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1. Introduction

There are several desirable sets of points that have been, and are, studied in real, complex and quaternionic

space, which includes equiangular lines [2], [26], spherical designs (cubature rules) [15] and lattices [6]. These

are usually classified up to “unitary equivalence”, and are often constructed as a group orbit of a “unitary

action”. These considerations have led to this paper.

We consider the invariant subspaces of harmonic polynomials on quaternionic space H¢ under the natural

action of the quaternionic unitary matrices (the symplectic group) and scalar multiplication by quaternions

(acting on the other side), and the associated zonal polynomials and reproducing kernels. This question has

been considered several times, independently, e.g., [23], [6], [4], [9], [3]. The exact answer given depends on
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the precise definition of the harmonic polynomials, in particular, the field in which they may take values,
and the precise group and its action. The devil is in the details.

Here we give an elementary examples driven development of this question, motivated by the more well
known real and complex cases, the only partly trivial case of H', and our interest in the construction of
spherical designs for the quaternionic sphere [28], [27]. This proceeds from certain unambiguous definitions
and well known facts (the details). We hope that this illuminates the above literature as it applies, and our
results can be used for practical computations. Key aspects of our development include:

« By considering the action of scalar multiplication by quaternions on polynomials H? — C, we are
naturally led to the operators L and R. The operator R appears in [5] as e, and implicitly in the
development of the irreducible representations of the multiplicative group H* given in [12].

e There is a natural correspondence between results for homogeneous polynomials and for harmonic
polynomials (given by the Fisher decomposition). Ultimately, we are primarily interested in irreducible
representations of harmonic polynomials. Sometimes we start with the homogeneous polynomials, as
these have natural inner products and explicit bases (of monomials).

o We refer to [21], [20] for some technical calculations. We often give explicit examples, e.g., the operator
R in one dimension, or a zonal polynomial with pole e; = (1,0, ...0), to convey the basic ideas behind
the results.

2. The devil is in the details

We assume basic familiarity with the quaternions H, with the basis elements 1,4, j, k. The noncommuta-
tive multiplication requires subtle modifications to the associated linear algebra (see [7], [28]). Of particular
use is the “commutativity” formula

jz=%j, zeC. (2.1)

We will consider polynomials on real, complex and quaternionic space R?, C? and H?. With the Euclidean
inner product

(v, w) = v w = Zv_jwj7 v,weF¢ F=R,C,H, (2.2)
J

where g is the conjugate on H (and hence R and C). In the sum above, j is an index, rather than the
quaternion j, for which we also use the same symbol (this is commonly done). We will use F and K to stand
for either of R, C, H, independently (9 cases in all for maps F¢ — K). Given our choice (2.2), it is natural
to then treat H¢ as a right H-module, with the H-linear maps L acting on the left, i.e.,

(va, wp) = a@(v, w)s, (Lv)a = L(va), (2.3)

where v,w € H?, «, 8 € H, and in turn, to make the identification (2.8).

There are natural identifications of F¢ with R™? where m := dimg(F), given by the Cayley-Dickson
construction of C and H from R, e.g., with (i1, i2,43,44) := (1,4, 4, k), we have (the R-linear map) [-]gma :
F? — R™4 given by

[I1+i2I2+"'+im£Em]Rmd :(.Tl,...,lﬂm), L1y-+-3Tm G]Rd. (24)

We say f : F¢ — R is a polynomial if f([]]}_g}ﬂd) : R™? — R is a polynomial (of md real variables). In
this way, we can define homogeneous and (homogeneous) harmonic polynomials f : F¢ — R of degree k.
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These polynomials are real-valued, and naturally form R-vector spaces, which we denote by Homy(F¢, R)
and Harmy(F9,R).

