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Abstract

The decomposition of the polynomials on the quaternionic unit sphere in H¢
into irreducible modules under the action of the quaternionic unitary (symplectic)
group and quaternionic scalar multiplication has been studied by several authors.
Typically, these abstract decompositions into “quaternionic spherical harmonics”
specify the irreducible representations involved and their multiplicities.

The elementary constructive approach taken here gives an orthogonal direct
sum of irreducibles, which can be described by some low-dimensional subspaces,
to which commuting linear operators L and R are applied. These operators map
harmonic polynomials to harmonic polynomials, and zonal polynomials to zonal
polynomials. We give explicit formulas for the relevant “zonal polynomials” and
describe the symmetries, dimensions, and “complexity” of the subspaces involved.

Possible applications include the construction and analysis of desirable sets
of points in quaternionic space, such as equiangular lines, lattices and spherical
designs (cubature rules).
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1 Introduction

There are several desirable sets of points that have been, and are, studied in real, complex
and quaternionic space, which includes equiangular lines [ACFWT1§]|, [Wall8], spherical
designs (cubature rules) [Hog84] and lattices [BN0O2]. These are usually classified up to
“unitary equivalence”, and are often constructed as a group orbit of a “unitary action”.
These considerations have led to this paper.

We consider the invariant subspaces of harmonic polynomials on quaternionic space
H? under the natural action of the quaternionic unitary matrices (the symplectic group)
and scalar multiplication by quaternions (acting on the other side), and the associated
zonal polynomials and reproducing kernels. This question has been considered several
times, independently, e.g., [Smi75], [BN02], [BDET14], [DBSW17], [ACMM?20]. The
exact answer given depends on the precise definition of the harmonic polynomials; in
particular, the field in which they may take values, and the precise group and its action.
The devil is in the details.

Here we give an elementary examples driven development of this question, motivated
by the more well known real and complex cases, the only partly trivial case of H!, and
our interest in the construction of spherical designs for the quaternionic sphere [Wal20b],
[Wal20a]. This proceeds from certain unambiguous definitions and well known facts (the
details). We hope that this illuminates the above literature as it applies, and our results
can be used for practical computations. Key aspects of our development include:

e By considering the action of scalar multiplication by quaternions on polynomials
H? — C, we are naturally led to the operators L and R. The operator R appears in
[BDE*18] as ', and implicitly in the development of the irreducible representations
of the multiplicative group H* given in [Fol95].

e There is a natural correspondence between results for homogeneous polynomials
and for harmonic polynomials (given by the Fisher decomposition). Ultimately,
we are primarily interested in irreducible representations of harmonic polynomials.
Sometimes we start with the homogeneous polynomials, as these have natural inner
products and explicit bases (of monomials).

e There are many technical calculations that could clutter the presentation. Some
of these are proved later, and we often give explicit examples, e.g., the operator R
in one dimension, or a zonal polynomial with pole e; = (1,0,...0), to convey the
basic ideas behind the results.

2 The devil is in the details

We assume basic familiarity with the quaternions H, with the basis elements 1,1, j, k.
The noncommutative multiplication requires subtle modifications to the associated linear
algebra (see [Brebl], [Wal20b]). Of particular use is the “commutativity” formula

jz =Zj, z € C. (2.1)



We will consider polynomials on real, complex and quaternionic space R?, C¢ and H<.
With the Euclidean inner product

(v,w) :==v*'w = Zv_jwj, v,weF, F=R,C,H, (2.2)
J

where @ is the conjugate on H (and hence R and C). In the sum above, j is an index,
rather than the quaternion j, for which we also use the same symbol (this is commonly
done). We will use F and K to stand for either of R, C,H, independently (9 cases in
all for maps F¢ — K). Given our choice , it is natural to then treat H? as a right
H-module, with the H-linear maps L acting on the left, i.e.,

(va, wpy = alv,w)p, (Lv)a = L(va), (2.3)

and in turn, to make the identification ({2.8)).

There are natural identifications of F¢ with R™¢, where m := dimg(F), given by the
Cayley-Dickson construction of C and H from R, e.g., with (i1, 12, 43,14) := (1,4, 7, k), we
have (the R-linear map) [-]gma : F* — R™? given by

(1 +igza + - + U T|rma = (T1, ..., T), Ty, ..., Ty € R (2.4)

We say f:F? — R is a polynomial if f([-];5..) : R™ — R is a polynomial (of md real
variables). In this way, we can define homogeneous and (homogeneous) harmonic
polynomials f : F¢ — R of degree k. These polynomials are real-valued, and naturally
form R-vector spaces, which we denote by Homy,(F¢, R) and Harm,(F?, R).

There is a purely algebraic way to make a finite-dimensional real-vector space into a
complex-vector space, and into a (left or right) H-vector space (H-module), by formally
multiplying by complex and quaternion scalars. In this way, we define the K-valued

K-vector spaces of homogeneous and harmonic polynomials F¢ — K, which we denote
by Homy,(F¢, K) and Harmy,(F?, K). Clearly, with r = dimg(K), we have

f=f+foio+---+ fri, € Harmk(Fd,K) — fi,...,.[r € Harmk(Fd,R),

and similarly for Homy(F¢, K). Such a K-vector spaces can also be viewed as a L-vector
spaces, where . € {R,C,H} and L. C K. We thereby have (from the real case) the
following dimension formulas

k+md—1\ ..
d 1 )dlmL(K),

dim (Harm (F,K)) = { (k - md = 1) _ (k md - 3) b dime (), md #1

dimy, (Homy (F?, K)) = (

md — 1 md — 1
B (k+md—3)! .

For polynomials f : F¢ — K, we can define an action of a group G from its action on F¢
via

(9-fl@):=flg-2), xeF, (2.6)
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provided that [g]gma : R™® — R™ : [x]gma > [ - Z]gma is R-linear. Such a group action
preserves the harmonic polynomials of degree k provided that [g]gma is orthogonal. Since
we are only interested in the invariant polynomial subspaces under such an action, it
makes no essential difference if we take a left or right action. We say that a nonzero
K-subspace V' of harmonic polynomials F? — K is irreducible (under the action of G)
if its only G-invariant subspaces are V' and {0}, i.e., for every nonzero f € V we have
spang {f} = V.
We are primarily concerned with polynomials restricted to the (unit) sphere

S = {z € F: ||[z]gma]| = 1}.

Hence the linear maps [g]gms above must be orthogonal, i.e., belong to the orthogonal
group O(md) = U(R™?). We note that f — f|s gives a K-vector space isomorphism
between Harmy(F?, K) and Harmy(F¢,K)|s, with terms solid and surface used if it is
necessary to distinguish between them. The basic principles in play are:

e We mostly consider polynomials H? — C, since H-valued polynomials do not
commute, and there is a well developed theory of representations over C.

e Smaller subgroups G of O(md) give smaller irreducible subspaces, which may lead
to finer decompositions (more irreducibles).

e Enlarging the field K (to C or H) preserves invariance of subspaces, but may not
preserve irreducibility, which may lead to finer decompositions (Example .

e The irreducibles that are involved in a decomposition are of interest. The sum
of all subspaces isomorphic to a given irreducible is called the homogeneous or
isotypic component (for the irreducible), and it is unique. As an extreme case, all
the irreducibles for the action of the trivial group are the 1-dimensional subspaces,
and there is a single (uninteresting) homogeneous component.

e The reproducing kernel K (x,y) for a unitarily invariant polynomial space should
depend only on the inner product (z,y).

e We begin with general homogeneous polynomials for which there are natural
(monomial) bases and useful inner products. We then specialise to those which
are harmonic, and then, ultimately, zonal.

To develop explicit formulas, we use the Cayley-Dickson identifications C% = R?? of
(2.4), and H¢ = C?? given by

r+iyeCl — [z +iylg = [+ iylgea = (2, y) € R*, (2.7)

z+jweH +—  [z+ jw]e = (z,w) € C*. (2.8)

In particular, the identification (2.8) ensures that []c : HY — C?? is C-linear, for H? as
a right vector space, i.e.,

z

wo w

(= + jw)a)e = [za + jwalc = (m) _ (

)a: (2 + jw)lca, a€C.
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It is convenient to define an identification H¢ = R* by

[z + jwle = [[(z + jw)]cle = [(z,w)]r = (Re(z), Re(w), Im(2), Im(w)). (2.9)
We note that
[z + jw|gsa = (Re(z), Im(2), Re(w), — Im(w)].
We will use standard multi-index notation for monomials of degree k, e.g.,

e} a1 a2 aq — d
2% = 21127 2y, la| i=a1 + - + g, a € 2.

k+4d—1

1 ) monomials

By a dimension count, the (
My : H? — C @ 2 + jw > 2 w2z ™ la| =k, a=(ai,...,as) € ZY, (2.10)

are a basis for Homy (H¢, C). We will often write 2 wz%w% for the monomial m,,.
For z = z 4+ 1y € C, we define the Wirtinger derivatives in the usual way, i.e.,

0 1,0 0 0 1,0 0
9.1 <_ _ ‘_> 9. _<_ +i _) (2.11)
0z ox oy 0z ox dy
Let A be the Laplacian operator on functions H? — C, which is given by
d 52
—A ( ). 2.12
Z (?Z_]@zj 8w_j8wj (2.12)
By applying this, we see that the monomials
2w, 7%, 2°°, ZP,
are harmonic, i.e., in the kernel of A.
Let U € C**4 he the unitary matrix given by
Re(z) z 1 0 10
. | Re(w) | w ~1fo 1 01
[z + wjlg = Tn(2) =U = | z,w € C, U—§ i 0 io
Im(w) w 0 —i 0 1

Example 2.1 Right scalar multiplication of H by a+j3 € H under these identifications
s given by

HY — H*: 2+ jw = (2 + jw)(a+ jB) = (za — W) + j(Z8 + wa),

2d 2 . [ Z za —wp
cr=C '<w)}_)<§ﬁ+woz>’

RY* — RY* : [ + wjlg = Maijplz + wjlg,

S 8 8T s (B O o 8
. Re Re Im —Im(o

Moyjp=U 0 -8B a o0 ®IU ~ 9 Im(a) —Im(5) Re(a) Re(8) ®1
g 0 0 @ Im(8) Im(a) —Re(B) Re(a)

where I = 14 is the d x d identity matriz. Note that this map is only R-linear, and so
there are no matriz representations for it as a map from HY — H? or C* — C*¢,
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Example 2.2 Consider left multiplication by a linear map L = A+ jB, A, B € C¥4,
By , we obtain the following matrix representations under our identifications

HY - H*: 2 + jw — (A+jB)(z + jw) = Az — Bw + j(Bz + Aw),

e ()= (0 D) ()

R* — R : [z + wj]g — Mgz + wig,

A -B 0 0 Re(A) —Re(B) —Im(A) —Im(B)
Mao—U|B A 0 0 gr— L | Re(B)  Re(4)  —Im(B) Im(4)
A= 10 0 A —-B T2 | Im(A) Im(B) Re(4A) —Re(B)
0 0 B A Im(B) —Im(A) Re(B) Re(A)

Matrix multiplication on the left (which includes left scalar multiplication) commutes
with right scalar multiplication, by the associative law

(Lv)a = L(va), veH acH. (2.13)

Conversely, those matrices in R* x R4 which commute with all M, ;s (equivalently Mj,
M;, M; and M) correspond to the matrices L € H%? and are said to be symplectic.

The compact symplectic group Sp(d), quaternionic unitary group U(H¢) or
hyperunitary group (see [Hall5] §1.2.8) is the group of unitary matrices in H%*? for
the inner product (2.2), or, equivalently, the symplectic matrices in R**% which are
orthogonal. These may also be viewed as the unitary matrices of the form

c2 2, (Z> — (A __B) (Z> A*A+BB=1, A"B-BTA=0.
w B A W

In particular, Sp(1) = H* is the group of unit quaternions or, the special unitary group

«

SU(2) = {(5 _aﬁ> : ]a|2+\5|2:1,a,ﬁEC},

which therefore have the same irreducible representations (see [Fol95] §5.4).

3 The operators R and L

A subspace V' of Harmy(H? C) is invariant under the right multiplication by H* if
f(z+ jw) € V implies f((z + jw)(a+ jB)) € V, and similarly for left multiplication.
The following elementary example shows how we came to the operators R and L.

Example 3.1 Suppose that V' C Harmg(H', C) is invariant under right multiplication
by H*, and f((z 4 jw)) = 2w € V, then

f((z+jw)(a+jB)) = (za —wp)*(Z6 + wa)

= 22w + o*B(2%*Z — 22wW) + af(ww? — 227w) + BPEw’ € V.



By taking different choices for a and (3, it is not hard to see that the “coefficients” of
the monomials o, a3, 3%, 3% above are in V, i.e.,

22w, 227 — 220w, Wt — 227w, Zw: € V.

This example naturally generalises as follows.
Lemma 3.2 Let f € Homy(H?, C) be given by f = f(z + jw) = F(z,w,z,w), and
Vi be the subspace invariant under right multiplication by H* generated by f. Then V;
contains

f((z+]w)(a+]5)) = F(ZOé _wﬁvzﬁ_{_wav%_ QUB,ZB‘I—W), Oé,/B € Ca

and all its partial derivatives in the variables o, @, 3, B, including

8a1+a2+a3+a4

— z4+jw)(a+ 7

D500 7/ ((z + jw)(a + j5))
Moreover, if f is harmonic, then so are all the polynomials in V5.

Proof: Clearly, V; is the subspace of Homy,(H?, C) given by
Vi =spanc{f ((z + jw)q) : ¢ = o+ j € H'}.

and hence for ¢ = o + 7 nonzero, we have
f((z+jw)(a+38)) = la|*f((z + jw)(a/|al)) € V}.

Since V} is a finite-dimensional vector space, it follows that the first order partials in
a,@, 3, B, which are limits of Newton quotients in V¢, are in V}, and therefore so are all
the partial derivatives.

A calculation shows that if f : R® — R is harmonic, then so is foU for U : R* — R”
orthogonal. Since scalar multiplication of H? by a unit quaternion (left or right) is
an orthogonal map R — R it follows that if f(z + jw) is harmonic, then so is
f((z+ jw)q), ¢ € H*, and hence every polynomial in V7. m|

R.f = (3.1)

a=1,8=0

In other words, if a subspace V' C Homy,(H?, C) is invariant under right multiplica-
tion by H*, then it is invariant under the action of the operators R, of . Since the
partial derivatives in for |a| = a; + ay + a3 + ay = k do not depend on «, §,@, 3,
they can be “evaluated” at a = 0,3 = 0, to obtain the Taylor formula

e+ du)a+i8) = 3 Rl

=k a1!a2!a3!a4! ’
al=

f € Homy,(H", C). (3.2)

We therefore have the following converse result.

Proposition 3.3 A subspace V C Homy,(H¢, C) is invariant under right multiplication
by H* if and only if it is invariant under the operators R,, |a| = k.

Proof: As already observed, the forward implication follows from Lemma [3.2]
Conversely, suppose that V' is invariant under right multiplication by H*, and f € V.
Since the monomials in «, 3, @, § in the Taylor formula are linearly independent,
it follows that
Vi =spanc{R.f : la| =k} C V,

and so V is invariant under right multiplication by the operators R,, |a| = k. O



This observation means that

e We can replace invariance under right multiplication by the continuous group H*
by invariance under the discrete set of operators { Ry }|q|=k-

This is the basic spirit of our development, where

e The operators { R} o= are homogeneous differential operators of order & which
are replaced by two first order operators R and R*, with RF1 = (R*)*! = 0.

