]
D=-11 [1:1:-1] =28 [1:2:—1]
D=-163 [3:3:-1]
X;(239) | cusp [1:0:0]
D=-7  [-10:1] D=-19 [-2:0:1]
D=-28 [-1:2:] =43 [-2:1:1]
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We now give a table for some genus 4 curves XO+ (p). In this case the brute-force search

is over a smaller region, namely w,z,y,z € Z such that |wl,|z|,|yl,|z] < 60. We find that

X (137) has an exceptional rational point.
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Table 9. Rational Points on Genus 4 Curves X; (p)

X 7(137) | cusp [1:0:0:0]
D=-4 [2:—4:—3:2] =—-7 [2:=1:—2:1]
D=-8 [—1:1:0:0] =—11 [1:1:—1:0]
D=-16 [2:0:—1:0] =-19 [1:=2:—1:1]
D =-28 [0:1:2:—1]
[19:2:—16:4]

X (173) | cusp [1:0:0:0]
D=-4 [0:—4:0:1] D=-16 [2:—2:—2:1]
D=-43  [0:1:-1:0] D=—67 [3:~3:—2:1]
D = -163 [12:—9:—5:2]
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Now for genus 5 curves. Here the bound for the search for rational points is reduced to 45.

No further exceptional rational points are found.

Table 10. Rational Points on Genus 5 Curves X (p)

X7 (157) | cusp [1:0:0:0:0]
D=-3 [6:11:=13:—6:4] ? =—-4 [0:0:2:1:=1] ?
D=-11 [1:—2:—1:1:0 ] =-12 [2:1:—1:0:0]
=-16 [2:2:—4:—1:]] =-19 [1:2:—3:—1:1]
=27 [3:=1:—4:0:1] D =-67 [2:1:-5:0:1]
X (181) | cusp [1:0:0:0:0]
D=-3 [13:9:-11:-3:2] ? =—4 [2:2:=T7:—1:2] 7
D=-11 [2:—3:—1:1:0] D=-12 [1:—3:—1:1:0]
=16 [2:—2:—1:1:0] D=-27 [2:0:—4:0:1]
=—43 [3:1:—1:0:0] D =—-67 [2:6:—4:—2:1]




Chapter 8

Future Paths

We have accumulated some evidence about the size of coefficients occurring in models for
Xo(N). It is clear that these modular curves (and their quotient curves by Atkin-Lehner
involutions) do have remarkably small coefficients. Our computations only give information for
small values of N and for low genus curves. Therefore we find ourselves in a poor position to
make inferences about the general case.

We have seen that the theory of heights is a language in which one may phrase statements
about the coefficient size of equations. Using heights we may bring questions about coeflicient
size into more well-known areas of number theory. There is much potential for further research
in this direction, although some of the questions are doubtless very difficult to answer.

Another problem which begs further analysis is to interpret the exceptional rational points
on X (p) in terms of elliptic curves. It would also be interesting to know if there are ex-
ceptional rational points on other modular curves (for instance Xgpit(p) = Xo(p*)/W, and
KXnon—split(p))-

One interesting problem which has arisen during this research is the following. Suppose we
have a genus 3 curve D given as a double cover of an elliptic curve E. Suppose further that
the Jacobian of D is isogenous to the product of E with the Jacobian of some genus 2 curve C.
Then, is it possible to find an equation for the curve C' from the explicit equations for D — E?
For example, X(43) has genus 3 and it is a double cover of the elliptic curve X (43). It can
be shown that Jy(43) ~ E x Jac(C) for some genus 2 curve C'. By studying the period lattice
of Jy(43) and using techniques such as those of Wang [44], it might be possible to obtain an
equation for C. Is there a more simple and direct way to obtain equations in this case?

It is fascinating to witness the hidden depth in even the most simple equations. For instance,
the rational points on our equations contain large amounts of arithmetic information. The
equations themselves are constrained by the task of reflecting this (and more) information —
and yet they find the freedom to assume such elegant forms. This small illustration of the

beauty of mathematics is payment enough for all the hard and dirty work.
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