There is a purely algebraic way to make a finite-dimensional real-vector space into a complex-vector space,
and into a (left or right) H-vector space (H-module), by formally multiplying by complex and quaternion
scalars. In this way, we define the K-valued K-vector spaces of homogeneous and harmonic polynomials
F¢ — K, which we denote by Homy,(F?¢,K) and Harmy,(F?,K). Clearly, with r = dimg (K), we have

f=fi+ foio+ -+ fri, € Harmy(FL,K) < fi,..., fr € Harmp(F4, R),

and similarly for Homy,(F?,K). Such a K-vector spaces can also be viewed as a L-vector spaces, where
L € {R,C,H} and L. C K. We thereby have (from the real case) the following dimension formulas

kE+md—1\ ..
d — 1 >d1mL(K),

k+md—1) <k‘+md—3

dimy, (Homy, (F¢,K)) = <

dimy, (Harmy, (F%, K)) = { ( ) } dimg, (K), md # 1

md—1 md—1
— 32)!
= (2k + md — 2)% dimg (K), &+ md—3> 0. (2.5)

For polynomials f : F¢ — K, we can define an action of a group G from its action on F¢ via

(g-f)@):=flg7' z), xeF (2.6)

provided that [g]gma : R™4 — R™? : [z]gma + [g - 2]gma is R-linear. Such a group action preserves the
harmonic polynomials of degree k provided that [g]gma is orthogonal. Since we are only interested in the
invariant polynomial subspaces under such an action, it makes no essential difference if we take a left or
right action. We say that a nonzero K-subspace V of harmonic polynomials F¢ — K is irreducible (under
the action of G) if its only G-invariant subspaces are V and {0}, i.e., for every nonzero f € V, we have
spang{g-f:9€ G} =V.

We are primarily concerned with polynomials restricted to the (unit) sphere

S :={z € F*: ||[z]gme| = 1}

Hence the linear maps [g]gme above must be orthogonal, i.e., belong to the orthogonal group O(md) =
O(R™?). We note that f ~ fl|s gives a K-vector space isomorphism between Harmy(F9¢ K) and
Harmy (F¢,K)|s, with terms solid and surface used if it is necessary to distinguish between them. The
basic principles in play are:

o We mostly consider polynomials H? — C, since H-valued polynomials do not commute, and there is a
well developed theory of representations over C.

o Smaller subgroups G of O(md) give smaller irreducible subspaces, which may lead to finer decomposi-
tions (more irreducibles).

o Enlarging the field K (to C or H) preserves invariance of subspaces, but may not preserve irreducibility,
which may lead to finer decompositions (Example 5.1).

e The irreducibles that are involved in a decomposition are of interest. The sum of all subspaces isomorphic
to a given irreducible is called the homogeneous or isotypic component (for the irreducible), and it is
unique. As an extreme case, all the irreducibles for the action of the trivial group are the 1-dimensional
subspaces, and there is a single (uninteresting) homogeneous component.
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o The reproducing kernel K(z,y) for a unitarily invariant polynomial space should depend only on the
inner product (z,y).

o We begin with general homogeneous polynomials for which there are natural (monomial) bases and
useful inner products. We then specialise to those which are harmonic, and then, ultimately, zonal.

To develop explicit formulas, we use the Cayley-Dickson identifications C? = R2 of (2.4), and HY = C24
given by

r+iye Cl «—  [r4iylr =[x+ iy|pea = (z,y) € R*, (2.7)
z4jweHY +—  [z+jwlc = (z,w) € C* (2.8)
In particular, the identification (2.8) ensures that [|c : HY — C2? is C-linear, for H? as a right vector

space, i.e.,

G+ jujale = a+jucle = (70 ) = (5 ) a= [ +ulea,  acc.

wo w

It is convenient to define an identification H? = R4 by

[z + juwlr = [[(z + jw)]c]r = [(2,w)]r = (Re(z), Re(w), Im(2), Im(w)). (2.9)
We note that
[z + jw]ria = (Re(2), Im(2), Re(w), — Im(w)].

We will use standard multi-index notation for monomials of degree k, e.g.,

o . oy« ag L d
2% = 20257 2, la| == + -+ aq, acZy.

k+4d—1

By a dimension count, the ( g1

) monomials
Mg : HY — C : 2 + jw — 28 w*2Z8w™, la| =k, a=(a1,...,a4) € Zid, (2.10)

are a basis for Homy (H?, C). We will often write 2?1 w®z%w? for the monomial m,.
For z = z + iy € C, we define the Wirtinger derivatives in the usual way, i.e.,

Let A be the Laplacian operator on functions H? — C, which is given by
d

1 o2 o
8= Z(az—jazj * aw—jawj)' (2.12)

Jj=1

By applying this, we see that the monomials
2%w”, zow”, 2°w°, zow?

are harmonic, i.e., in the kernel of A.
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Let U € C4*44 he the unitary matrix given by