There is an obvious parallel development for the left multiplication by H* where the
role of R, is played by L,, where

f((a+37B)(z + jw)) = F(az — fw,aw + Bz, 0z — fw, aw + fz),

o +az2+aszt+aq

bl = Haw 9 e 95" Flle+ 3B)(z + 3w))

(3.3)

a=1,8=0

Example 3.4 For the Example i.e., f = 2w, the nonzero terms in are

R3oo0f = 62°w, Roioof =22°2—42wW, Rigoof = 20w’ —427w0, Rozoof = 670"

The nonzero polynomials R, f are not a basis for Vy in general, e.g., for f = 2w one has
Rigiof = 2w, Roio1f=—2w0, Rigorf =2 Roiiof =1

To illustrate the nature of the definition (3.1)) of R,, we consider the mechanics of
calculating Ro100f for d = 1. Let C' = (za — Wh,Z0 + wa, za — wp, 2 + wa). Then
differentiating gives

((z + jw)(a +jB)) = F(C)%(za—@ﬁ)_;_pﬂr( )aaﬁ

665 (Z0 + wa) + -

and evaluating this at a = 1, § =0 gives C' = (z,w,z,w), and hence

E)ﬁ = —w—f f. (3.4)

a=1,8=0 0z 8w
The calculation for d > 1, is the same, leading to

d of
Ro00f = Z( wfazj Zfawj)‘

For readability, we will often give the d = 1 case, with general case following by replacing
z by z;, etc, and summing over j (or applying the Einstein summation convention).
For the first order differential operators R,, we will use the suggestive notation

0 0

R, =R = —|, Rs:= R = —,
1000 = 5 8 0,1,0,0 95

Ropo0f = ((z + jw)(a + jB))




0 0

Rg := Roo,10 = Rg = Ro0,0,1 =

a_a ) % )
and similarly for L,, Lg, . ... All of these first order operators 7" satisfy the product rule
T(f9) =T(f)g+ fT(g)- (3.5)
For d = 1, they are
0 0 0 0
Rs=-w— 42— Rz =—w— — 3.6
B waz+zaw, B wa§+za@’ ( )
0 0 _0 _ 0
RQ—Z&—FIU@—M, Ra—Z&"’w@—w, (37)
0 ) 0 0
Lg=z——w L:=7Z— —w— .
T %w Yo P Cow Vor (3:8)
0 0 9] 0
Ly=z2—+w— Ly=w—+7Z—. .
T TV T Yow Tz (3:9)
Of particular interest, are the operators
R := —Rpg, R* = Ry, L:=—Lg, L* := Lg, (3.10)
which in the 1-dimensional case have the form
0 0 0 0
— —Z— = —w— — A1
R = w&z Z@w R wa_+za_, (3.11)
0 0 0 0
L=w——Z— L'=z— —w—. 12
o2 Z&w’ “ow oz (312)
and for general d are given by
: ) d ) )
R = Z(w] azj —Zj 8wj) R = Z(—w]a—z_j + Zja—w_j>, (313)
Jj=1 j=1
& ) S )
L= ;(w] 82 Zja—w_j), L* = ;(Zja—% — wja_Z) . (314)

The notation R* and L* is used, as we will see (Lemma that they are the adjoints of

R and L, respectively, for two natural inner products. The operators R and R* (but not

L and L*) appear in the work of [BDE*14], [BDET18] as ¢ = R* and " = R. Operators

of this type (for d = 1) also appear in the construction of irreducible representations of

SU(2) = H* on the homogeneous polynomials in z and w of degree k given in [Fol95].
The following “ansatz” indicates our approach.

Ansatz 3.5 On Homy(H?, C), each operator R,, |a| = k, can be written as a polynomial
of degree k with real coefficients in the noncommuting variables R and R*. Therefore, a
subspace of Homy(H<, C) is invariant under right multiplication by scalars in H* if and
only if it is invariant under R and R*.



The analogous statement holds for left multiplication and the action of L and L*.
It was hoped to prove this, by exhibiting the polynomials in R and R* explicitly, or by
a simple inductive argument, but this is complicated by the fact that R and R* do not
commute. We now discuss some relevant algebraic properties of R, R*, etc.

Lemma 3.6 We have the commutativity relations

RsR; — RgRs = Ry — Re,  RoRa = RgRa, (3.15)
RsRo— RoRs = Rs,  RoR;— R3R. = Ry, (3.16)
ReRs — RsRs = Rs,  RzRg— ReR3= Ry, (3.17)

Furthermore, on Homy(H?, C) we have
R, + Rz = kI, (3.18)

and hence
1 1
Ro = S(R'R—RR +kI),  Ry=S(RR" = R'R+ k). (3.19)

Proof: The relations (3.15)), (3.16)) and (3.17]) directly from the formulas of the type
(3.6) and (3.7), e.g., the first is proved in Lemma [5.3] For (3.18), apply R, and Rz to

a monomial f = zMw2zZ®W™ | |a| = |a1| + |az| + |ag| + |as| = k,

rof = 2 (52 0 2) = (@t + @) = ol e,

J

Raf = (52 +52) = S ((en)sf + (@)sf) = (fsl + s

J

and add to get R.f + Rzf = kf. The equations (3.19)) then follow by using (3.18]) to
eliminate Rz and R, from RgR, — R.Rz = Rp. |

In view of (3.19) all “polynomials” in Rg, g, Ra, Ra can be written as polynomials
in the noncommuting variables R and R*.

Example 3.7 The commutativity relations and can be used to exchange
a and [ factors as follows

RsRo = (Ro + I)Rs,  RoRs= Rs(Ro —I),

RoRy=Ry(Ry+1),  RgRy—(R.—I)Rj,
RBRE = (Ra + [)RB’ RERB = RE(RE — I)
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In this way, one might hope to put the “polynomials” giving R, in terms of R and R*
alluded to in Ansatz[3.5 into some canonical form, which could then be proved, e.g., by
verifying it on the monomials. To this end, we have formulas such as

aa1+a2+a3 a1—1 az—1

Ral,ag,ag,o - m — <H (Ra - jl]))RgQ ( H (RE - ]3I)>7
Jj1=0 Jjz=0
aa1+a3+a4 az—1 a1—1
Raygagas = | = (T (Fw = 3sD)) B2 (T] (Re = aD)).
10z dan da™of " ]110( HD ’ ]H)( )
ab1+b2
——| = R%l R% + bleRglflRaRb—Tl + lower order terms,
803" 7 7
where the lower order terms are zero when either of by or by takes the value O or 1, and
0
l.ot= bl(bl - I)W R b2 = 2,
0

l.ot= 3b1<b1 — 1) — 2b1(b1 — 1)(b1 — 2) bQ = 3.

Oaropn—20p oatoph =31’

However, a general formula has yet to be obtained.

4 Inner products on the quaternionic sphere

There are two natural (unitarily invariant) inner products defined on polynomials from
H? — C that we consider. Let

S=SEF) :={z cF: |z|| =1} ={z ¢ R™: ||z|| = 1}

be the unit sphere in F¢, and o be the surface area measure on S, normalised so that
o(S) = 1. We note that surface area measure invariant under unitary maps on F? i.e.,
for U unitary

f(Uz)do(z) = f(z)do(x), V.

S(F4) S(F)
The first inner product we consider is defined on complex-valued functions restricted to
the quaternionic sphere S = S(H¢) by

o) = {fghse= [ Th)dofa) (4.1

This can be calculated from the well known integrals of the monomials in 2z, w,z,w € C¢
(polynomials in 2d complex variables)

/ 2Pz 4o = / 21w 7272 do (2, w),
S(H4) S(C24)
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which are zero for (aq, 81) # (aw, 52), and otherwise

—ao— 2d — 1)y !54! aq!B!

L Przeegh Jo = ( _ 7 o, B1) = (0. B).

/S(Hd) (2d — 14 Jar| + |B1])! (2d)jas 4151 (a1, 1) = (a2, B2)
(4.2)

Here (2), == z(x +1)--- (z +n — 1) is the Pochhammer symbol.

For a polynomial f = )" faz™w*2z*w™ mapping H? — C, let f be the polynomial
obtained by replacing the coefficient f, € C by its conjugate f,, and f(9) be the
differential operator obtained replacing z by %, etc, i.e.,

aa1 +as+taztag f

f:Za:faz lw 22 3@ 47 f(a) :Za:faazalawa282a3awa4'
The second inner product is given by

(f,9)0 = F(2)9(0) = > ! fuga. (4.3)

The inner products and are both prominent in the theory of spherical
harmonics. The first is natural for Fourier expansions on the sphere, and the second,
which is variously known as the apolar [Veg00], Bombieri [Zei94] or Fischer inner
product [BDET14], is also widely used. Not withstanding the fact that they are defined
on different spaces, these inner products are different, since the monomials are orthogonal
in the second, but not in the first in general, e.g.,

1
= 2d = -
(2121, w7 /S(Hd) |z1w1 | do 24241 1)

Nevertheless, these inner product are scalar multiples of each other in the following sense
<f7 g>d = (Qd)k<f7 g>7 f € Ha’rmk(Hda (C)u g e Homk(Hda C)a

which follows from [DX13|] (Theorem 1.1.8) as presented in [DBSW17] (Lemma 2).
The homogeneous polynomials of different degrees are orthogonal to each other for
both inner products, giving the orthogonal direct sums

@D Hom, (H, (C)‘ @D Hom, (H*, C),

k>0 k>0

# 0, (2171, wiwr)g = 0.

S(Hd)’

respectively. For simplicity, we will primarily consider the further decomposition of
Harmy,(H?, C), with it being understood that this leads to a corresponding refinement
of the direct sums

P Hom,,(H,C) = B |- ¥ Harmy_o;(H*, C), (4.4)

k>0 k>0 Oﬁjﬁg
Homy,(H*,C)|, = @5 Harmy_o;(H*,C), (4.5)
0<j<%

of the polynomials H¢ — C into irreducibles for the action of SO(4d). The direct sum

(4.4) is sometimes referred to as the Fischer decomposition [BDET14].
The adjoints of R and L are the same for both of these inner products.

12



Lemma 4.1 The operators R* and L* are the adjoints of R and L with respect to both
the inner products and defined on Homy(H<, C).

Proof: This is by direct computation. See Section O
This result for R was given in [BDET14] Lemma 5 for the inner product (4.3)).

The adjoint can also be calculated using the following property.

Example 4.2 An elementary calculation shows the identities

Rf ==R'(f),  Lf=-L(}) (4.6)

and so, on subspaces V', we have

RV = (R*)QV, ker R*|V = ker R’V (47)

The next result follows from the fact that scalar multiplication by H* is in O(R*9),
and hence maps harmonic polynomials to harmonic polynomials.

Lemma 4.3 The operators R, R*, L and L* commute with the Laplacian A, and so map
harmonic functions to harmonic functions.

Proof: A direct proof is given in Section |14} O

It follows from (2.13)) that the action of R and R* commutes with that of U € U(H?).
In this regard, recall from (2.6) and (3.1]) that

(U- Nz +jw) = f(U(z + jw)).
Lemma 4.4 The operators R and R* commute with the action of U(H?).

Proof: We will show, more generally, that the operators R, of (3.1)) commute with
the action of U(HY). Let U € U(H?). Then for f = f(z + jw), we have

aal +aztasz+ay

. 04
a1 0p%20a*0p
o +az+asz+aq

= Ganapeamegr LD E i) ib)

:Ra(Uf>

(U Raf) = Uz + jw)(e +55))

a=1,4=0

a=1,6=0

i.e., R, commutes with the action of U(H). O

We note that, by the same reasoning, the operators L and L* do not commute with
the (left) action of U(HY).
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5 The action of R and L on polynomials

Using (3.11)) to apply R to a univariate monomial f = 2% w*2Z*w™ gives

0
82

— alzal 1

0
2w ZB W) — Z— (2w Zz% ™
= (= )= Ea (et )

Rf =

az2—1=az+1-—ay

az—azyaatl w Z w,

w®z @

— 9%

which is a sum of monomials in which the degree in z and w has decreased by 1, whilst
the degree in Z and w has increased by 1. This type of phenomenon occurs for all of the
operators R, R*, L, L* (in every dimension), and we now make definitions which allow us
to account for these changes in degrees. With standard multi-index notation, we have

Q2= O3 oo

Hompy(p, q) := span{z* w2z w™ : |ay| + |ae| = p, |as| + |as] = ¢},
Homp (p, q) := span{z® w*z*w™ : |oy| + |ou| = p, |aa| + |as| = ¢},
Homgl’b) (Hd) := Homg (k — a,a) N Homg(k — b, b)
= span{z®'w*?Zw™ : || + |ou| =k — a, |as| + |as| = a,

an| + |ao| = k — D, |as| + |as| = D}
We observe that

Hompy (p, ¢) = Hompg (g, p), Homgk (p, ¢) = Homg (¢, p).

AHompg(a,b) = Homy(a — 1,0 — 1), A Homg(a,b) = Homg(a —1,b—1).

The subspaces of harmonic polynomials contained in these are denoted

H(p,q) := Harm;,(H*,C) NHompy(p,q), p+q=k,
K(p,q) := Harmy,(H?,C) NHomg (p,q),  p+q=Fk,
H*"(H?) := Harm,,(H?, C) N Hom|"" (H%)
=K(k—a,a)NH(k—10b,0).

When either p or ¢ above is negative, then we have, by definition, the zero subspace.
The subspaces H(p, q) are the irreducible subspaces of Harmy(C??, C) = Harmy,(H?, C)
under the action of (left) multiplication by U(C??), e.g., see [Rud80], from where we
borrow the notation H(p,q). Since U(H?) is a subgroup of U(C??), the decomposition
of Harmy(H?, C) into U (H?)-irreducibles is obtained by decomposing each H(p,q).

The following dimensions are easily calculated

dine(Homa(p.q)) = dime(ttomtr. ) — (V170 () 6

(p+2d—2)l(q +2d — 2)!
plg!(2d — 1)!(2d — 2)!

whilst those of Homé )(Hd) and H (]I-]Id) are more complicated (Lemmas|7.1and [7

dimc(H (p, q)) = dimc(K(p,q)) = (p+q +2d — 1) (5.2)
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Example 5.1 Let H(p,q)® be H(p,q) C Harmy(C??, C) viewed as a real vector space,
which is invariant under the action of U(C*). Complexifying this space gives

CH(p,q)" = H(p.q) & H(q,p).

Thus we observe that enlarging the field, which preserves the invariance of subspaces,
does not always preserve irreducibility.

Lemma 5.2 For all integers a and b, we have

RHompg(a,b) C Homy(a — 1,0+ 1), R*Hompg(a,b) C Hompy(a+ 1,0 — 1),
LHomg (a,b) C Homg(a —1,b+ 1), L*Homg(a,b) C Homg(a+ 1,0 — 1),

and Hompg (a,b) is invariant under right multiplication by H*, Hompy(a,b) is invariant
under left multiplication by H*, and more generally by U(HY), which gives

RHomg(a,b) C Homg(a,b), R*Homg(a,b) C Homg(a,b),
LHompg(a,b) C Homg(a,b), L*Hompg(a,b) C Hompg(a,b).

In particular, for o, 8 > 0, we have

LR’ Hom!"” (H?, C) € Hom""***" (|, C), (5.3)
(L*)*(R")? Hom{*” (H’,C) € Hom{" *""?(H, C). (5.4)

Moreover, for the inner products and we have the orthogonal direct sums

Homp (k — a,a) = (Hompy(k —a,a) Nker R*) & RHompy(k —a+1,a — 1),
Hompy(k — a,a) = (Hompg(k — a,a) Nker R) @ R* Hompy(k —a —1,a + 1),

Proof: The inclusions follow by (elementary) direct calculations.
Let f € Homy(k — a,a). Since R*f € Hompy(k —a+1,a — 1), we have

fekerR* <«<— R'f=0 <= (R'f,90=0, Vg€ Homgk—a+1la—1)
<~ (f,Rg)=0, Vg€ Homy(k—a+1l,a—1)
< fe&(RHomy(k—a+1,a—1))",

so that

Homy(k — a,a) = (RHomy(k —a+1,a — 1)) @ RHompg(k —a+1,a — 1)
= (Hompg(k — a,a) Nker R*) @ RHompy(k —a+1,a —1),

which gives (5.5]). The proof of (5.6) is similar. O
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By restricting (5.3)), (5.4)), (5.5)), and ([5.6)) to the harmonic polynomials, we have

L*RH"(H?,C) ¢ H" ™" (|7, C), (5.7)
(LR H" (|, C) ¢ B "7 (|, C), (5.8)
H(k—a,a) = (H(k—a,a)NkerR*)® RH(k —a+1,a — 1), (5.9)
H(k—a,a)=(H(k—a,a)NkerR)® R"H(k—a—1,a+1), (5.10)

Henceforth, all “orthogonal” direct sum decompositions will hold for both the inner

products (4.1)) and (4.3), unless stated otherwise.
We now give some technical results, related to the following commutativity relations.

Lemma 5.3 The operators L and L* commute with R and R*, and we have

0 0 0 0
R*'R— RR* = — — —Zi— — W, —— 5.11
Zj: (Z] 0z; T ow; K 07; i ow; > ’ ( )
0 0 0 0
L'L — LL* = — —Wi—— — Zi— + W, — ). 5.12
zj: (ZJ 07, ow, Toz i aw—j> (5.12)
Proof: This is by direct computation. See Section O

Clearly, the right hand side of (14.1)) and of (14.2)) maps the monomial m,, of (2.10)

to a scalar multiple of itself, and so we obtain
R'Rf =RR'f+ (a—0b)f, f € Hompy/(a,b), (5.13)
L'Lf=LL"f+ (a—b)f, f € Homg (a, b). (5.14)
We can iterate these to obtain formulas which interchange R and R*, and L and L*.
Lemma 5.4 We have
R'RPf=RRf+Ba—b—B+1)R'f fec Hompg(a,b), (5.15)
L'L°f=L°L*f+B(a—b—B+1)L°'f, [ € Homg(a,b), (5.16)
which also holds for B =0 (in the obvious way).

Proof: We now prove the first equation, using induction on 3. The case § = 0 is
trivial, and the case § = 1 is (5.13]). Suppose the formula holds for 5 — 1 > 0, then
Rf € Hompy(a — 1,b+ 1), and so, using ((5.13]), we have
RRf=RR Y Rf)=R'R'Rf+(B-1)((a—1)— (b+1)— (8—1)+1)R°*Rf

= RTYR'R)+(B-1)(a=b- )RS
=R RR f+(a=b)f)+(B—1(a—b—B)R"'f
= R°R*f + Bla—b— B+ 1)R*'f,

which completes the induction. The proof of the second equation is very similar. O
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Here are the most general formulas, which we will use.

Lemma 5.5 For all choices of a and [, we have

(R)“RPf = Z( ) Yelb—a + B — ) RFE(R)*°f, f € Hompy(a,b), (5.17)

RY(R)Pf =) <‘;‘> (=B)e(a—=b+ B —a)(R*)’“R*°f, f € Hompy(a,b), (5.18)

L2 =3 () Aot 5l LS f € Homla ). (5.19)

c=0

LI f =) <Z‘> (=B)ela —b+ B — (L)L ¢f,  f € Homg(a,b). (5.20)
c=0
Here the terms involving a negative power of an operator have a zero coefficient.

Proof: We now prove ((5.17)), by induction on «, with g fixed. The case a = 0 is
immediate. Suppose that (5.17)) holds for & — 1 > 0, then

(R*)aRﬁf = Z (a C_’ 1> <—B)c/(b —a+pf—a+ 1)C,R*R5—C'(R*)a—1—c’f'
/=0

Since g = (R*)* " “fecHa+a—-1-¢,b—(a—1-7)), of Lemmagives
RRg=R“Ryg+B-)a+a—-1-¢—b-—(a—1-¢))—(B-¢)+ 1Ry
= ROR) T+ (=B )b—a= 20+ 1+ + HRTIHR)TS,
and we have
(R)"R'f = Z( ) Jolb—a+ 5 —a)o{ R(R)
+(=B+d)b—a—-2a+1++ B)RB‘C"l(R*)O“l‘C'f}.
The coefficient of RF=¢(R*)*~¢f in the above formula for (R*)*RPf is
-1
(ac)Cﬁkw—a+6—a+Uc
-1
+ (i_l)( Ble—1b—a+f—a+1).q(=F+c—1)(b—a—2a+1+(c—1)+p)

 (a—=1)!
~a—c)

al

(Belb—a+—at Ve }= g (-Alb-a+ 5 -l

where
{ }=(a-cb—a+B—-a+c)+tclb—a—2a+c+p)=alb—a+p—a).

Thus we obtain the desired formula for (R*)*R? f, which completes the induction.
The other formulas follow in a similar fashion. O
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6 U(H%-invariant subspaces
It follows from Lemma [5.5 that R and R* inverses of each other in some sense.

Lemma 6.1 Fora <, and 8 >a+a—0b or f <a—b, we have

(R*)*RP(ker R* N Homy(a, b)) = R°*(ker R* N Hompg/(a, b)), .
R*(R*)?(ker RN Hompy(b,a)) = (R*)"~*(ker RN Homy (b, a)), (6.2)

otherwise
(R*)*RP(ker R* NHompg(a,b)) =0,  R*(R*)’(ker RN Hompg(b,a)) =0. (6.3)
Proof: For f € ker R* N"Homp(a,b), R*f =0, and so (5.17)) reduces to
(R)*Rf = (=B)alb—a+ B —a)aR7°f,
The condition for the constant above to be nonzero is a < 3, and the « factors
b—a+pf—-—a b—a+pf—a+1l, ... b—a+p—-1

of (b—a+ f — a), are not zero, i.e., b—a+p—a>0orb—a+ [ —1<0. This gives
the first case, with the other following by the same argument. O

By repeated applications of ((5.5)) and (/5.6|), we obtain the following.

Lemma 6.2 We have the orthogonal direct sums

b

Homp (k — b,b) = @ R" (ker R* N Homy (k — j,5)), b<k—0b, (6.4)
j=0
k—b
Homp (k — b,b) = @(R*)* " (ker RN Homp (j, k — ), k—b<b. (6.5)
j=0
Further

(i) Fora>b, R is 1-1 on Hompg(a,b).

(ii) For a <b, R maps Homp/(a,b) onto Hompy(a — 1,0+ 1).

Proof: Apply and repeatedly. For b < k — b, we have
Homy (k — b,b) = (ker R* N Hompy (k — b,b)) @ RHompy(k—b+1,0—1)
= (ker R* N"Homy (k — b, b))
@ R{(ker R* "Homy(k—b+1,b—1)) ® RHomyg(k —b+2,b—2)}
= (ker R* " Hompg(k — b,b)) ® R(ker R* NHompy(k —b+1,b— 1))
® R*(ker R* " Homp(k —b+2,0—2)) @ --- & R"(ker R* N Homy(k,0)).
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Similarly, for £k — b < b, we have
Hompy (k — b,b) = (ker RN Homy (k — b,b)) & R*(ker RN Hompg(k—b—1,b+ 1))
@ (R*)?*(ker RNHomp(k —b—2,b+2) @ ---
- @ (R")*(ker RN Homp (0, k)),
which gives (6.4)) and (6.5)).

To show the injectivity of (i), it suffices to show that for k—b > b, i.e., b+1 < k—b,
R is 1-1 on each summand in (6.4)), i.e.,

Rb_j(ker R* N Homy (k — j,j)), 0<j5<h.
This follows from
R*RR"7(ker R* NHompy(k — j,j))= R"(ker R* N Homp(k — j, 7)),
which is ofLemmafora: ,6=b—j+1,a=k—7j,b=j, since
b+1<k—-b j<b = b+j5j+1<k, ie., the condition 8 < a— b holds.

For a < b, a similar argument shows that R* is 1-1 on Homy(a — 1,b + 1). Here,
when ¢ = 0, Homg(a — 1,04+ 1) = 0. Therefore, (R*|tomy(a-1,+1))" = RltHomy(ap) 18
onto, and we have (ii). O

The following result says that the j-terms in the expansions of Lemma (only one
of which holds for a given b, 2b # k) are in fact equal. This then allows for a single
expansion for both cases (Lemma [6.4).

Lemma 6.3 (Row movements) For 0 < j < %, we have

R¥% (ker R* N Hompy(k — j,5)) = 0, (6.6)
(R*)*2t! (ker RN Hompy(j,k — j)) = 0, 6.7)

and for j < a <k —j, we have
R (ker R* " Homp(k — j,7)) = (R*)* ™ (ker R N Homy (5, k — 7)). (6.8)

Furthermore, all of the results above hold with Homy (p, q) replaced by H(p,q).

Proof: The equations and follow from Lemma for the choice a = 0,
Bb=k—2j4+1, a=k—j,b=j. These give the inclusions

R (ker R* M Homp (k — j, j)) C ker R N Homp (j, k — ),

(R*)* % (ker RN Homy (j, k — j)) C ker R* N Homp(k — 7, 7).
We now prove the cases a =k — j and a = j in , ie.,

R*% (ker R* N Homy (k — j,7)) = ker RN Homy (5, k — j), (6.9)
(R*)* % (ker RN Hompy(j, k — 7)) = ker R* N Homp(k — 7, 5), (6.10)
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Taking a = f = k — 27 in Lemma gives
(R*)*=%1 R*=% (ker R* N Hompy (k — j,)) = ker R* N Homp (k — j, ), (6.11)
RF2(R*)*~% (ker RN Homy (j, k — 7)) = ker R N Homy (5, k — 7).
Thus we have
ker RN Homp(j,k — j) = R*%(R*)* % (ker RN Homp(j,k — j))
C R (ker R* N Homp (k — j, 7))
C ker RN Hompg (4, k — j),
which gives , with ( - following similarly. Now and ( - give
R*7(ker R* N Homy (k — j,7)) = R“‘j(R*)k‘2ij‘2j(ker R* N Hompy(k — 7,7))
= R*7(R*)" % (ker RN Hompy(j, k — j)). (6.12)
Taking « = a — 7, f = k — 27 in Lemma gives
R (R*)* % (ker RN Hompy(j,k — ) = (R*)*7~%(ker R N Homy(j, k — 7)),
which together with gives . O

We now present a key technical result.

Lemma 6.4 We have the orthogonal direct sum decompositions

Hom(H',C)= @ € Hompy(k —b,b)rs;, (6.13)

0<j<k j<b<k—j

Harm,(H,C) = @ € H(k—b,b)s;. (6.14)

OSJS i<b<k—j
into U (H?)-invariant subspaces, where

Homy (k — b, b)g—o; := R"™ (ker R* N Hompy (k — 3, 7))
= (R*)*" (ker RN Homy (j, k — )
C Hompg(k — 0,0), (6.15)
HO = b0y = B (b B 5.7)
= (R (ker RNH(j, k — )
C H(k —b,b). (6.16)

Proof: Since the Laplacian operator A commutes with R and R* (Lemma , the
decomposition follows from by taking the intersection with the harmonic
polynomials. We therefore consider just the decomposition of Hompy(k — b,b).

Since Homy (k — b,b) and H(k — b,b) are invariant under U(C??), they are invariant
under U (H?). Moreover, the action of U (H¢) commutes with R and R* (Lemma, and
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so the summands in (6.13)) and (6.14)) are U (H¢)-invariant. As an indicative calculation,

let U € U(H?), then

fekerR <« U-(R'f)=0 <= RU-f)=0 <= U-feckerR",
and so

U-H(k—b,0)sg; =U- R (ker R N H(k — j,j))= R (U ket R NU - H(k — j, j))
= Rb*j(kerR* N H(k —jJ)): H (k= b,b)—2;.

Since
j<b<k—-j < j<b, j<k-b <= j<min{bk—b},
the direct sum ([6.13)) can be rearranged as

min{b,k—b}

Homy,(H?, C) = @ @ Hompy (k — b, b)—2;.

0<b<k  j=0

By Lemma [6.3]
R (ker R* NHomp (k — j,5))= (R*)" " (ker RN Hompy (5, k — j)),
which gives the equalities in (6.15)) and (6.16)), and so it suffices to show the orthogonal

direct sums

b
Homp (k — b,b) = @ R* (ker R* N Homp (k — j,5)), b<k—b,
j=0
k—b
Homp (k — b,b) = @(R*)* " (ker RN Hompy (j, k — j)), k—b<b.

j=0
These are given by Lemma O

To calculate the dimensions of various irreducibles, we will need the following.

Lemma 6.5 Let 0 < j < % For d =1, we have the following dimensions

1, j=0;
dim (ker R* N"Hompy(k — j,7))=k —2j + 1, dim(kerR*NH(k — j,7))= {07 ‘7,7&8’
, J7#0.

For d > 2, we have

(k—j+2d—1)j+2d—2)!
(k—j+ D51 2d — 1)1(2d — 2)!”

dim (ker R* N Hompy (k — j,5))= (k —2j + 1) (6.17)

(k—7+2d—2)1(j +2d—3)!
(k—j+) l(2d — 1)!(2d — 3)!

dim(ker R*NH (k—j,j))= (k—2j+1)(k+2d—1) (6.18)
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Proof: From (b.5)), and the fact R is 1-1 on Homy(k—j+1,j —1) (Lemmal6.2)), we
have

dim(Hompg (k — j,7) Nker R*) = dim (Hompy(k — 7,7)) — dim (RHompy(k —j+ 1,57 — 1))
= dim (Homg (k — 4,7)) — dim (Homg(k —j+ 1,7 — 1)).
Using this and , with p =k — 7, ¢ = 7, we calculate ford > 1
dim(ker R* N Hompy(k — j,7))
_ 1 {(p+2d—1)!(q+2d—1)!_(p+2d)!(q+2d—2)!}

(2d — 1)!? plg! (p+ 1D)!(g— 1)
_ Jg;i;!;!ngr_Qf); 2 g+ 20— D)(p+1) - (p+ 2d)g}
(p+2d—1)(g+2d - 2)!

= rDgd—nE  PmarhHEI-1).

The other formula follows in a similar way, from

dim(ker R* N H(k — j,j)) = dim(H(k — j,j)) —dim(H(k —j+ 1,5 — 1))
(k=g H+2d =1\ [(j+2d-1\ [(k—j+2d\ (j+2d—-2
N 2d — 1 2d — 1 2d — 1 2d—1 )’

with the d = 1 case calculated separately, which completes the proof. O

Example 6.6 For j =0, reduces to
(k+2d —1)!
kl(2d —1)!
so that ker R* N H(k,0) is the holomorphic polynomials, i.e.,
ker R* N H(k,0) = H(k,0) = @ span{z°w”}  (orthogonal direct sum,).
la+B|=k

We also observe, from the proof of Lemma that for 0 < j < % we have

27

ker R*NH(k—j.j)={f € Hk—j.j): fL € H(k —a,a)},

0<a<j

dim (ker R* N H(k,0))= = dim(H (k,0)),

so the by applying Gram-Schmidt to a spanning sequence ordered so that its elements
are in H(k,0),H(k —1,1),... H(k — j,J), successively, the corresponding elements are
an orthonormal basis for ker R* N H(k,0), ..., ker R* N H(k — j,j).

The results of this section can found or deduced from those of the work of [BDE™14].
Their variables z1, ..., 29, correspond to ours via

Rly---yR2p S  Z1,W1,...,Zp, Wy,

and they define operators
e=R*, & =R

The decomposition (6.14)) for H(k — b,b) of Lemma [6.4] is presented as the two cases in
Lemma [6.2) (Theorems 5.1 and 5.2 of §5 [BDE™14]).
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7 Visualising the action of . and R on subspaces
The action of L and R given in Lemmal5.2|leads to the following orthogonal direct sums.
Lemma 7.1 We have the orthogonal direct sum decomposition into (k + 1) subspaces

Homy (H,C) = P Hom{"” (H). (7.1)

0<a,b<k
For0<a,b<k, let m, = mP = min{a, k —a}, my = ml()k) = min{b, k — b}, and

gg = min{m,, my}, M = M(lz) = max{mg, mp}, c:=min{a,b}. (7.2)

a,

m =m

Then
Hom,(:’b) (Hd) = span{ 2w Z W™ } (4; as,a5,04)€ A5 (7.3)

where A = Agpk 1S given by
A= {a s ar] = b—(a+b—c) =, las| = a—c-+J, as] = e, Jau] = b—c+7,0 < j < m}.

In particular, we have

. (k- M j+d—1 j+d—1
d1m(Hom§C Z( )( J1 )
J=

m—j+d—1\/M—-—m+j+d—1
() (MmN

Proof: To establish (7.1]), it suffices to show that the direct sums

Homy( H¢ ,C) @ Homp (a,b) @ Homgk (p, q
a+b=k p+q=k

are orthogonal, which follows immediately since the monomials are orthogonal for (4.3]).
We now consider 1) Let f = 2w ZzWw™ € Hom,(f’b) (H4, C), i.e.,

|a1|+|a4]:k:—a, |042|—|-’CY3| = a, ]a1\+|a2|:k‘—b, |a3|+|a4]:b.

The above equations imply that once an allowable value of |a|, |asl, |as|, |au| is specified,
then the others are uniquely determined. The allowable values are determined by an
equation where the right hand side is m = min{a, k — a,b,k — b}, and so we must treat
(four) cases. First consider the case a < b, i.e., m = a, k — b, for which we have

Ogj:‘a2|§m€{a7k_b}a |063|:Cl—j, ’a1|:k_b_j7 |oz4]:j—|—b—a,
and hence
Homgf’b)(Hd,C) = span{z*w*z¥w™ : |ay| =k — b — j, || = J, |as| = a — 7,

| =7 +b—a,0<j<m}.
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The corresponding condition for the case a > b is
Og.j:’a4|§m€{b7k_a}7 ’a1|:k_a_j7 |a2|:a—b—|—j, |a3’:b_.j7

and so we obtain ([7.3)).

It follows from symmetries of the space Homff’b) (H?, C), or by direct calculation,
that its dimension, the cardinality of A, depends only on m, M (and k). Therefore, by
the case m = a =c¢, M = b, and the fact a1, ...,04 € Z , we obtain ( . O

Example 7.2 For d =1, we have
dim(Hom """ (H)) = m + 1, m :=min{a, k — a,b,k — b}. (7.5)
Example 7.3 For k =1, we have

Hom!"” (H%) = span{z, . .., z4}, Hom """ (H%) = span{wy, .. ., wa},
Hom(1 0) (H?) = span{wy, ..., w4}, Homgl’l)(Hd) = span{Zz1, ..., Za}.

The corresponding result for harmonic polynomials is the following.

Lemma 7.4 We have the orthogonal direct sum decomposition into (k + 1)? subspaces

Harm,(H',C) = @ H""(H). (7.6)
0<a,b<k
where
dim(H""(H?)) = dim(Hom'*” (H%)) — dim(Hom" """ (H%)). (7.7)

In particular, for d =1, we have
dm(HPM) =1, 0<a,b<k, (7.8)

and for d > 1, with m and M given by , we have

dim(H“?(HY, C)) = F(k,m, M,d),  0<a,b<k, (7.9)
where
L i+d—1\[(M-m+j+d—1
F(k,m, M,d) := 7.10
(m—j—i— 1)d,2(k—M—j+ 1)d72 .
k—M —2j+d—1).
(d—1)l(d—2) ( tm=2jtd=1)

Proof: The dimension formula follows since H (]H[d) is the kernel of A re-
stricted to Hom,(ca’b) (H4), and AHom,(: ) (Hd) Hom ,(: 21 - 1)(Hd).