Re(z) z 1 0 10

) | Re(w) | _ w ~Ifo 1 01

[z + juwlr = T (=} =U| ;| =weC, U—§ i 0 i 0
Im(w) w 0 — 0 ¢

Example 2.1. Right scalar multiplication of H? by a + j3 € H under these identifications is given by
HY - H? : 2 + jw — (2 + jw)(a+ j8) = (za — WB) + j(Z6 + wa),
2d 2d . [ % za —wp
C** — C**: <w> — <§B+wa>’
R* — R* : [z + jw|g — Moy jplz + jwlR,
0

83 P s (B T b
Matis=Ulog 3 @ o0 |2V =5 mla) —mB) Rela) Re®) |ZL
B 0 0 a Im(8) Im(a) —Re(B8) Re(a)

where I = I; is the d x d identity matrix. Note that this map is only R-linear, and so there are no matrix
representations for it as a map from H¢ — H? or C2¢ — C2¢,

Example 2.2. Consider left multiplication by a linear map L = A+ jB, A, B € C%*4. By (2.1), we obtain
the following matrix representations under our identifications

HY - HY: 2 4 jw — (A+ jB)(z + jw) = Az — Bw + j(Bz 4+ Aw),

e (D) (3 ) (3)

R* 5 R4, [z 4+ jwlr — Ma glz + jwgr,

A -B 0 0 ) Re(A) —Re(B) —Im(A) —Im(B)

B A 0 0 N Re(B Re(A —Im(B Im(A
Map=Uly o 2 _p|YV =3 IHM ImEB% Re(1<4)) —Rg(g’)

0o 0o B A Im(B) —1Im(A) Re(B)  Re(A)

Matrix multiplication on the left (which includes left scalar multiplication) commutes with right scalar
multiplication, by the associative law

(Lv)a = L(va), veHY acH. (2.13)

Conversely, those matrices in R4 x R* which commute with all Meaqtjp (equivalently My, M;, M ; and My)
correspond to the matrices L € H?*¢, and are said to be symplectic.

The compact symplectic group Sp(d), quaternionic unitary group U (H?) or hyperunitary group (see [14]
§1.2.8) is the group of unitary matrices in H?*¢ for the inner product (2.2), or, equivalently, the symplectic

matrices in R4¥*44 which are orthogonal. These may also be viewed as the unitary matrices of the form

2d 2d . [ = A -B z * 1 _ T T A _
e (D)o (8 FY(G). warmror wasace

In particular, Sp(1) = U(H) is the group of unit quaternions or, the special unitary group
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SU(2) = {<§ f) tal® +18)* =1,a,8 € C},
which therefore have the same irreducible representations (see [12] §5.4).
3. The operators R and L
A subspace V of Harmy,(H?, C) is invariant under the right multiplication by
H" :=H\ {0},

equivalently U(H), if f(z + jw) € V implies f((z + jw)(a + jB)) € V, and similarly for left multiplication.
The following elementary example shows how we came to the operators R and L.

Example 3.1. Suppose that V' C Harms(H*, C) is invariant under right multiplication by H*, and f((z +
jw)) = z*w € V, then

F((z+ jw)(a +jB)) = (za = WP)* (36 + wa)
= &?22w + o?B(2*Z — 220W) + o (ww? — 227W) + BPFw? € V.

By taking different choices for o and g, it is not hard to see that the “coefficients” of the monomials
o?, 0?8, 82, 5% above are in V| i.e.,

22w, 2%Z — 220w, ww? — 227w, zw? € V.

Similarly, any partial derivative with respect to « or § will be a linear combination of the above polynomials,
and hence in V.

This example naturally generalises as follows.

Lemma 3.2. Let f € Homy(H¢, C) be given by f = f(z + jw) = F(z,w,z,W), and V; be the subspace
invariant under Tight multiplication by H* generated by f. Then V; contains

f((z+ jw)(a+jB)) = F(za —wB, 2B + wa,za — wh, zB + wa), «,B€C,

and all its partial derivatives in the variables o, @, 3, 5, including

om +az+tastay

flaf = Do dfe2da®df " JiErguet )

. 3.1
a=1,=0 ( )

Moreover, if f is harmonic, then so are all the polynomials in V.
Proof. Clearly, V7 is the subspace of Homy(H¢, C) given by
Vi =spanc{f ((z +jw)q) : g = a+jB € H"},

and hence for ¢ = a + j nonzero, we have

F((z+jw)a+38)) = la*F((z + jw)(a/lal)) € Vy.
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Since V; is a finite-dimensional vector space (and hence is closed for any norm), it follows that the first
order partials in «, @, 3, 3, which are limits of Newton quotients in V¢, are in Vy, and therefore so are all
the partial derivatives.