To develop an explicit formula from , we need to take account of the case when
a € {0,k} or b e {0,k}, i.e., m =0, in which case dim(H,gSl’b_l)(Hd)) =0.
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For d =1, ([7.8) holds for m = 0, and otherwise ([7.5]) gives

dim(Hom","""V(H)) = min{a — 1,k —2— (b—1),b—1,k—2— (a — 1)} +1
= min{a, k — b,b,k —a} = dim(Hom,(f ?) (H)) — 1.
A similar (elementary) calculation gives
(k-2)

- k k—2 k
My _1p-1 = mz(z,lz -1, Mé—l,b)—l = cE,b) — 1.

Hence, with m := m((lkg and M := M ékb), 1) gives

m—1

) 2)-M—-1)—j+d—-1\[(j+d—-1
(a=1,b—1) /1yd
dlm(Hom (H, ;( g1 >( g1 )
m—1) —]+d—1 M-1)—(m-1)4+j+d—-1
d—1 ’
where for d > 1 the “j = m” term above is zero by virtue of ((mfl)df_rfrd*l) = 0. Thus
[TA) gives
, (@b) rrd = [(jHd-1\(M-m+j+d-1
dimn(H{ (H’C”‘;( - AR PNt
where
{ }_ k—M—-—j4+d—1\/m—j+d—1
B d—1 d—1
(k1M -j+d-1\(m-1-j+d-1
d—1 d—1 ’
which simplifies to give ((7.10)). O

Example 7.5 For k =2, we have three cases (m, M) = (0,0),(0,1),(1,1), giving

dim(H"” (HY)) = F(2,0,0,d) = 3d(d+1),  (a,b) € {(0,0),(2,0),(0,2),(2,2)},
dim(H” (HY) = F(2,0,1,d) = d?, (a,b) € {(1,0),(0,1),(1,2), (2, 1)},
dim(H"?(HY)) = F(2,1,1,d) = 2d®> — 1, (a,b) € {(1,1)}.

These formulas also hold for d = 1. We also have

k+d—1

dim(H"" (H%)) = ( i

) = dimHon® (£9),  (0.0) € {(0.0), (£,0) (0. k). (5}
with the corresponding spaces given by A = Aqp i of Lemma e.g.,

00 '(HY) = @ span{z®},  (orthogonal direct sum).
|a|=k
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The results of this section for Harmy,(H?, C) can be summarised as follows.

Schematic 7.6 The orthogonal decomposition (@ of Harmy,(H?, C) can be displayed
as a square matriz/array/table

H(k,()) H(k‘—Ll) H(O,k)
K (k,0) H,i?’z) (H) H,g??(Hd) . ngl)? (HY) Lot
Kk-1,1) [HM@Y BOY@EY - HEY(HY) . .
: : : : — =
K(0,k) H}gk,o) (H) H}gk,l)(Hd) o H}ik,k) (1) o

where the rows are indezed by K(k — a,a) and the columns by H(k — b,b). Here

Harmy (H?, C) is the orthogonal direct sum of the (k + 1)? entries of the matrix.

e The subspace in the K(k — a,a) row and H(k — b,b) column is

H"(HY) = K(k — a,a) N H(k — b,b).

e H(k — a,b) is the orthogonal direct sum of the entries of its column.
o K(k —a,a) is the orthogonal direct sum of the entries of its row.
o Multiplication by L moves down the columns, and L* up them.

e Multiplication by R moves right along the rows, and R* to the left of them. Further,
multiplication by R is 1-1 on the left hand side (half) of the table, and is onto on
the right hand side.

o Left multiplication by H* (and more generally by U(H?) ) moves within the columns.
e Right multiplication by H* moves within the rows.

o Multiplication by L., Lg, R, and Ry does not move the entries of the matrix.

There is a similar “square” for the decomposition (7.1)) of Hom (H¢, C).
There are also “symmetries” which permute the entries of the square, such as

a,b k—a,k—b
HY(Hd) = HFF0 ().

It is convenient to imagine zero subspaces outside of the square matrix, which then
encodes properties such as

R* Harm,,(H?,C) = 0, R*H(k,0)=0, L*K(1,k—1)=0.
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8 The one variable case

We now consider the d = 1 case in great detail. Though this is somewhat degenerate,
and usually not considered, it provides motivation and illustrates the main features of
the general case.

By Lemma [7.4] dim(Harmg(H, C)) = (k + 1)?, and the square matrix/table
for Harmy (H, C) consists of the one-dimensional subspaces { H ,ga’b) (H) }o<ap<k- Since the
polynomial z* is holomorphic, it is harmonic, and so

H"O (H) = spanc{"}.
We consider what are the other harmonic monomials in Homy(H, C).

Example 8.1 The monomial z*'w*?*Z*w*, |«| = k, is harmonic if and only if

920> T dwow

0? 0?
( 22T ZBGM = apa2® T w2 T oy 24 w2 T Es T = 0,

i.e., arag = asay = 0. This gives 4k harmonic monomials of degree k.

The harmonic monomials of degree k lie on the four “edges” (of length k + 1) of
the square table, which are given by as = a3 = 0 (top edge), ag = ay = 0 (left edge),
a; = ag = 0 (right edge), a; = ay = 0 (bottom edge), with

He2 e tod) () — gpan {2 w2z w ), la| =k, aiaz = asay =0.

An elementary calculation shows that
LFRF(2%) = (—=1)%k!1*2", (8.1)

and so it follows from the Schematic [7.6] that by applying L and R to the upper left
corner z* € H IgO’O) (H), that we can “fill out the table” with nonzero polynomials in the
subspaces, which (in this case) gives a basis for them, e.g., for k = 2, we have

H(2,0) H(1,1) H(0,2)

25 K(2,00 [ 22 22 21?
Ll K(1,1) |2z2w 2ww—2zZ —4zw|’

K(0,2) |2uw?®  —4zw 47z*

(8.2)

Since L and R commute, it makes no difference how one fills out the table by applying
L and R, e.g., the middle entry can be obtained as either of

RL(2%) = R(2zw) = 2ww — 227, LR(2%) = L(22w) = 2uw — 22Z.
Even in this simple example, one can observe the following features of the general case:

e The harmonic functions on the edges of the square have the simplest description,
with the formulas becoming more complicated as one moves towards the centre.
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e There are symmetries of the polynomials given by certain permutations of z, w, z, w.

e Omne can move around the square table by applying L and L* (down and up) and
R and R* (across and back).

We now show that L?R’(2*) has an increasingly complicated formula as one moves
towards the centre of the table.

Lemma 8.2 The unique harmonic polynomial p,(ca’b) mn H,Ea’b) (H) is given by

(a,b) _ i <_1)j (_C)j(a +b—c— k)] zk—(a+b—c)—j a—c+j=c—j=—b—c+j

: w z w
A T (RS Y
— La
e —a—p), LTE. (8.3)

where )
m = min{a, b,k —a,k — b}, c¢=min{a,b} = §(a+b —|b—al).

Proof: We consider the case a < b, i.e., m = min{a, k — b}, the other being similar.
By Lemma , there is a unique (up to a scalar multiple) harmonic polynomial in
Hom,(ca’b) (H, C), which by 1’ has the form

m
f= Z ;2 iz It
Jj=0

The condition that f be harmonic, i.e., Vf =0, gives

3

cj(k —b—j)(a—j)F I plze i Iggbats

<.
I
o
—

3

+ ci1(j+1)(b—a+j+ 1) i tyize—i-Igb=ati = 0,

J

Il
=)

and equating coefficients of the monomials gives

cjlk—=b—j)la=j)+cnu(i+b-—a+j+1)=0, 0<j<m-—1,

so that
_ (k—b—j)(a—Jj) (D) (kb1 —j)i(a+1—j);
TG Db —ati ) 9T (b—a+1), o
which gives the desired formula. O
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The indices {(a,b)}o<ap<r for the polynomials p{*” € H" (H) in the square table
can be partitioned into nested squares

k
S = {(a,b) : min{a, b,k — a,k — b} =m}, 0<m< B (8.4)
with Sy giving the “edges of the table”. These have size
4(k —2 0<m<¥
|Sm|={ (k= 2m), RS (8.5)
1, m = 5

Here is an illustration for the case &k =4

10][0][o][o]]0]
So={0}, S={1]}, S:={2]}

BRRE
(S]]
[S=]]—]
[SI=1=1=]

CEEE

From the formula (8.3)), we have the first instance of a general phenomenon:

e The polynomials p}f’b), (a,b) € S,,, have m + 1 terms, i.e., the complexity of the

)

formula for pgf’b increases as one gets closer to the center of the square array.

We now consider the decomposition of Harm,(H¢, C) into irreducibles.

The irreducible representations of the simply connected compact nonabelian Lie
group H* = U(H) = Sp(1) = SU(2) are well known [Hall5]. For now, we need only that
there is precisely one irreducible representation W, of dimension k + 1, for each k > 0.

Theorem 8.3 For left multiplication by U(H) = H*, we have the following orthogonal
direct sum of irreducibles

Harmy (H, C) = @ H(k—a,a) = (k+ 1)W,

0<a<k

and for right multiplication by H*, we have the direct sum of irreducibles

Harm;,(H,C) = @ K(k—b,b) = (k+ 1),

0<b<k

Proof: From the Schematic for Harmy,(H, C), it follows that by taking columns
(respectively rows) of the table gives an orthogonal direct sum of invariant subspaces
for action given by left (respectively right) multiplication by H* (Ansatz [3.5)), and so it
remains only to show that these (k + 1)-dimensional subspaces are irreducible.

We now show K (k — a,a) is irreducible for the action given by right multiplication.
The other case is similar, and can be found in [Fol95] Theorem 5.37. We have

K(k — a,a) = spang{p\"" Yocper = span{ Rp\"” }o<p<r-
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Consider a nonzero polynomial

f= apy” € K(k—a,a),  ay #0.

0<b<b*

Let V be an invariant subspace of K(k — a,a) containing f. Since R* maps nonzero

polynomials left across the table, we have that (R*)” f is a nonzero multiple of p,(ca’o).

Thus, V contains p,(f’o), and hence Rp,(ca’o), . Rkpéa’o), giving V = K(k — a,a), i.e., V
is irreducible. O

In both cases, there is a single homogeneous component corresponding to W.
Example 8.4 For left multiplication by H*, i.e., the action given by
(@ +7B) (2 + jw) = (az — Pw) + j(aw + Bz),
we have the irreducible representation
H(k,0) = spang{2*, 2" 1w, 2" 2w?, ... w"},

which is given by Folland [Fol95] for the action of SU(2) = H* given by

« —B 2\  foaz— Bw
B @ w)  \aw+fz)°
Here L and L* reduce to L = w% and L* = 22

ow”

We now consider the combined action given by both left and right multiplication by
H*, i.e., the action of Sp(1) x Sp(1) = U(H) x H* given by

(a1, 42) - f)(a) = fla1q%).

The invariant subspaces for this action are invariant under both L and R (and their
adjoints). This leads to the following.

Theorem 8.5 The action of Sp(1) x Sp(1) given by left and right multiplication by H*
is irreducible on Harmy(H, C), i.e., for all nonzero f € Harmy(H, C), we have

spanc{q — f(q19®) : ¢1, ¢ € H'} = Harmy(H, C). (8.6)
We consider the special case of the linear polynomials (k = 1).
Example 8.6 The linear polynomial
flq) = q=x1 +ixy + jrs + kxy, T, T2, 73,74 € R,

is in Harm; (H, H) = Hom; (H, H), as are the coordinate maps q — x,, which are also in
Harm; (H, R) = Hom; (H, R). These can be written explicitly in the form as follows

1 L 1 L
T, = Z(q —iqi — jqj — kqk), Ty = E(q —iqi + jqj + kqk),
1 S 1 L
T3 = 4—j(q +iqi = jaj +kak),  wa= (gt iqi+ jaj — kak). (8.7)
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The formula (-) is used by [Sud79] to show that the “polynomials of degree k in q”,
i.€., sums of the “monomials”

q > apqaiqas - - - qQr_1qa, ag, @y, ..., a € H,

is precisely Homy (H, H) as we have defined it, or, equivalently, the H-linear combinations
of the monomials in real variables x1,To, X3, x4.

9 The irreducible representations of Harm;(H?, C)

We now consider the irreducible representations of Harmy(H¢, C) for d > 2 (the case
usually considered in the literature). Here, there is more than just the one irreducible
Wy involved. Our method is to construct rectangular arrays, like that in Schematic [7.6|
corresponding to a given irreducible Wy, Wy_o, Wi_4,.... We will say that these are
commuting arrays if we can move over them using L, R, L*, R*, as in the d = 1 case.
They can be visualised as the “layers on (square) wedding cake”.

We follow the development of Bachoc and Nebe [BN02]. For the action given by
right multiplication by H*, let I(W,)®*) be the homogeneous component of Harmy,(H?, C)
corresponding to the irreducible W, (of dimension p + 1), which gives the orthogonal
decomposition

Harmy( ]Hld @ (W,

p>0

The values of p involved in this sum are p = k —2j, 0 < j < & 5, which is observed in
[BN02], and follows from our explicit decomposition (Theorem [9.1]).

There is also the well known decomposition [IS68], [Rud80] (Chapter 12, §12.2) into
irreducibles for the action of left multiplication by U(C??)

Harm,, (H?, C) = @ H(a,b).
a+b=k

Since U(H?) is the subgroup of U(C*!) C O(R*) characterised as those elements of
U(C??) which commute with right multiplication by H* (in the group O(R?)), we have
the orthogonal direct sum of invariant U (H?)-modules

Harm(H,C) = @ €D H(k —b,b) N I(Wi_o;)®. (9.1)

OSJS i<b<k—j
This is in fact an orthogonal direct sum of U(H¢)-irreducibles
R, = H(k = b,b) 0 I(Wy_a)®, (9.2)

(see [II87] §1.2, [BNO2] Theorem 4.1, for k even).
We now give the irreducibles for right multiplication by H*. For d = 1, these were
obtained by taking a row of the square array (7.11)), i.e., by choosing a (particular)
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nonzero element f € H(k,0) = H(k,0)Nker R*, and applying R to it k times. Since R*
moves back in the opposite direction to R, it followed that

spanc{f, Rf, R*f,..., REf} = Wy (93)

was an irreducible. Exactly the same argument holds for d > 2, i.e., for a nonzero
f € H(k,0) = H(k,0) N ker R* the subspace is irreducible. These are all the
irreducibles for Wy, and for d = 1 this is the end of the story (Theorem |8.3). For d > 2,
there are other irreducibles, constructed in a similar way: starting with a nonzero f in
the second column, which does not give the irreducible Wy, i.e., f € H(k—1,1)Nker R,
one obtains the irreducible subspaces

spanc{f, Rf, R%*f. ... ,Rk_Qf} =~ Wy_a,
and so forth.

Theorem 9.1 For the action on Harmy(H¢, C) given by right multiplication by H*, the

homogeneous component corresponding to the irreducible Wy_o;, 0 < 5 < %, 18

T(Wy_g;)®) = Z spanc{f, Rf,..., R*"2 f} (sum of irreducibles),

feH(k—j,5)Nker R*

= @ R (H(k — j,7) Nker R*) (orthogonal direct sum,).

J<b<k—j

Moreover, these are the only irreducibles that appear, i.e., we have

Harm,,(H?, C) = @ T(Wi,_g;)® (orthogonal direct sum),

0<j<%
where the summands above are all nonzero for d > 2, and Harmy,(H, C) = I(W,)®).

Proof: From Lemma [6.4], we have the orthogonal direct sum decomposition

Harm,(H',C) = @ & R"7(H(k - j.j) Nker RY),

0<j<E j<b<k—j
and so it suffices to show that every nontrivial irreducible subspace

ve @ RUH®E-jj)NnkerR)= @ RI(H(k-jj)Nker RY)

0<a<k—2j j<b<k—j

has the form
V =spanc{f,Rf,...,R""% Y fe H(k—j,j) Nker R*,

so that V = Wk_Qj.
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Choose a nonzero g € V, and write

g= > Rfe,  fo€H(k—jj)NkerR".

0<a<k—2j
Let a* be the largest value of a for which f, # 0. Then, by of Lemma ,
f=(R)"g=(R)"R for = (=a")a(2] = k)a far,
which is a nonzero scalar multiple of f,« (for 2j — k = 0, a* = 0), and
W =spanc{f,Rf,...,RF"%f} cV, R“%f£0.

Hence dim(V) > dim(W) = k — 2j + 1. By construction, W is invariant under the
action of R and R*. Supposing each such W were invariant under right multiplication,
i.e., V =W, then our decomposition would have the same multiplicity of each irreducible
Wi_o; in Harmy,(H?, C) as as the abstract decomposition of [[I87] and [BN02]. This must
indeed be the case, since otherwise a union of some of the W’s would be an irreducible,
giving a contradiction. O

The last part of the proof above gives the following.

Corollary 9.2 The irreducibles for right multiplication by H* and for multiplication by
R and R* are the same.

This is effectively the Ansatz[3.5, which we had hoped to prove by elementary means.
We will call a sequence

LRf,..RYE 0<j<E
or any nonzero scalar multiples of it, an R-orbit (for Wj_o;) if
feHomy(k—j,j), Rf=0.
It follows from Theorem |9.1| that R¥=2/ f #£ 0, and
R{f} :=spanc{f, Rf, ... RF"% f}, (9.4)

is an irreducible subspace (of dimension k + 1 — 2j) for right multiplication by H*.
We can now give an explicit form for the U(H?)-irreducibles.

Theorem 9.3 Let d > 2. For the action on Harmy,(H?, C) given by U(H?) = Sp(d), we
have the following orthogonal direct sum of irreducibles

Harmy( Hd @ @ k—b,b)k 2

OSJS 71<b<k—j

= P (k-2 + DR, (9.5)

-k
0<j<k
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where
H(k—b,b)j_9; == R (ker R* N H(k — j,j))
= (R*)*"(ker RNH(j, k — j))
= H(k —b,b) N [(Wy,_g;)®
~ Ry, =ker R* N H(k — j,j), (9.6)

and

(k—j+2d—2)1(j +2d — 3)!
(k—j+ Djl(2d — 1)!(2d — 3)’

dim(Ry,;) = (k —2j +1)(k + 2d — 1) (9.7)

Proof: By Lemma , we already have that is an orthogonal direct sum of
U(H9)-invariant subspaces, with H(k — b,b);_o; C H(k — b,b), given by the first two
formulas in (9.6). We therefore need only show that they are U(H?)-irreducible, i.e.,
given by the formula , i.e., the third formula, with holding (the fourth formula).
By Theorem [9.1] we have

I(Wyo))™ = @ RU(H(k—j,j)Nker RY).

Jj<as<k—j

Since R*(H(k — j,j) Nker R*) C H(k — j — a,j + a), the only contribution to the
intersection with H(k — b, b) is when b = j + a, which gives the third formula, i.e.,

H(k — b,b) N I(Wy_9;)® = R* (ker R* N H(k — j,7)).

We now show, that for j fixed, the H(k—b,b);_o; are isomorphic U (H¢)-irreducibles.
Taking o« = = b — 7 in Lemma [6.1] gives

(R H(k = b,b)e-z; = (R R (ker BN H(k = j. j)) = ker R* 0 H(k = j. ).

This implies the subspaces have the same dimension as ker R* N H(k — j,j), which is
given by equation (6.18) of Lemma . Finally, since the action of U(H?) commutes
with the action of R (and its powers), these subspaces are all U(H?)-isomorphic to

R,ﬁ’“_’% =ker R*" N H(k —j,7). O
This decomposition is given in [BNO2| Theorem 4.1 (for k even, the summands not

given explicitly), and in [BDE™14] (Theorems 1 and 2). The presentation of [BDET14]

involves two separate cases for the decomposition of H(a,b), namely

RYI(H(k — j,7) Nker R*), k—b>b;

H(k —b,b)g_o; = |
( Ji-2; {(R*)’“‘b‘J(H(j,k—j)ﬂkerR), k—b<b

We now consider the irreducibles for the action on Harmy(H?, C) given by both left
multiplication by U € U(H?) and right multiplication by ¢* € H*, i.e.,

(U, q") - £)q) = f(Uqq).
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Theorem 9.4 For the action on Harmy(H?, C) given by U(H?) x H* = Sp(d) x Sp(1),
d > 2, we have the following orthogonal direct sum of irreducibles

Harm, (H?, C) @ Qk 257 (9.8)
0<j<%
where
QW= P H(k—bb)sy
j<b<k—j
= P R(ker R*NH(k - j,j))=1(Wio)®, (9.9)
F<b<k—j
and

(k—7+2d—2)1(j +2d—3)!
(k—j+1Dll2d —1)1(2d — 3)!

dim(Q¥ 2j) (k—2j +1)*(k+2d—1) (9.10)
Proof: The subspace Q,(ck_)zj is invariant under the actions of U(H?) and H*, as it is
a sum of irreducibles for each of these actions. We now show that it is irreducible.
Suppose V' C Q,(cli)z ; 1s irreducible under the action of U (H4) x H*. By Theorem ,
V C I(Wy_2;)®, and V contains an irreducible for the action of H* of the form

SpanC{faRfa"kaizjf}? O#RbijfeH(k_[Lb)kf%v ]Sbgk’—]

Since each H(k — b,b)y_o; is U(H4)-irreducible, we have that H(k — b,b);_9; C V, and
hence V = Q,(i)zj is irreducible. a

In other words, the Sp(d) x Sp(1)-irreducibles Qgﬂ_g ; are precisely the homogeneous
components [ (Wj,_o;) for right multiplication by H*.

The decomposition of Harmy(H?, C) into Sp(d) x Sp(1)-irreducibles is given
in [Smi75] Theorem 2.4, and [ACMM20] Proposition 2.1 (as the joint eigenfunctions of
operators Ag and I'), where the following notations are used (respectively)

H. « (k even);
o 15 R ) (k) =, .

]7
Both observe that Q,(i)zj is invariant under conjugation, and so has a basis of real-valued
polynomials, and a real-valued zonal function (a function invariant under the subgroup
of Sp(d) x Sp(1) that fixes a point). The structural form of this zonal is given in [Smi75]
Proposition 2.8, and it is given explicitly in [ACMM20] Proposition 3.1.
The invariance of Q,(f_)Q ; under conjugation follows directly from , ie.,

H(k — b,0)4—s; = R (ker R* N Homy (k — j, j))
= (R*)" (ker R* N Hompy (k — 3, j))
— (R*)b’j(kerR N Hompy (7, k — j))
— H(b, k — b)_o;. (9.11)
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Schematic 9.5 (Wedding cake) The orthogonal decomposition of Harmy(H¢, C)
into U(H®)-irreducibles can be displayed as layers of a “wedding cake”

H(k,0) H(k—1,1) H(k —2,2) o H(2,k—2)  HQ1,k-—1)  H(0k)
R* : R
— ; —
RM, . Hk =225y - H2 k-2
RY,: H(k—1,1)k2 H(k—22)x2 - H2k—2k o H(lk-1) 2
RM | H(k,0), H(k—-1,1), H(k-22p - H2k—-2)  H(Lk—1)  H(0 k)

where the layers (rows) correspond to the irreducible R,(fk_)gj (the bottom layer is R,gk)),
and the slices (columns) correspond to the decomposition of a given H(k — b,b) into
min{b, k — b} + 1 different irreducibles. One can move along the layers using R and R*,
as indicated. Therefore, the left most irreducibles (shaded in grey), i.e.,

are a distinguished copy of each irreducible, from which the other summands in the layer
can be obtained by applying R. Further, in view of the symmetries , i.e., that
conjugation reflects the cake around its centre, only half of these summands need be
calculated, in practice. Similarly, the right most entries are distinguished, and give the
other summands by applying R*.

Example 9.6 We consider Harmy(H9, C), for which gives
dim(Harmy(H¢, C)) = 2d(4d + 1) — 1 = (2d + 1)(4d — 1).
For d = 2, we have the following table, where each line is an R-orbit, as in .

H(2,0) H(1,1) H(0,2)
22 2107 w2
2 — —2
25 Z9W9 w9
K, 0){ 2129 2\ Wy + 2oWy W1 W3

le_2 — Zz’w_l

21w 2121 — Wi1Wy Z Wy
21W3 WiWe — 2122 w129
ZoW1 WoW1 — 2221 WaZ1
KOD{ | 2w 2075 — Wy, e

Z129 + W1Wo
2122 + Wiws
29Z9 + Wy — 2121 — W1 W1

wy Z1wy 1

2 — -2

K(O 2) { Wy Z9Wo 29
’ W1 Wo Z1We + Zown Z1%22

Z1Wwe — ZoWy
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For example, we have the decomposition into irreducibles for right multiplication by H*
K(2,0) = (R{z?} ® R{22} ® R{z120}) ® R{z\W3 — 21} = 3W, © Wy,
where
R{z?} = span{2?, zywr, w12} 2 Wy, R{z1W; — w1} = span{zw; — 21} = Wy,

etc. This calculation was done for Homy(H?), which has a dimension 1 higher. Apart
from applying R to fill out the rows, the only other calculation done was solving Rf =0
or R*f for f € Hg(l’l)(]HF) = K(1,1) N H(1,1) gives a 4-dimensional space spanned by

2121 + wWy, 2222 + WalWa, 2122 + WiWa, 2122 + WiwWo,

The first two have nonzero constant Laplacian, so their difference is harmonic, and the
second two are harmonic. Similar calculations give the general decomposition

K(2,0) = (@ R{z“}) ® ( P Rizwi - zkw—j}) ~ %d(d + )W, @ %d(d — )W,

la|=2 1<j<k<d
K(1,1) = ( @ R{ijk}) ® (@ R{z;Z; + wjwy} @ @ R{zjz; + wjw; — z171 — wlw_1}>
1<jk<d J#k 2<j<d

> Wy @ (d* — 1)Wo,
K0,2)= (D Rw}) o ( P Rz —zu;}) = %d(d W %d(d — )W,

la=2 1<j<k<d

into irreducibles (sums of R-orbits). In particular, the homogeneous components, i.e.,
the Sp(d) x Sp(1)-irreducibles, are

Harm,(HY) = Q) & Q%) = 1(W5)® & 1(Wy)® = d(2d + 1)Ws @ (d — 1)(2d + 1) W,
Example 9.7 Since H(k,0) Nker R* = H(k,0), we have
k+2d—1
T(W,)®) = @ R{z*w"} = ( * f )Wk (orthogonal direct sum,).
lo+B|=k

10 Zonal polynomials

Here we consider the “zonal polynomials” for our irreducible representations of the
groups G = U(H?), U(H?) x H* on Harm(H? C). There are two common notions of
zonal functions:

e The functions fixed by the action of the subgroup G which fixes a point ¢'.

e The Riesz representer of point evaluation at a point ¢’ (the reproducing kernel).
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When Gy is a maximal compact subgroup of G these are equivalent. We will consider
the first notion. For a group G acting on H¢, we define the stabliser (or isotrophy)
subgroup of ¢ € H? to be those elements which fix ¢/, i.e.,

Gy:={9eG:g9-¢d=q}

A function H* — C which is fixed by the action of G, is said to zonal (with pole ¢').
We denote the subspace of zonal functions in a space V' of polynomials by

Ve .={feV:g-f=[}

We now condsider the zonal polynomials for the group G = U (H?).
Recall (v, w) = v*w is the Euclidean inner product (2.2)). For vectors ¢ = z + jw,
¢ = 2 + jw' in H?, we define two inner products

(¢ @)me = (d ) €H, (¢, q)cea := <(le> , (Z)> eC. (10.1)

w w
Lemma 10.1 For q,¢ € HY, we have
(0", @)ua = (¢, @)cze + ('], @) coa- (10.2)
For the action of U(HY) the following are zonal polynomials H¢ — C with pole ¢’
= {q, Q) = 221+ -+ Zhzg + Wiy + -+ wiwg,
q = (qJ, @)cze = 2qwi + -+ + Zgwa — Wiz — - — Wy,
When q' = ey, the zonal polynomials above are

z+ Jw = 2z, zZ+ Jw — wy.

Proof: Using ([2.1]), we calculate
¢j=(+ju)j=2j+juj=—w+j,
and so

(¢, @)ma =(Z’+J ) (z+jw) = ((Z’)*—(_’)*j)(2+jw)

2t (W) w4 () w — ()2

= ( ) (;) ( l),(2))=<q/,Q><czd+j<Q’j,q>czd,

which is (10.2). Let U € U(H?) with Uq' = ¢/, then we have

(¢ q)ma = (Uq  UqQ)ga = (¢, Uq)ma = (¢, Uq)c2a + j{¢'J, Uq)c2a,

so that
(¢ Uq)cza = (¢, @) c2a, (d'7,Uq)c2a = (¢'7, @),

which shows that the linear polynomials given are zonal. O
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We note that z; and w; are zonal polynomials in the U(IH¢)-irreducible subspace
H(1,0); = span{zi, ..., 24, w1, ... w4},

and so the space of zonal polynomials in a given U(H¢)-irreducible is not 1-dimensional,
as it is in the real and complex cases.

Example 10.2 The quadratic polynomial q — ||q||* = (q, q)ua is zonal (for any ¢'). By
folk law (the real and complex cases), the zonal polynomials should be a function of this
and the quaternionic inner product ¢ — (¢, q)ya = (¢)*q. Using (8.7), we have the
explicit formulas:

1 1

(@, q)c2a = =({¢, @)ma — i(q', q)mat), (07, q)c2a = 2_j(<q/7Q>Hd + (¢, q)at).

2

Using the zonal polynomials above, which commute, since they are complex-valued,
[BNO2] define zonal polynomials in Homy,(H?, C) by

a1, o, s, 7] (@) = (q, @) 050405, ) 2200, ) (@5, @) c2al ]| (10.3)

where a1 + as + az + a4 + 2r = k. These span and hence are a basis for the zonal
polynomials in Homy,(H¢, C) (Proposition 4.2, [BN02]).

Example 10.3 For a general ¢', we have
[y, o, a3, a4, 7]y € Homp(og + g +r,a3 + aq + 1),
and for ¢ = ey, we have
[, g, i3, g, 7)o, = 2P WP |2 + Jw||*,  oq Fag +as+ag+2r =k, (10.4)

so that

(aa+as+r,az+as+r) rrd
[, o, a3, g, 7], € Homy, (HY).

We can take advantage of ((10.4) to simplify the proof and presentation of results,
since if U is unitary with Uq' = e;, then we have the following correspondence between
zonal polynomials with poles ¢’ and e;

[ala A2, a3, G4, T]q’ = [ala A2, a3, A4, r]e1 (V)’
This follows from the calculation
(¢, Qme = (Uq , Uq)ga = (€1, Uq)ya,

and the fact that such a U can always be constructed, since U(HY) is transitive on the
quaternionic sphere. In effect, a zonal polynomial for ¢’ can be obtained from one with
pole e; by making the substitution

21 = {q, q)c2a, wy — (q'7, ¢)caa. (10.5)

The number of zonal functions given by ([10.3]) is independent of the dimension d.
For d = 1, these zonal polynomials have linear dependencies, e.g.,

[1,0,1,0,0] 4+ [0,1,0,1,0] = zZ1 + wywy = [0,0,0,0,1],

and for d > 1 they are linearly dependent. Thus we obtain the following dimensions.
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Lemma 10.4 For Z := U(H%),, d > 2, the zonal polynomials have dimensions

dim(Homy (H',C)%) = > (k mA 3) : (10.6)

3
0<j<§
. d 7 kf + 3 . 2

dim(Harmy (H',C)7) = (*, ) = > (k=2 +1)% (10.7)

0<j<%

Further, if ¢ = 2 € C%, e.q., ¢ = e1, then
1

dim(Hom{"" (H*)?) = S (m+ 1 (m+2), (10.8)
dim(H"" (HY?) = m + 1, (10.9)

where

m := min{a, k — a, b, k — b}.

Proof: Since the zonal polynomials in ((10.4) are clearly linearly independent and
span Homy,(H?, C)Z (see [BN02] Proposition 4.2), it suffices to count them, which gives

. . k—2r+3
dim(Homy,(H?, C)%) = Z dim(Homy,_»,.(H, C)) = Z ( 3 )
0<r<k 0<r<k

When ¢’ = 2’ (v’ = 0), each of these zonal polynomials is in some Hom}f’b) (H9), so that

(a.b) (dyZ — ot =k—a—-1r ctaz=a—r
Hom, (H)™ = @ SpanC{[abOéQ’as’O%T]'041+042:k—b—7”, 043+Oé4:b—7"}

m<r<k

Y

(10.10)

and counting again, using 1} and mg:QJlr =m+1—r, gives

dim(Hom{"”(H")?) = 3 dim(Hom{" """ (H))

mgrgg

1
:1+2—|—~~+m+(m+1):§(m+1)(m+2).

Since the Laplacian maps Homff’b) (H?) onto Hom,(f_*ll’bfl)(Hd) and zonal polynomials to
zonal polynomials (Lemma [14.2)), we have

dim(Harmk(Hd, C)Z) _ dim(Homk(Hd,C)Z) — dim(Homkfz(]HId, C)Z) = (k —g 3),

dim(H ™" (HY?) = dim(Hom!™” (H*)?) — dim(Hom """~ (H%)%)
1 1
= §(m—|—1)(m+2)—§(m—1+1)(m—1—|—2) =m+1,
which completes the proof. O
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We will give a simple example first, which motivates the general and constructive
result to follow.

Example 10.5 For ¢ = ey, the unique zonal polynomial in H,io’o) (H9) is
[£,0,0,0,0] = 2F.

We may apply L (down) and R (right) to this, as in the univariate case (Schematic|7.6
and Lemmal[8.4), to obtain (k +1)* zonal polynomials in I(Wy)®).