A calculation shows that if f: R™ — R is harmonic, then so is f o U for U : R® — R"™ orthogonal. Since
scalar multiplication of H? by a unit quaternion (left or right) is an orthogonal map R*? — R4? it follows
that if f(z 4+ jw) is harmonic, then so is f((z + jw)q), ¢ € H*, and hence every polynomial in Vy. O

In other words, if a subspace V' C Homy(H?, C) is invariant under right multiplication by H*, then
it is invariant under the action of the operators R, of (3.1). Since the partial derivatives in (3.1) for
la| = ay + az + az + ay = k do not depend on «, 3,@, 3, they can be “evaluated” at o = 0, 3 = 0, to obtain
the Taylor formula

a® ﬁaz s EG‘L

d
ajlaslaglag! f € Homy,(HY, C). (3.2)

f((z+jw)(a+jB) = Y Ra(f)

la|=Fk
We therefore have the following converse result.

Proposition 3.3. A subspace V C Homy(H?, C) is invariant under right multiplication by H* if and only if
it is invariant under the operators Ry, |a| = k.

Proof. As already observed, the forward implication follows from Lemma 3.2.
Conversely, suppose that V' is invariant under right multiplication by H*, and f € V. Since the monomials
in o, 3, @, 3 in the Taylor formula (3.2) are linearly independent, it follows that

Vi =spanc{R.f : la| =k} CV,
and so V is invariant under right multiplication by the operators R, |a| = k. O

There is an obvious parallel development for the left multiplication by H* where the role of R, is played
by L, where

f((a+37B)(z+ jw)) = Flaz — pw,aw + Bz, &z — Bw, aw + BZ),
8a1+a2+a3+a4

a1 9B da*s 95"

Lof = fla+38)(z + jw))

a=1,6=0
Example 3.4. For the Example 3.1, i.e., f = 22w, the nonzero terms in (3.2) are
Rso00f = 62%w, Roipof =22°Z —4zwW, Rigoof =2wl” — 422w, Rogzo0f = 6Z0°.
The nonzero polynomials R, f are not a basis for V; in general, e.g., for f = 2w one has
Rioi0f =20, Roio1f=—2W, Rigoif=2> Roii10f=-1"

There are too many operators R, for a practicable theory, and so we seek a smaller subset of “generators”.
By the same argument of Lemma 3.2, from

f((z 4+ jw)1 + (a+jB)E))
= F (2(1 4+ at) —wpt,Z0t + w(l + o), Z(1 + at) — wpt, 2Bt + w(l +@)), teR,
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we can define first order linear differential operators R, R3, Ry, Rz by

%f((z + jw)(1+ (o + jB)t)) ’t:o = aRof + BRsf +aRaf + BR5f. (3.4)

For these, Rof, Rgf, Rzf and Rzf belong to Vy (the subspace generated by f which is invariant under
right multiplication by H*). The subscripts of R are symbolic, i.e., the operators do not depend on « + 5,

e.g.,

I _ S
Rg = W+ Eg (d=1), Rg = ]2_1( w5 7z, +7z; awj). (3.5)
It is the case that
0 ) .
Raf::Rmeof::5&f<@‘%Jw)@”+JBD(Fﬂﬁ:d Rpf = Ro00f,

etc. The analogous operators Lq, Lg, L, Lz for left multiplication by H* are defined by

%f((z + jw)(1 + (a +j5)t))‘ =aLaf+pBLaf +aLsf + BLgf. (3.6)

All of these first order operators T satisfy the product rule

T(fg) =T(f)g+ fT(g) (3.7)

For readability, we will often present them and do calculations in the d = 1 case, with the general case
following by replacing z by z;, etc, and summing over j, as in (3.5). The operators are (for d = 1)