P k‘zk Yy e klwr*
sz*lwl k(k — 1)28 2wy — k217 —klkzrw
k(k — 1)21 w? k(k—D{(k - 2) MSwiwr — 28 2wz} - klk(E — D)z w2
k:'zlwk ! Elwtf oy — kl(k — 1)z w277 s (=1)k 1k:'2_k 1w1
klwk —klkwt 'z (—1)*k1?z*
Theorem 10.6 Let ¢’ = e,. For d > 2, there is a unique harmonic zonal polynomial
k
pY, = P", , € ker L* Nker R* N HYY (HY), 0<j<3.
given by
1) (k+2—-j—r) ,
P", = 1) “lk—j—b—rbeb 10.11
k—2j Z blelr! (k+2d—1— 7“),,[ J r,b,¢,b.rl, ( )
b+c+r=j
which has 5(j + 1)(j + 2) terms. Let
Py, =L RPY, i <ab<k—j. (10.12)

Then the zonal polynomials (with pole ey ) in Harmy,(H?, C) have the following orthogonal
direct sum decomposition into one-dimensional subspaces

Harm, (H?, C @ @ span{P,E 2j.ab ) (10.13)

OSJS i<a,b<k—j

Proof: By (10.10)), a general zonal polynomial in Hom,(gj J )(]I-]Id) has the form

Z Cbcr[k_j_b_rvbvcab7r]a CbCT€C7

bt-c+r=j

which involves 3 (j+1)(j+2) terms. By Lemmam the condition for f to be harmonic
is

1 : .
ZAf: Z 4Obcr{(k‘—]—b—r)c[k’—j—b—r—l,b,c—l,b,r]
b+c+r=j
+bk—j—b—rb—1,cb—1r]
+r(k+2d—1-r)k—j—b—rbcbr—1]} =0,
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which gives $j(j +1) equations, and hence j+1 = dim((H, ,ﬁ“ ))Z ) free parameters. Hand
calculations indicated that Af = 0 together with the conditions R*f = 0 and L*f = 0
leads to a unique (one parameter) solution f. From these special cases, we “guessed” the
formula (10.11)). We will now verify directly that f defined by has the desired
properties, and then conclude that it is unique (by a cardinality argument).

By Lemma and Lemma [14.1] we have

Alfk—5—=b—rbebr])=(k—j—b—r)clk—j—b—r—1,b,c—1,b,r]
+Vk—j—b—rb—1,¢b—1r]
+rk+2d—1—-r)[k—j—b—r,bc,br—1],

R (Jk—j—b—rbcbr])=—ck—j—b—rb+1,c—1,b,7]
+bk—j5—b—r+1,bc,b—1,r|,

L*([k—j—b—rbc,br])=bk—j—b—r+1,b—1,¢,b,7]
—clk—j7—b—rbc—1,b+1,r].

Hence, the [k — 7 — 0 — 1" — 1,0, , V1’| coefficient of Af is

<_1)T/ (k+2_j—rl)7“’ 1 . / Ny S

(b/)!(c/)!(kz+2d—1—r/)T,{c/+1<k_‘7_b_T)<C+1)
1 (k+2—j—1"—1)

vV +1)% -

(t"+1) r+1(k+2d—1—-1r"—1)

+ (r'+1)(k+2d—1—r'—1)}20,

b+1

the [k —j—b —r+ 1,V,d, 0 —1,r], b # 0, coefficient of R*f is

(_1>r (k+2_j—T>T 1 / 1 AR
" (ht2d—1—r), ((b’ i@ (b’)!(c’)!b> =0
and the [k —j — 0 —r+ 1,0 — 1,0, r], V/ # 0, coefficient of L*f is
(_1)T (k+2_j—r)7" 1 / 1 / _
A h2d—1- r),,{(bf)!(cf)!(b) RCECEAa n}=o

so that f = P,izj € ker(L*)ﬂker(R*)OH,(Cj’j)(Hd)Z. Since P,ék)% € H,gj’j) (H?), by Lemma

and Lemma [14.1] we have the orthogonal direct sum decomposition

@ @ span{L“_ij_ij(lf)Qj} C Harmy,(H?, C)?,

ck j<a,b<k—j
0<j<k j<ab<k—j

and by a dimension count using ((10.7)), we obtain (10.13|), and hence the uniqueness of
Pk(g ; up to a scalar multiple. O

It follows from Theorem [10.6] (also see [BN0O2]) the zonal functions satisfy
dim(((Wi-27)*)?) = (k = 2j + 1)%,
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and for ¢ = e;, we have

17 ]Savbgk_ja

0, otherwise.

dim(H (k — b, b)g_s; N H™P (H?) = { (10.14)

Let Z ,ﬁ )2 be the zonal polynomial with pole ¢’ obtained from P,E 9;ap Dy making

the substltutlon

Corollary 10.7 The zonal polynomials in Harm,(H?, C) have the following orthogonal
direct sum decomposition into one-dimensional subspaces

Harm, (H?, C)# @ @ span{Z,gk 2j.ab) (10.15)

OS]S ji<a,b<k—j

Proof: Apply the substitution (10.5) to the orthogonal direct sum ((10.13)). O

The existence of the zonal polynomials Z,(f_)Qj’a’b in ([10.13) is proved inductively in
[BNO2|], where they are denoted by AR We now outline how the two are related.

paw,w’
Here p = k — 24, and the “weight” parameters w,w’ are related to (a,b), as follows

k—w k—
2”, b:Tw, w =k -2, w=k—2b, (10.16)

a =
which gives the correspondence between indices
(a,0) € {0,1,...,k}* <= (w,w)€{~k,~k+2,... . k—2k}

We note that for k even (the case considered in [BN02]) the weights w and w’ are even,
and for k odd, they are odd. They define the space of zonal polynomials

Eq(ukzu, = span{|o, ao, a3, au, Ty o+ as+ g+ ag+2r =k,

aptay—a3—ag=w,a; —az—az+a, =w'}, (10.17)

which satisfies

Eq(ukzv, = Hom""” (H%)?, for ¢ = 2/ € C4,
and the space
k k—
v — H(%, S = H(b—b.b),

In [BNO2|] (Proposition 4.5), the zonal polynomials Z(fc) , are characterised by the fol-

p w?w
lowing properties:

® Z,wuw € E(k) s 1€ Z,g )2jab has the structural form given by ((10.11)) and ((10.12]).

o {Z)wuw twel—p,.p2p is a basis of (the zonal polynomials in) I(W,)® N Vi e,

.....

{Zlili)Zj,a,b}]SaSk—j is a basis of the zonal polynomials in I(Wj_o;)*®) N H(k — b,b).

43



for right multiplication by H*, (which is isomorphic to W,), i.e., {Z ,ik_)Q bt i<b<k—j
is an R-orbit for a Wj_s;.

These follow from our construction, and the observation (by Lemma [14.1)) that

k —ir(k . .
Zl£32j,a,b = Rb ]Z]if)gjja,(p J S b § kf - J.

Example 10.8 The first three polynomials Z,gli)Qj = ,g’i)%o,o given by (10.11)) are

Z® = [k,0,0,0,0],

G _ K _
2 =1k =2,1,0,1,0]+ [k = 1,0,1,0,0] = s—— o[k = 2,0,0,0,1],
Zw::%—42020}Hk—2020m+2w—31110L~3@:iL%—41011
k—4 ) Sy Yy Ay )y Yy &y Yy )ty Sy by k+2d—2 oy Yy by
2(k — 1) (k—1)(k —2)
— 2 ) [k—3,0,1,0,1 k—4 2].
Fr2a—z 0L e o 2a =g P 40002

We observe that, except for the first, these depend on the dimension d.
Example 10.9 For k =1, the zonal polynomials in are
ZzM =11,0,0,0,0] = z;, RZY =10,0,0,1,0] = @y,

LzZM =10,1,0,0,0 =w;, —LRZM =10,0,1,0,0] = 7.
and for k = 2, they are given by the schematic

H(171)0
K(1,1) [1,0,1,0,0] +[0,1,0,1,0] — [0,0,0,0,1]
H(2,0), H(1,1), H(0,2),
K(2,0) [2,0,0,0,0] [1,0,0,1,0] [0,0,0,2,0]
K(1,1) [1,1,0,0,0] [0,1,0,1,0] —[1,0,1,0,0] [0,0,1,1,0]
K(0,2) [0,2,0,0,0] [0,1,1,0,0] [0,0,2,0,0]

with the indexing of rows and columns as before.

Similarly to the Schematic , the summands {Zy_2j45}j<ab<i—j, 0 < J < in
can be arranged as the layers of a “wedding cake” (see Figure [1).

We now seek an explicit formula for the zonal polynomial LQRBP,;?% of Theorem
[10.6, We first determine its structural form. The Lemma [10.10] below, says that the
complexity of the formula depends on how far the index (a, ) is from the edges of the
array of indices A = {0,1,...,k — 25}2. Partition A into “nested squares”, as in ({8.4)),

|

’

k
Sk,j,m = {(aaﬁ) : mm{y—i—a,g—i—,@’,k—y—a,k—y _B} = m}7 .] S m S 5 (1018)
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H(2,2)

K(2.2)

H(371>2 H(272)2 H(LS)Q
K(3,1) Py=Pyoy| RP, | RP
K(2,2) LD, LRP, | LR’P;
K(1,3) P, I’RP, | I’R%P;

H(4,0)y H(3,1); H(2,2); H(1,3); H(0,4),
(4,0) | P,=PY) | RP, R%P, R*P, | R'P,
3,1) [ LP, LRP, LR?P, | LE°P; | LR'P,
(2,2) [ L*P, L’RP, | L?R’P, | I’R°P, | L’R*P,
(1,3)
(0,4)

L3P, L3RP, L’R?P, | L’R3P, | L?R*'P,
L'P; L*RP, L*R?P, | L*R3P, | L*R*P;

ialalala

Figure 1: Schematic of the 12+ 32+52 zonal functions for Harmy(H<, C) given by ((10.12)).

Lemma 10.10 Let 0 < o, <k—2j,0<j <% and

m = Hlll’l{j—FOé,k—j _ﬁuj +ﬁ7k_] - Oé} 7;'6’7 (auﬁ) € Sk,j,m‘
Then L“Rﬁpk(lj)zj eKk—j—a,j+a)NH(k—j—p,j+ ) has the form

L°RPE, = > Ok —j—B—b—rba+tj—r—bB—a+br], a<§,

0<r<j
o<b<m—r

L°RPE, = > Ok —j—a—b—ra—B+bj+B—b—rbr], a>p

0<r<j
0<b<m—r

which involves 1(j +1)(2m + 2 — j) terms.

Proof: A general zonal polynomial of degree k£ has the form

f = Z Cabcdr [CL, b7 ¢, d7 T] .

a+b+c+d+2r=k

By Lemma [14.1} L and R applied to [a, b, ¢, d, r] preserves the value of r, so that
a k
f=1L R°P k(f)2j

has the same restriction on r as Pk@% does, i.e., 0 < r < 7.
The condition that f = L*R°P, € K(k—j—a,j+a)NH(k—j—B,j+ ) gives

a+b+r=k—j5—p, c+d+r=j5+p0,

10.19
a+d+r=k—j—a, b+c+r=j5+a. ( )
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First consider the case « < 5, i.e., m=j+aorm=k—j— (. If m = j+ «, then
(110.19)) gives

b+c=m-—r, a=k—j—0—-b—r, d=j+pf—c—r,
so that

L°RPY, = Y Culk—j—B-b—rbej+B—c—rr], m=j+a

0<r<j
b+c=m—r
Using b+ ¢+ r = j + « to eliminate ¢ above, gives
L°R°PY, = Y Culk—j—B—b—rbj+a—r—bB—a+br]. (10.20)

0<r<j
o<b<m—r

Now consider m = k — j — . Then ((10.19) gives
a+b=m-r, a=k—j—pF—-b—r, c=j+a—r—0=, d=p—a+b,

so that (10.20) holds for m =j4+aand m =k —j — 3, ie., a < .

For the case a > (3, i.e., m = j+ [ or m = k — j — a, we have, respectively
ctd=m-r, a=k—j—a—-d—r, b=a—-p+d, c=j+p—-d—r,

a+d=m-r, a=k—j—a—-d—-r, b=a—-0+d, c=j+p—d—r,

which (replacing d by b) gives the second formula.
In the sum, we can have r =0,1,...,j (j + 1 choices), with m 4+ 1 — r choices for b,
and so the number of terms is

(m+1)+m+(m—1)+---+(m+1—j):%(j+1)(2m+2—j).
a

An explicit formula for L*R” P,E’i ; can by found by applying (14.4]) and (14.8)). This
gives very complicated coefficients. Instead, we used Lemma [8.2] and numerous symbolic
calculations for low values of a and [, such as Lemma below, to conjecture the
formulas of Theorems [10.12] and [10.14} which were then proved for a general («, ).

Lemma 10.11 For0< g <k—25,0<;5< %, we have

B2y = 2 (b rad— 1o, P ¥ Dk 2= prrebeb bl
b+c+r=j
Proof: Use induction on 0 < g < k — 27, with § = 0 being trivial. Suppose that it

holds for # —1 > 0, then

—1) (k+2—4—r), ,
wzf, - Y ((,ffgd_ﬁ_% (k=2 (B—1)+1)saR( 1), (10.21)
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where, by (14.4) of Lemma[14.1]

R( N=R(k—2j—B+1+cbecb+B—1r])
=(k—-2j—fF+1+c)k—2j—F+cbc,b+p,r]
—bk—-2j—08+14+c,b—1,c+1,b+p5—1,r]
The [k —2j — B+, b, 0+ B,r], b + ¢ 4+ r = j, coefficient in (10.21]) is

(=D (k+2—-5—1)
rl (k+2d—1-r),

(k —2j —ﬁ+2)ﬂ_1{ }

where
{ }: ! (k—2j—B+1+()— ! (V' +1)
() O+ Dl =1)
1 1
= k—25— 1+ —c)= k—25— 1
e \F A Pt =) = gy (B 2 = A,
which completes the induction. O

Theorem 10.12 For 0 < a<f<k—2j,0<j <% we have

LRz, = Y CEPk—j—B—b—rbj+ta—r—bB—a+br]

0<r<j
o<b<m—r

where m = min{j + o, k — j — 8} and C\*7 = AP B with

« _1)T <k+2—j—7“>r .
AlB) . ( k—2i—B+1 10.22
br b!(j+oz—b—7")!r!(k:—l—2d—1—T)T( j=B+1)s, (10.22)
a al . ,
By = 3 (k=2 —at 1)u(b—ut 1), —r + 1).(=5),
ut+v=«

_a,—b,k‘—Qj—a—I—l’l)

r—j—o,f+1l—-—a’ (10.23)

= (L5 = )a(=B)asFi

The constant Béf’ﬁ) can also be calculated from B,SS’B) :=1 and the recurrence
B = (k—j—f—b+1-rbBTY) — (B—a+1+b)(j +a—b—r)Be™. (10.24)

Proof: We first prove the result for Blga’ﬂ ) given by the recurrence relation ((10.24)), by

7

using induction on «. This is true for & = 0 and all 5 by Lemma [10.11] (where m = j).
Let A(_al’fq) and B(_alﬁ) take some value (it matters not which). Then we have

AP =p AP AT = (jra—b-r) AR, a0 (10.25)
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Suppose that a > 0, then by the inductive hypothesis, we have

LRPZP, = Y Ok —j - BV =V jta—1—r—V,f—a+1+V,1].

0<r<jy
o</ <m—r

We apply L to this, using (14.8)), i.e.,

Lk—7j—-B-V—-rbt,j+a—-1—r—=V,—a+1+V,1])
=k-j—B-V-nk—j—B-b—-r—1V+1,j+a-1—r—=0,—a+1+0,r]
—B—a+1+W)k—j—p—-b—rbt,j+a—r-V,0—a+b,r]

and ([10.25)), to obtain
Ol =(k—j—B—(b-1)—r)C Y —(B—a+1+bC Y
=k-j-pf-b+1- )bAbr Bbalﬁl B-—a+1+b)(j+a—b— T)Agf’mBéffl’ﬂ).
Since Aéf’ﬂ ) # 0, we may divide the above by it, to obtain
B = (k—j—B—b+1-mpB Y — (8 —at 1+b)(j +a—b-n)BL ",

ie., , which completes the induction.