R[g:—maerzaw, Ry = wa_—i-z%, (3.8)
R, 25 +wa%, REZE% +@a%, (3.9)
PN N R N X @10
La—z% +E8(z, La:w% —1—2%. (3.11)
Of particular interest, are the operators
R := —Rg, R* = Rp, L:=-Lg, L* := Lg, (3.12)
which in the 1-dimensional case have the form
R:E% —z% R :—w%—i-z%7 (3.13)
L:w%—i%, L :z%—U%. (3.14)
For a general d, we have
d d
R= ;( T3 a%j), R = ;(—wja%_ + zja%_j). (3.15)
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The notation R* and L* is used, as we will see (Lemma 4.1) that they are the adjoints of R and L,
respectively, for two natural inner products. The operators R and R* (but not L and L*) appear in the
work of [4], [5] as ¢ = R* and e = R. Operators of this type (for d = 1) also appear in the construction of
irreducible representations of SU(2) C H* on the homogeneous polynomials in z and w of degree k given in
[12].

Elementary calculations [20] give the following:

Proposition 3.5. We have the commutativity relations

RsR5 — RzR5 = Ro — R,  RoRa = RaRa, (3.16)
RsRo — RoRs = Rs,  RoR5— RzR. = Ry, (3.17)

Furthermore, on Homy(H?, C) we have
R+ Re = kI, (3.19)
and hence

1 1
Ro=5(R'R—RR* +KI),  Rg=(RR"~R'R+kI). (3.20)

It was hoped use these formulas to show that on Homy (H¢, C) each Ry, |a] = k, in (3.2) could be written
as a polynomial in the noncommuting variables R and R*, so that invariance under right multiplication by
H* is equivalent to invariance under R and R*. However, a completely general formula for R, f could not
be obtained. A direct, but more abstract, route to this conclusion comes from Lie theory, which we now
discuss.

The group G = Sp(1) is a compact simply connected real Lie group, and its Lie algebra g is the quaternions
with ¢ +7 =0, i.e., zero real part, which are often called “vectors” because of the identification of ¢ = v =
ai + bj + ck with (a,b,c) € R3, where the Lie bracket becomes the cross product of vectors. Moreover, G is
matrix Lie group, i.e., is a closed subgroup of GL2(C), and so the following general result applies.

Proposition 3.6. ([1/]) Let G be a matriz Lie group with Lie algebra g, and II be a finite-dimensional real or
complex representation of G acting on a vector space V.. Then there is a unique (Lie algebra) representation
w of g acting on V such that

I(eX) = e™ X)) VX eg,

which is given by

iH(etX)

(X =g

o (3.21)

When G is connected, there is a 1-1 correspondence between irreducibles.

Proposition 3.7. ([14]) Let G be a connected matriz Lie group with Lie algebra g. Then

1. A representation 11 of G is irreducible if and only if the associated representation w of g is irreducible.
2. Two representations I1; and Iy of G are isomorphic if and only if the associated representations m and
mo of g are isomorphic.
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Let G = Sp(1), V = Homy(H? C) and II : G — GL(V) be the representation of G induced by right
multiplication of HY by H*, i.e.,

(a+3B) - f(z+jw) := f((z + jw)(a+jB)).

This is a right action (so, technically speaking, G should be given the multiplication of the opposite groups
so that IT is a homomorphism, but this just complicates the formulas and their derivation), which for f € V
given by f = f(z+ jw) = F(z,w,Zz, W) is

H(a+jB) f(z + jw) = F(za — B, 26 + wa, Za — wp, 2B + wa), ao,B € C.

For a “vector” X = v = ai + bj + ck € g, we have (see [19]) that

o i +bj + ck
€1 = D) = con(il) + I sin(lol) = o+ B, i€ C, (3.22)
v
where
ai . b—oci .
ay := cos(t|v]) + ol sin(t|v]), B = T sin(t|v]).
Since
d d
Qo = 1; ﬁO = 07 %at 0 = G/i7 %ﬂt =b Cia

we calculate (3.21) for d =1

. d o . —_— =
7(0)f(z 4+ jw) = —F(zas — WP, Z0t + wa, Zog — wht, 25: + wat)‘

dt

of af
0z ow
+ (5 — b~ ) oL o

e A e ]

/0 _0 0
+cz(w&fza—w—w£+za—m>f,

= (zai —w(b—ci))== + (Z(b — ci) + wai)

+ (2(b — ci) + wai)

i.e.,
m(ai+bj + ck)f(z + jw) = ai(Ra — Ra)f + b(Rg + Rz)f + ci(—Rg + Rg) [, (3.23)
which holds for all d, by the same argument. From this we obtain the desired result.

Lemma 3.8. (Lie correspondence) A subspace of Homy(H?, C) is invariant under the action of right multi-
plication by H*, equivalently by Sp(1), if and only if it is invariant under the action of R and R*. Moreover,
the irreducibles for these actions are the same.

Proof. It follows from Proposition 3.7, that a subspace of Homy,(H¢?, C) is invariant under right multiplica-
tion by Sp(1) (and hence H*) if and only if it is invariant under the action of 7 given by (3.23), i.e., it is
invariant under the span of the operators
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R, — Ry, Rg+ RB’ —Rg + Rﬁ'
Since
1 . 1
R=-Rs= —5((1%5 +Ry) — (~Rg + Ry)), R =Rz= 5((Rﬁ + Rg) + (—Rg + Ry)),
and, by (3.20), we have
R, — Rz =R*R— RR",
this is equivalent to invariance under the action of R and R*. [J

The analogous statement holds for left multiplication and the action of L and L*.
The Lie representation 7 : g — GL(V') preserves the Lie bracket [-, -], which is the commutator

[A, B] = AB — BA,
in each case. In particular, since [j, k] = jk — kj = 2i, we have
2n(i) = [x(j), 7(k)] <= 2i(Ra — Ra) = [Rp + Rz, i(—Rs + Rg)],
which gives (3.16), i.e.,
1
Ry, — Rz = §[R5 + RE, —Rg + RE] = RQRE - RFRﬂ = [Rg, RE]

We now investigate the formula for the action of G on V in terms of R and R*. For a + jf € Sp(1),
(3.22) gives

e’ =a+j0, v =ai+bj+ ck,

where
ai b—ci .
a = cos(|v]) + — sin(|v]), B = ——sin(|v|),
|v] |v]
ie.,
cos |v| = —;—a = |v| =cos™! a ;— 04’ (3.24)
a . a—a b . B+B c . B—B
a b= ~ % Gnlol = . 3.25
m sin |v| 5 B sin |v| 5 ™ sin |v| 57 (3.25)
If Re(a) = 4% # £1, then sin |v| # 0, and (3.23) and (3.25) give
N (a—a. +5 v BB, . )
1)1 +0) = A (O iR~ R+ D R+ g - L i Ra ),
where |v] is the function of o and @ given by (3.24). Thus, we have
v — * * 7 * o) *
m(v) = QS'in'v| («—@)(RR-RR)+ (B+B)(-R+ )~ (B-B(R+E)), (320
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and
F((z + jw)(a+jB)) = e ™. (3.27)
4. Inner products on the quaternionic sphere

There are two natural (unitarily invariant) inner products defined on polynomials from H? — C that we
consider. Let

S=SF) :={zcF: |z =1} = {z ¢ R™ : ||z|| = 1}

be the unit sphere in F?, and o be the surface area measure on S, normalised so that o(S) = 1. We note
that surface area measure is invariant under unitary maps on F¢, i.e., for U unitary

| twnioe) = [ @, v
S(Fd) SEFE4)
The first inner product we consider is defined on complex-valued functions restricted to the quaternionic
sphere S = S(HY) by
() = h9)s = [ T@gla)dota), (4.1)
S(H¢)
This can be calculated from the well known integrals of the monomials in z,w,z,w € C? (polynomials in
2d complex variables)
21z do = 221z do (2, w),
S(H?) S(C24)

which are zero for (aq, 1) # (a2, f2), and otherwise

’ 2d — 1)y !18y! ar!By!
a1 Przaepbe o — ( 1 = o = (g, B9). 4.2
2w Zw”? do @d— 1+ o] £ 15~ @Dy Bl (a1, 1) = (ag, B2) (4.2)

S(H4)

Here (), :=a(x +1)---(x +n — 1) is the Pochhammer symbol.
For a polynomial f = >  fo2z®"w*?Z*w** mapping H¢ — C, let f be the polynomial obtained by
replacing the coefficient f, € C by its conjugate f., and f(9) be the differential operator obtained replacing
o .
z by 5, ete, ie.,

o1 +astasztay f

F_ F L 01,,02503500 _
f_%:faz wrzrwe T, f(a)_Za:faazalawazazai’*awM'