Finally, we show that the formula for Béra’ﬁ ) involving a 3F5 hypergeometric
series holds, i.e., it satisfies the recurrence. This we do by induction on «. The case
a = 0 is immediate, and the inductive step follows from the contiguous relation

—-n,a,c .\ _ o Y l1-n,a+1,c+1
(d€)3F2< d,@ 31>_(a+c d—e+1 n)< CL)3F2< d—|—1,€—|—1 71)
1—n,a,c+1
—(e—a)(a—d)gFg( dtlet1 )

for hypergeometric functions, for the choice
n=«a a=-b, c=k—-2j—a+1, d=r—j—a, e=p+1—a.

a

The recurrence relation ((10.24)) was determined first. It suggests that (b, 3) — Bg;,’ﬁ
is a polynomial of degree 2, where in fact it has degree «, as is indicated by .
We could not prove formula directly, without recourse to the contiguous relation.
To indicate the complexity of such a calculation, we give the inductive step for a = 1,2

By = (k=j=f=b+1=rb=(F+B)(+1=b=r)=(k=2)b=(j~r+1)p,

B =(k—j—B—b+1—mb{(k—2))(b—1)— (j —r+ 1)}
—(B-14b)(+2—b—){(k—2)b— (j —r+1)5}
— (= r+ Da(=B)a+2(k = 2j — 1)b(j —r + 1)(—B) + (k — 2j — 2)2(b — 1.
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Example 10.13 For r = j, the hypergeometric series in can be summed using
the generalised binomial theorem, or Gauss’s summation for the resulting oI, to obtain

bl bl
B = 2% %(k —2j —a+1), = u)!v!(—ﬂ)a_b(—ﬁ Fa=b)py
- (B—=Fk+25)
— a!(—ﬁ)a—<6 T1—a),’

(1) (k+2—2j);
Gl (k+2d—1—j);

For the case j = 0, this further reduces to

(=1)" (=)e(B =k +2))s
b! (ﬁ +1-— Oé)b

Oy = (k—2j — B+ 1)5(—B)a

(=1)° (=a)s(B — k)
b' (B ‘f‘ 1 — Oé)b ’

Ci® = (k= B+ 1)5(~Ba
and we recover the Lemma[8.9 as the particular case j =0 and d = 1.
The case @ > [ can easily be obtained in a similar way to Theorem |[10.12]
Theorem 10.14 For 0 < o, <k—2j,0<j <& et
mi=min{j + ak—j— B j+ B k—j—a},  c:=minfa, B}
Then we have

LRz, = Y O Pk—j+c—a—B—b—r,a—c+b, j+c—b—r, f—c+b, 7], (10.26)

0<r<j
0<b<m—r

where and CIS;X’B) = Al()f’ﬁ)B,gf’ﬁ) is given by and for a < B, and by
AgP = AP, e = BEY azs

For B > «, the constant Béf"g ) can be calculated from Béf’o) :=1 and the recurrence

BY? = (k—j—a—b+1-rbB* "V —(a—B+1+b)(j+8—b—r)Be . (10.27)

Proof: In light of Theorem [10.12] we need only consider the case a > 3. It follows
from ({10.24]) that Béﬁ’ﬁ) = Bl(,f’a , a > 3, satisfies ((10.27)). The formula (10.26|) can be
proved as in Theorem [10.12, using induction on 8 and by applying R to Bbf’ﬁ -, O
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We now consider an alternative formula for the zonal polynomial of ((10.11]), i.e.,

) (k+2—-j4—r1), ,
Pk (=" ( L
k=2j b+c; ; blelr! (k+2d — 1 —r)r[k J=b=mrbebrl,

where
k—j—b—rb,cbr] =2 7""Twimw’ ||z + jwl|* =2 |z lwi*]|z + jw]*".

By the binomial identity, we have

J .
)" (k+2—j—1)r jg . 1 (b+c)!
p® ( 2j 2r 2|, |2b
ey ; rl (k;+2d—1—r)fl =+ vl (j—r)!m;_r ey 1Tl

Hjiw )" (k+2—j—r),

2 2\j—r
rl (k;+2d—1 ), (=l e )

2 + jwl*

1
(j—1)
This has the structural form

P, = 279 F (|12 + jwl, | + Jw?), (10.28)

where F' is a homogeneous polynomial of degree j with real coefficients. An elementary
calculation shows that the polynomial

|(z + jw, €1>|2 = |Z1|2 + |wl|2 = 2121 + W wy

is in the kernel of R, R*, L and L*, e.g.,
R(z171 +wiwr) = Wiz — Ziwy = 0.
Hence, by , all polynomials of the form
g = G(21Z1 + w0y, -+ -, 24Zq + wallg), (10.29)

which include ||z + jw|* and |z|*> + |w;|?, are in the kernel of R, R*, L and L*, and
hence

T(fg)=T(flg+fT(9)=T(f)g. T=RE,LL" (10.30)
Applying this to (10.28)) gives the following.
Theorem 10.15 Let ¢’ =¢e;. Ford>2,0<7j < %, the zonal polynomials of Theorem
are given by
L°RPPY,, = L°R°(z"™)F,  0<a,B<k—2j (10.31)
where F = F(||z + jw||?, \21|2 + |wy|?) does not depend on a and 3, and is given by

(=) (k=25 +2); —2]+2d 14 4). 1 i )
~rr2d=1—)) jJ.Z Syl P (P o )

_ (—1)7 ‘QjP'(kajJrl,deS) <1 _9 |21 + |w1|2>
(k+2d—1—j), ’ Iz + jwl|?

Iz + jwl
(10.32)

with Pj(k—2j+1,2d—3)

a Jacobi polynomial.
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Proof: Since the function F' of ((10.28]) is of the form ({10.29), we may apply ((10.30))
repeatedly, to obtain

o k o —25 .
L*RPFL,; = LR (o) F (|2 + jull, s + ),
where F' does not depend on « and f3, and is given by

(k) J
P]f—Q' ( ) (k +2 - j ) 2r
F=— = > ( Iz + juwl
r=0

2 2\j—r
i B gy (Il + fur?)

1
(7 =)

By making the change of variables s = j — r, we obtain

1)3( k; 2j+2 Z U= 2]+2d 1+ ), 1

F = - . 2(i—s) 2 2\s

(—
(
C(=1)(k - 2g+2)j 2 o (k=25 +2d—1+47)s 1 /|z]? + |wi |2\
= r2d—1— gl > (=i (k=2 +2), <Hz+jw\|2 )

s=0
so that F' can be expressed in terms of a Jacobi polynomial, i.e..

(—1) k—2j 127 p(k—2j+1,2d—3) |21 |” + |wy [?
F = — 2T 2 4w P (1—2—,).
Grea—1—j," l=+mlPh I+ Jul?

a

The formula ((10.32]) for the zonal polynomial (reproducing kernel) P,@QJ = 21 i
involving the Jacobi polynomial, appears in [DBSW17] (Theorem 8). An explicit formula
for the factor L*RP (2} %) is given by the formula (8.3) for the univariate case (replace
z by z1, etc).

By writing the zonal polynomials in the form , the squares in the table /schematic
for the zonal polynomials (see Figure [1)) become essentially those for the univariate cases
Harmy_o;(H, C), as depicted in (8.2]).

11 Symmetries

The polynomials L*R? Pk(lj)Q ; and the spaces H, ,ia’ﬁ ) (H) have certain natural symmetries
that correspond to the symmetries of the square (see the array in Example [10.5).

Let the permutation group Sym(4) act on functions of four variables in the natural
way, i.e.,

g - f(xla Ta, T3, .T4) = f(xah L52, L3,y xo‘4)7
and hence on functions f(z,w,z,w) € Homy(H¢, C). There is a subgroup G of Sym(4)
which maps Harmy(H¢?, C) to itself, which is generated by the permutations
= (24), 7:=(14)(23). (11.1)

This group is the dihedral group of symmetries of the square

Dy = (a,bla* = b* = (ba)?® = 1), a=o1, b=o,
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and hence has order eight. By considering the action on monomials, one obtains
o-H*PW4,C) = HPY M|, C), 7 H*P WY, C) = HP M@ C),  (11.2)
and so GG permutes the subspaces H ,ga’b) (H9, C), where

(a7 b) S {(047 5)7 (aa kj_ﬁ): (k—a, 6)7 (k?—Oé, k_ﬂ)a (67 a)? (67 ]f—Oé—k?), (k?—ﬂ, a)v (k—ﬂ, k_a)}7

via the action on the indices given by

o-(a,0):= (8, a), 7 (o, ) = (o, k — ).

It clear from Lemma that these subspaces do indeed have the same dimension. The
number of subspaces above can be 1,2,4,8, depending on the position of the index
(o, B) in the square array {0,1,...,k}2. The corresponding symmetries of the zonal
polynomials

L°R°PY,, e H*PP M, C),  0<a,f,<k-2j (11.3)
are as follows.

Lemma 11.1 (Fight symmetries) The zonal polynomials (LaRﬁPk 2j)0<a,8,<k—2j have
the following basic symmetries corresponding to the o and T of (-)

« k —_ = Yo} k _ =
L RﬁPéf)Qj(z,w,z,w) =L°R P,s )Qj(z W,z w) (o)
= CapL® R PP, (W, 7,0,2) (), (11.4)
where cq p 15 a constant. The identities for the remaining nontrivial elements of G are
o k —_— —
L RBP,S_)QJ(z w,Z,W)
s L ROPYE, (@, 2w, 7
w

)
—cﬁaLﬂRk 20 o‘P() (w,Zz,w, 2) (to)
w,?)

—2j
= cpalFHT O‘]:{’6]3,6_2]'(10,,z, w,Z (oT0)
= Co,3Ck—2j—B.ax Lk*%*BRkﬂj*aP(kgj (Z,w, z,) (toT)
= CafCh_2j_ gl HTORNH ’BZ,Ek)QJ(E,@,Z,w) (ctoT). (11.5)

Proof: The permutations ¢ and 7 map zonal polynomials to zonal polynomials, and
so, in light of (11.2)) and (11.3] we obtain (11.4). This could also be established, with

values of the constants, from the formulas for L* R® Pk(lj)Q ; given in Theorem [10.12, or by
using identities such as

o-(Rf)=Lf, o-(Lf)=Rf, 7-(Rf)=Rf 7-(Lf)=-Lf

together with Lemma [5.5] O
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The formulas in Lemma |11.1f for Pk 9iap = L IR~ ]P,C 9j & =0a— ], b8 =0b-—7,

do not have a simple formula for the constants, as the normalisation of LQRBP,EE)QJ. is

biased towards the (starting) polynomial Pk(lj)Qj cH ,gj ’j )(]I-]Id, C), which corresponds to a
corner of the array of indices. For k even, one could start with the “centre” polynomial

k) = LiJR:IPY, e B2 (W, C),

k) (
oW = -k
k—2j — k—2j,%

[STES

to obtain zonal polynomials

Lmax{a,%fj}(L*)max{gfjfa,O}Rmax{ﬁ,gfj} (R*)max{gfjfﬁ,O}Clgk_)%.
By using Lemma [5.5], these can be written as

M, Mjg!
a’ﬁ 6 (6%
PS”) PR

. 8 p()
D= ot g RORE

251
where
M, = max{a, k — 2j — a}, Mp = max{f,k — 2j — a}.
The o and 7 symmetries of Lemma then become
a,B B,ex — =
Pilay(ew,2m) = BES, (@ w) - (o)
6% Otk} 27
=(-1) P,f,k 5 w,z,w, z) (1). (11.6)

12 The fine scale decomposition for left and right
multiplication by H*

By taking the intersection of the decomposition into irreducibles for right multiplication
by H* (Theorem with the corresponding one for left multiplication, we obtain the
following decomposition into low dimensional subspaces. All of our decompositions, and
others, can be built up from this.

Theorem 12.1 (Fine scale decomposition) Let
VY = ker L Nker RO A HPPET,  0<jip < 5.

Then for d > 2, we have the orthogonal direct sum

min{j1 ]2}

Homy(H,C)= @ @ P | IPLeBR=yEy»m),  (12.1)

k j1<a<k—j; =0
0<j1,52<5 bk

and in particular

Hamy(H.C)= P P rLor-2y0» @), (12.2)

<k k j1<a<lk— ]1

0=J1,J2%2 J2<b<k—j3

where

dim (L~ B2V (H)) = dim(V,7 72 (H7)).
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Proof: We note that for j < £, j <k — j, so that min{j,k — j} = j, and

Homy (k — j,7) EB |- H (k=5 =i, — ). (12.3)
We observe that Lemma implies multiplication of polynomials by || - || commutes
with the action of R, L, R*, L*. Thus from ((12.3)), we obtain
Hompy (k — j, j)k—2; := ker R* N Hompy (k — 7, j)
J
=@l IP(ker R* N H(k = j —i,5 — 1)),
i=0
so that Lemma gives the orthogonal direct sum decomposition
Hom,,(H?, C) @ @ @H | R (ker R* N H(k —j — 14,7 —1)).
0§]§ j<b<k—j 1=0
Similarly, we obtain the orthogonal direct sum decomposition
Homy, (H¢, C @ @ @H 1L (ker L* N K(k —j —i,5 —1)).
OSJS i<a<lk—j 1=0
Thus Homy,(H¢, C) is an orthogonal direct sum of subspaces
|12 Lot (ker L* N K (k — j1 — 41, j1 — 1)) O || - |*2 R 2 (ker R* N H (k — jy — 19, jo — i2)).

In view of the uniqueness of the Fischer decomposition, these can be nonzero only if
i1 =iy =1 < min{jy, jo}. Since L, R and || - ||* commute, the intersection above can be
written

| - |[FLe 7 R (ker L* Nker R* N K (k — j1 — 41,51 — i1)) N H(k — jy — dg, jo — i2)),

which gives (12.1]), with the i = 0 terms giving (12.2)). The dimension formula follows
from Lemma [14.3] O

Theorem also holds for d = 1, in a degenerate way, with
VEORIE) =0, (ji.j2) # (0,0).

Corollary 12.2 The decomposition of zonal polynomials for Z = U(HY),, ¢ = ' € C,

corresponding to 18
Ham(H,C)? = @ € (LRI m?)7, (12.4)

OSJS 7j<a,b<k—j

where

dim(L* RV (E)7) = 1.
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Moreover, we have

H}ga,b)(Hd): @ L“*leb*jQVk(jl’jQ)(Hd). (12.5)

0<j1 sz(lk)
. (k
0<jp<my

Proof: The decomposition ((12.4)) is given in Theorem [10.6, and the decomposition
1) follows from 1) by grouping the terms L9t Rb=72 Vk(J 1’]2)(Hd) €eH ,Ea’b) (HY). O

The dimension of Vk(a’b) (H?) is as follows (see § for the proof).
Lemma 12.3 For 0 <a,b < %, we have that

dim(V,*"(HY)) = F(k,m, M,d) + F(k,m —1,M — 1,d)
— F(k,m —1,M,d) — F(k,m,M —1,d), (12.6)

where F is given by (7.1(), and m = min{a,b}, M = max{a,b}. In particular,
dim(V, P (H?)) = (m + 1)(k — 2M + 1).
The zonal polynomials in Vk(a’b) (HYY is given by

1, a=0b;

@M%“WWW%=L)G¢b

For d > 2, it follows from Lemma that all the summands in ((12.1]) and ((12.2)
are nontrivial.
Example 12.4 We have

ktd—1
VOO mY) = B (HY) = span{z® : o] =k},  dim(V;*" (H?)) :( - )

d—1
Fork=2,d=2, VQ(O’O)(]HF) = span{z}, 2122, 23}, and
ViV () = span{z1m5 — mwn}, Vi (HP) = span{z1w; — ),

(1,1 2 — J— — e .
v, )(]HI ) = span{z1Z1] + wiWy — 2973 — Wollz, 2123 + Z122 + W1W3 + Wiws }.

Here we can see explicitly, that the zonal polynomials for Z = U(H?),, are given by
V"V @)” = span{z), VU@ =0, VMO =0,

V() = span{2(z 7 + wiw) - (2, w) .

The decomposition of involves subspaces of dimensions 3 (nine), 2 (one) and 1
(siz), with
dim(Harmy(H?)) =9-3+1-2+6-1 = 35.
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13 Conclusion

The fine scale decomposition of Theorem [12.1| refines all the decompositions of the
harmonic polynomials Harmy(H¢, C) under the action of a group G C U(R*?) that we
have given or described. These can be summarised as follows:

U(R*) (a single irreducible) [ABRO]
U(C?4) (the spaces H(k —b,b)) [Koo73], [Fol75], [Rud80], [BS13]

U(HY) x U(H) (Theorem [Smi75], [ACMM20)]

U(H9) (Theorem [9.3)) [BNO2|, [BDE14]
|
U (H) (Theorem [9.1)) [BNO2]
|
1 (a single homogeneous component).

Here the action of U(H?) x U(H) = Sp(d) x Sp(1), and similar products, is not faithful,
since the real unitary scalar matrix —I belongs to U(H¢) and U(H), where it has the
same action. One can naturally obtain irreducible decompositions by applying the given
group to components of the fine scale decomposition. For example, we have the following.

Corollary 13.1 Let d > 2. For the action given by left and right multiplication by
H* = Sp(1), i.e., the group G = Sp(1) x Sp(1), we have the following orthogonal direct
sum of homogeneous components

Hamy(#,C) = @ { @ LRV P@E)) = P HWissp20)”

ok j1<a<k—j Lk
0<j1,52<5 gg;ikij; 0<j1,j2<5

P dim(VEHY)) - Wi, k2

0<j1,j2<%

I

(13.1)
for the irreducibles

Wiajukjy = spanc{ LR 2 fY ) cociyy ) f#£0, fe VI MY,  (13.2)

J2 <b<k—jg

Proof: The orthogonal direct sums in ([13.1]) are immediate, and the I(Wy_o;, x—2;,)*
defined is a sum of the subspaces in (13.2)). It is easily seen from Theorem , and its
analogue for L, that these subspaces, i.e.,

spang{L*R’ f}ocacr—2iy, f#0, f€ Vk(jl’jz)(Hd)v

0<B<k—2jo

are invariant under left and right multiplication by H*, that the action is irreducible,
and they are isomorphic CG-modules. O
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Finally, we observe that the central idea underlying our development is Corollary

[0.2] which can be stated as follows

e A subspace of Homy(H? C) is invariant under the group action given by right
multiplication by H* if and only if it is invariant under R and R*.