The second inner product is given by
(f,9)0 == £(2)9(0) =D a!faga- (4.3)

The inner products (4.1) and (4.3) are both prominent in the theory of spherical harmonics. The first is
natural for Fourier expansions on the sphere, and the second, which is variously known as the apolar [25],
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Bombieri [29] or Fischer inner product [4], is also widely used. Not withstanding the fact that they are
defined on different spaces, these inner products are different, since the monomials are orthogonal in the
second, but not in the first in general, e.g.,

1
(2171, w1 w1) = / |21w1|2 do = 2d( # 0, (z171, 1) = 0.

24+ 1)
S(H4)

Nevertheless, these inner product are scalar multiples of each other in the following sense
(f.9)0 = 2d)i(f,9),  f € Harm,(H C), g € Hom,(H",C),

which follows from [10] (Theorem 1.1.8) as presented in [9] (Lemma 2).
The homogeneous polynomials of different degrees are orthogonal to each other for both inner products,
giving the orthogonal direct sums

Homy, (H?, C ‘ Homy, (H?, C
@ Omk( ; )S(]HI")7 @ Omk( 5 )a
k>0 k>0

respectively. For simplicity, we will primarily consider the further decomposition of Harmy(H¢?, C), with it
being understood that this leads to a corresponding refinement of the direct sums

P Hom(H,C) = P |- ¥ Harmy,_o,;(H?, C), (4.4)

k>0 kZOOSjS%
Hom,,(H?,C)|g = @ Harmy,_5;(H?,C), (4.5)
0<j<%

of the polynomials H? — C into irreducibles for the action of a subgroup of O(4d). The direct sum (4.4) is
sometimes referred to as the Fischer decomposition [4].
The adjoints of R and L are the same for both of these inner products.

Lemma 4.1. The operators R* and L* are the adjoints of R and L with respect to both the inner products
(4.1) and (}.3) defined on Homy,(H?, C).

This result for R was given in [4] Lemma 5 for the inner product (4.3).
The adjoint can also be calculated using the following property.

Example 4.2. An elementary calculation shows the identities

and so, on subspaces V', we have

ROV = (R")*V, ker R*|y = ker R|. (4.7)

The next result follows from the fact that scalar multiplication by H* is in O(R*¢), and hence maps
harmonic polynomials to harmonic polynomials.

Lemma 4.3. The operators R, R*, L and L* commute with the Laplacian A, and so map harmonic functions
to harmonic functions.
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It follows from (2.13) that the action of R and R* commutes with that of U € U(H¢Y). In this regard,
recall from (2.6) and (3.1) that

(U £)(z+jw) = fU (= + jw)).
Lemma 4.4. The operators R and R* commute with the action of U(HY).

Proof. We will show, more generally, that the operators R, of (3.1) commute with the action of U (H?). Let
U € U(H?). Then for f = f(z + jw), we have

U-Rof) = =L e 4 ) (a + 38)
D1 0892 90" OB 1,820
o O G (G )t 38)
da® 9% Jda* d a=1,8=0
= Ra(U : f)

i.e., R, commutes with the action of U(H?). O

We note that, by the same reasoning, the operators L and L* do not commute with the (left) action of
U(H9).

5. The action of R and L on polynomials

Using (3.13) to apply R to a univariate monomial f = z*1w%Z*w* gives

—_ a ay a2—=a3704 = a ay a2—=a37a4
Rf—w&(z w2z w™) Z@w(z w*?Zw™)

— alzal—lwazzagwazﬁ-l _ a2za1wa2—1za3+1ma4,

which is a sum of monomials in which the degree in z and w has decreased by 1, whilst the degree in Z
and w has increased by 1. This type of phenomenon occurs for all of the operators R, R*, L, L* (in every
dimension), and we now make definitions which allow us to account for these changes in degrees. With
standard multi-index notation, we have

Homyy (p, q) := span{z® w2z w™ : |ay| + |az| = p, |ag| + |aa| = g},

Homp (p, q) := span{z®1w™*z*w™ : |on | + |as| = p, [aa| + |as| = ¢},
Hom,(fa’b)(Hd) = Hompg (k — a,a) NHomp (k — b,b)

= span{z“twMZVWM : |a1| + |au| =k — a, |ao] + |as| = q,

lo1| + || = k — b, [as| + || = b}
We observe that

Homp (p,q) = Hompy(g,p), ~ Homg(p,q) = Homp (g, p).
AHomp (a,b) = Hompg(a — 1,b — 1), AHomg (a,b) = Homg(a — 1,b — 1).