This was taken as an Ansatz, then proved indirectly. A simple constructive proof has
eluded us, i.e., finding an explicit formula

Flz+jw)(a+jB) =D a"p=a®B"p (R, R*),  Vf € Hom(H’,C),
la|l=k

where p,(z,y) is a polynomial of degree k in the noncommuting variables x and y. Such
a formula would give additional insight and simplify the theory.

14 Appendix: technical details

Here we give proofs of some technical results used, which are routine, but not insightful.

Lemma (4.1 The operators R* and L* are the adjoints of R and L with respect to both
the inner products and defined on Homy(H?, C).

Proof: This is by direct computation. We will just consider R* (the case for L* is
similar). Without loss of generality, let f,g € Homy(H¢, C) be the monomials

f = 202z, g = SB1PezPagha
With (a;); denoting the j-th entry of the multi-index ¢, etc, we have

d
Rg = Z{(ﬁl)jzﬂl—ejwﬂzgﬁawm-&-ej _ (/82)jzﬂlw62_5jz/83+€jmﬂ4}7
j=1

d
R*f = Z{—(ag)jzo‘lw‘”‘”eﬁ%_eiwa“ + () ;2 T2z ]

=1

For the first inner product, it follows from (4.2)) that all terms of the inner products

<f7 Rg> = § / {(ﬂl)jza3+51*€jwa4+52za1+53wa2+ﬁ4+ej
—~ Js(c2d)
J

— (B) 23 T Prqp et cigeathateioathal

<R*f7 g> = Z /( g {—(a3)jza3+ﬁ1*ejwa4+52§a1+ﬁ3@a2+ﬁ4+ej
~ Js(c24)
J

4 (Oé4>j2a3+'81 wa4+ﬁ2_€jzal +53+€j@a2+ﬁ4 } ’
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are zero, except for when ag + 81 —e; = a1 + B3, au + B2 = o + B4 + ¢, in which case

(f, Rg) 2d Z{ B1);(Br — €5 + as)! (B2 + aa)! — (Ba); (B1 + ) (Ba + s — €)1}

= (2(11>k(51 +az — ;) (B2 + as — e;)!{(B1);((B2); + (aa);) — (B2);((Br); + (3);)}
- (2(11) (o1 + B3)!H (a2 + Bu){(B1) () — (Ba)j(cz);)},
1

(R°f,9) = {—(043)3'(51 +az —e;)!(Be + ag)! + (au);(B1 + a3)! (B2 + g — 6]’)!}

)k
20, (Br+ az =€)/ (B2 + s — ej){—(a3);((B2); + (a);) + (aa);((Br); + (a3);)}
= (f, Rg),

which shows that R* is indeed the adjoint of R.
We now consider the inner product (f, g)s, for which the monomials are orthogonal.
The inner products (f, Rg)s and (R*f, g)s have nonzero terms if and only if either

[\
NS

S8

ap=p1—¢j, ap=7P03, az3=/p, os=034+e¢;,
or ap =B, =P —e¢;, az=PB+e;, as=p4

For the first case above, these inner products are

(F Rg)o = (B1); (" w25, 2w 2w g = (B1); (B — €5)!82185!(Bs + €)1,
(R f,9)0 = (0‘4)j<7561w TR e Do = ((Ba); + 1)B1!152!85! 84! = (f, Rg)a,

and, similarly, for the second case

(f; Rgla = —(Ba) (zM w™ZUwW™, 2w Z%w™ ) g = —(B2);511(B2 — ;) (B3 + €;)! B4,
(R*f, 9)o = —(az);(zPwPZ%w5 2P w™Z5555) 5 = —((83); + 1)51!52!BsB4! = (f, Rg)o.

Hence R* is the adjoint of R for the second inner product also. O

Lemma [4.3. The operators R, R*, L and L* commute with the Laplacian A, and so
map harmonic functions to harmonic functions.

Proof: We consider R, the others being similar. Since

2
= Z(wﬂ 0z ai) ) - Z(azkazk aw—fawk>’

we calculate

3 83 . 83 83
—RA Z{ <3z]0zk8zk azjaw—kawk> K <awjazazk * awjaw—kawk> }
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and

2 2
iAR Z{azf(‘?zk (73% - Z_jaz) * 8w_fawk (w_ja% - Z_faiwj)}

& o i
= Z{( T 0Zr02,07 'az—kazkawj a ‘5jkazkawj)
S 52 &
+ (w3 Torownds; O gunds; ‘aw—kawkaw)} !

which are clearly equal, since the ¢;; terms cancel.
If f is harmonic, i.e., Af =0, then A(Rf) = R(Af) =0, so Rf is harmonic. O

Lemma The operators L and L* commute with R and R*, and we have

0 0 0 0

[h =Rt Zj (ZJ 0z; T ow, oz aw—j)’ (4.
0 0 0 0

Z(Z'J 0z; Wi w; “ 0%; i a—wj> (142)

J
Proof: This is by direct computation. We give indicative cases. First consider

L= Z(wjﬁz Jai> R*:;( w’fa%”’“aik)

We have
. & o o\ _ o o
Li = jzk{wj (o 05,07 | onom Singer ) — 7 (o Jwom T aw—jaw—k> }

- » P 9 R
L= ij{_w’“ (wj 070z omow; 6j’“a_w—j> T (wja w0z '8w_k8w_j> }

which are clearly equal (when applied to polynomials).
Now consider R*R — RR*. We have

J

. 9 0 0 0? 0 0?
R'R = ;{—wk (wﬂ' 0702 7 Zr0w, —0jk . > + 2 <w] 0w0z; g 0z; ~E JwR0w; ) }’

RR* = {5~ LU 8) Z(—ka—& D T

Ow; 0z, oz, Ow; 0wy,

aZ]aZ_k

m 0z,;0wy, owy,

Taking the difference of these gives

0 0 0
R'R— RR* = Z 50 (wk— g~ g z—ja—z_k)
_ Z(zi _|_w.i _yi _w—i>
B ; 10z ow;, oz T ow;)’
as supposed. O
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Lemma m For0<a,b<k® 5, we have that

dim(V,“? (H%) = F(k,m, M,d) + F(k,m —1,M —1,d)
— F(k,m —1,M,d) — F(k,m, M —1,d), (14.3)

where F is given by (7.1(), and m = min{a,b}, M = max{a,b}. In particular,
dim(V, " (H?)) = (m + 1)(k — 2M + 1).
The zonal polynomials in Vk(a’b) (HY Y is given by

1, a=1b;

I = {o a#b

Proof: From Lemma [5.2] we have
K(k—a,a)=(K(k—a,a)Nker L") ® LK(k —a+ 1,a — 1),
H(k—b,b) = (H(k—b,b)Nker R*) ® RH(k —b-+1,b— 1),
which gives the orthogonal direct sum decompositions
H*(HY) = (ker L* Nker R* N HY (HY) & L(ker R* N H* Y (HY))
& R(ker L* N H V(%) & LRH "V (HY),
(| = (H (HY) Nker L*) & LH* " (HY)
—  H V@Y = (HVHY) Nker L) @ LHD (Y,
H“P(HY) = (H"(HY) Nker R*) & RH™" ™ (HY)
= M) = (H (| Nker RY) @ RECD (HY).
Since the action of R, L and RL in the above summands is 1-1, we obtain
dim(V;"? (H%) = dim(H"" (H%)) — dim ("""~ (H?))
— dim(ker R* N H" " (H%)) — dim(ker L* N H*"V (HY))
= dim(H{"" (H*)) — dim(H"""*"" (H"))
— {dim(£" (H) — dim (7,7 (HY)))
— {dim(F{"" Y (HY) - dim (7Y ()}
= dim(H"" (H?)) + dim(H " (HY))
— dim(H" P (H%Y) — dim(H "V (HY)).
The formula for dim(Vk(a’b) (H?)) above is symmetric in @ and b, and so depends only on

m = min{a, b} and M = max{a,b}. Since 0 < a,b < £, this m and M are the same as
those given by 1) Suppose, without loss of generality, that a < b < g Then we have

m:= makz =a, M:= Mékb) =0, mfl’i)mfl =m — 1, Méli)l,b,l =M-—1,
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mPy=m—1, MY =M m =m e, M) =M —1+6,,
and hence, for a # b, by Lemma [7.4 we have
dim(V, " (H?) = F(k,m, M,d) + F(k,m —1,M —1,d)
— F(k,m—1,M,d) — F(k,m,M — 1,d).
This is formula , which also holds for a = b, i.e., m = M = a = b, in which case
dim(Vk(a’a)(Hd)) = F(k,m,m,d) + F(k,m —1,m —1,d)
— F(k,m —1,m,d) — F(k,m — 1,m,d).
For d = 2, the sum F(k, m, M,d) simplifies to

F(k,m, M,2) => (j+1)(M—=m+j+1)(k—M+m—2j+1).
j=0

Thus, from (|14.3)), we calculate

m—1

dim(V;*(H?) = (m+ D)2k —2m+ 1) — (m+ )M (k=M —m+2)+ > { }.

=0
where
{ }=20+0)M-m+j+1)(k—M+m-2j+1)
-+ M -—m+1+j+1)k—M+m—1-2j+1)
-+ M —-1-m+j+)(k—M+1+m—2j+1)
=242y,
and so we obtain
dim (V" (H?)) = (m + 1)2(k = 2m + 1) — (m + )M (k — M —m +2) + 2{m + M}
= (m+1)(k —2M +1).
For any subgroup G of U(H?), following the above argument (for G = 1), we obtain
dim(V,? (HY)Y) = dim(H{"" (H)Y) + dim (H "7 (H)?)
— dim(H*" ) (H)Y) — dim(H"" D (HY)).
In particular, for G = U,, we have
dim((H™" (HV") = mqgy, + 1, Mgy = minf{a, k — a,b, k — b},

and so
. b
dlm(vk(a )(Hd)Uq) = Mgap + Ma—1b—1 — Mg—1p — Mg p-1-

Calculating this gives

Map + Ma—1p—1 — Ma—1p — Mg p—1 = @+ (CL - 1) - (CL - 1) - (a - 1) =1, a = ba
Map + Ma—1b-1 — Ma—1p — Map-1 =a+ (a—1) —(a—1) —a =0, a <b,
as supposed. O
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We now show that R and L map the space of zonal polynomials for ¢’ = e; to itself.
This was assumed to be true for a general ¢/, but calculations show otherwise (for L).

Lemma 14.1 R and R* map zonal polynomaials to zonal polynomials, i.e.,
R(la,b,c,d,r]) = ala—1,b,e,d+ 1,r] — bla,b—1,c¢+ 1,d,7], (14.4)
R*(la,b,c,d,r]) = —cla, b+ 1,¢ — 1,d,r| + dla+ 1,b,¢c,d — 1, 7], (14.5)
and L and L* map zonal polynomials for ¢ = 2’ + jw’ as follows
L([a,b,c,d,r]) =ala—1,b,¢,d,7][0,1,0,0,0]; — d[a,b,c,d — 1,7][0,0, 1,0,0]
—bla,b—1,¢,d,7][1,0,0,0,0],57 + cla,b,c — 1,d,7][0, 0,0, 1,0] 77,
L*([a,b,c,d,r]) =bla,b—1,¢,d,r][1,0,0,0,0]; — c[a,b,c — 1,d,7][0,0,0,1, 0]+
—ala —1,b,¢,d,7][0,1,0,0,0] ;77 + dla, b,¢c,d — 1,7](0,0,1,0,0] ;7. (14.7)

(14.6)

Forq¢ =2 €R", L and L* map zonal polynomials to zonal polynomials, i.e.,
L(la,b,e,d,r]) =ala—1,b+1,¢,d,r] —da,b,c+ 1,d —1,7], (14.8)
L*(la,b,¢,d,r]) =bla+1,b—1,¢,d,r] — cla,b,c — 1,d+ 1,7]. (14.9)
Proof: Let T be any of R, R*, L or L*. Since T'([0,0,0,0,1]) = 0, by applying the
product rule to
[a,b,c,d,r] = [1,0,0,0,0]*[0,1,0,0,0]°[0,0, 1,0, 0]0, 0,0, 1, 0]%[0,0,0,0, 1]",
we obtain
T([a,b,c,d,r])
=ala—1,b,¢,d,r|T([1,0,0,0,0]) + b[a,b — 1,¢,d,r|T(]0,1,0,0,0])
+ cla,b,c —1,d,7]|T([0,0,1,0,0]) + d[a,b,c,d — 1,7]T([0,0,0,1,0]). (14.10)
Thus it suffices to calculate T" applied to [1,0,0,0,0],...,[0,0,0,1,0] directly. We give
representative calculations. By Lemmal[10.1] for ¢ = 2’ + jw’, ¢ = 2z + jw € H", we have
[1,0,0,0,0] = 272y + -+ + 2L 2 + wiwy + -+ + Wwy,
0,1,0,0,0] = zjwy + -+ + zhwy, — Wiz — -+ — W2y,
0,0,1,0,0] = 2121 + - - + 2,2, + WW1 + - - - + W, Wy,
[

Applying the formulas of (3.13)) and (3.14]), gives

R([1,0,0,0,0]) = W12} + -+ +Wp2, — Zrw) — - — Zyw!, = [0,0,0,1,0],
R([0,1,0,0,0]) = —wiw) + - - - — Wow!, — 712, — - — Znzl = —[0,0,1,0,0],
R(]0,0,1,0,0]) = R([0,0,0,1,0]) = 0,

L([1,0,0,0,0]) = wy 2} + -+wnZ: [0,1,0,0,0],
L([0,1,0,0,0]) = —wyw) — - — wpw, = —[1,0,0,0,0] 77,
L([0,0,1,0,0]) = —Zrw} — -+ — Zuw), = [0,0,0,1,0] 757,
L([0,0,0,1,0])) = =Z12] — - -- — %2/, = —[0,0,1,0,0].
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Similarly, we have

R*([1,0,0,0,0]) = R*([0,1,0,0,0]) = 0,

R*([0,0,1,0,0]) = —[0,1,0,0,0], R*([0,0,0,1,0]) = [1,0,0,0,0] 77,

L*([1,0,0,0,0]) = —[0,1,0,0,0] 7, L*([0,1,0,0,0]) =[1,0,0,0,0],

L*([0,0,1,0,0]) = —[0,0,0,1, 0], L7([0,0,0,1,0]) = [0,0,1,0,0] 7,
Substituting the above into then gives the result. O

The action of A on zonal polynomials is similar to the real and complex cases.

Lemma 14.2 The Laplacian maps zonal polynomials H* — C to zonal polynomials,
1.€.,

1
ZLA([G’ b,c,d,r]) =acla—1,b,c—1,d,r] + bd[a,b—1,¢,d — 1,7]

+r(k+2n—1-r)a,b,c,d,r—1]. (14.11)

Proof: Given the correspondence ([10.5) between zonal polynomials with poles ¢’ and
e1, and the fact A commutes with unitary maps, it suffices to prove (14.11)) for ¢’ = ey,
ie.,

[CL, b7 ¢, d7 T] = ng7 f = Ztllwll)z_lcw_ld) g = Z(Z]Z_] + w]w_j>
J

Differentiation gives
o Of . of ., Of
Ty — r 4+ =L r— 4 2L
oL ) T gt Y e At g
For j # 1, all the terms above are zero except for the last two. Summing these over all

j =1,...,n, together with the analogous terms for w;, we get

r(r—1fg 2g+2nrfg" " =r(r—142n)fg" ' =r(r — 1+ 2n)[a,b,c,d,r — 1],

and the first three terms (for j = 1) give
(acla — 1,b,¢ — 1,d,r] + bd[a,b—1,¢,d — 1,7]) + r((a + b) + (¢ + d))[a, b, ¢, d,r — 1].

Since a + b+ ¢+ d = k — 2r, adding these gives the result. O

rgr_lz_j—i- fr(r— l)g"_zzjz_j+ frg™ L.

This result is given in [BN02] (Proposition 4.2), without proof. It implies that:
e The Laplacian maps Homl(f’b) (H9) to Hom,(ggl’b_l)(]l-]ld).

e The Laplacian maps Eg?ﬂ, of (10.17) to Eff;?)

Combining Lemma [6.3 and its counter part for L gives the following.

Lemma 14.3 (Square array) For 0 < j < g, j<a,b<k-—j, we have
L7 R (ker L* Nker R* N HY) = (L*)**~9(R*)*~"~(ker L N ker RN H." 7*9)
= L I(R*)* "I (ker L* Nker RN H,ij’k_j))
= (L*)** 7R (ker L Nker R* N H 7)),
with
dim (L R" (ker L* Nker R* N H,gj’j))) = dim(ker L* Nker R* N H,gjd)).
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