The subspaces of harmonic polynomials contained in these are denoted
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H(p,q) := Harmk(Hd,(C) NHompg (p, q), p+q=k,
K(p,q) := Harmy(H?, C) NHomg (p.q), p+q=Fk,
H{"P (H%) := Harmy,(H?, C) N Hom'*" (H)
= K(k—a,a) N H(k —b,b).

When either p or ¢ above is negative, then we have, by definition, the zero subspace. The subspaces H (p, q)

are the irreducible subspaces of Harmy(C2?, C) = Harmy (H¢, C) under the action of (left) multiplication

by U(C?9), e.g., see [22], from where we borrow the notation H(p, q). Since U (H¢?) is a subgroup of U(C?2%),

the decomposition of Harmy, (H?, C) into U (H?)-irreducibles is obtained by decomposing each H(p, q).
The following dimensions are easily calculated

dinc (o (p.)) = dimetomacp.a) = (V32T (1320, 65.1)

(p+2d — 2)!(g + 2d — 2)!
plg!(2d — 1)!1(2d — 2)!

dimc (H(p,q)) = dimc (K (p,q)) = (p+ g +2d - 1)

whilst those of Homfca’b) (H?) and Héa’b)(Hd) are more complicated (Lemmas 7.1 and 7.4).

Example 5.1. Let H(p, q)® be H(p,q) € Harm(C2?¢,C) viewed as a real vector space, which is invariant
under the action of U(C2¢). Complexifying this space gives

CH(p,q)® = H(p,q) & H(q, p).

Thus we observe that enlarging the field, which preserves the invariance of subspaces, does not always
preserve irreducibility.

Lemma 5.2. For all integers a and b, we have

RHomp(a,b) C Hompgy(a —1,b+ 1), R*Hompg(a,b) C Hompgy(a+ 1,0 — 1),
LHomg (a,b) C Homg(a —1,b+ 1), L*Homg(a,b) C Homg(a+1,b—1),

and Homg (a,b) is invariant under right multiplication by H*, Hompg (a,b) is invariant under left multipli-
cation by H*, and more generally by U(HY), which gives

RHomg (a,b) C Homg(a,b), R*Homg(a,b) C Homg(a,b),
LHompg(a,b) C Hompg(a,b), L*Hompg(a,b) C Hompg(a,b).

In particular, for o, B > 0, we have

L*R® Hom\"" (H?,C) C Hom ™" (H? C), (5.3)
(L*)*(R*)? Hom{"" (H?,C) ¢ Hom{" """ (H,C). (5.4)

Moreover, for the inner products (4.1) and (4.3) we have the orthogonal direct sums

Hompy (k — a,a) = (Hompy(k — a,a) Nker R*) @ RHompy(k—a+1,a — 1), (5.5)
Hompg (k — a,a) = (Homg(k — a,a) Nker R) ® R*Hompy(k —a —1,a + 1). (5.6)
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Proof. The inclusions follow by (elementary) direct calculations.
Let f € Hompy (k — a,a). Since R*f € Hompy(k —a+ 1,a — 1), we have

f€kerR* «— R'f=0 <= (R'f,g0=0, Vge€Homy(k—a+1,a—1)
<~ (f,Rg)=0, VgeHompg(k—a+1,a—1)
— fe(RHomy(k—a+1,a—1))"%,

so that

Hompg(k — a,a) = (RHomg(k —a+1,a —1))* @ RHomg(k —a+ 1,a — 1)
= (Hompg(k — a,a) Nker R*) ® RHompy(k —a+1,a — 1),

which gives (5.5). The proof of (5.6) is similar. O

By restricting (5.3), (5.4), (5.5), and (5.6) to the harmonic polynomials, we have

LeRPH"Y (HY, C) c H"T*P P (14, ), (5.7)
(LR H (Y, C) c H ") (m,C), (5.8)
H(k—a,a)=(H(k—a,a)NkerR*) ® RH(k —a+1,a — 1), (5.9)
H(k—a,a)=(H(k—a,a)NkerR)® R*"H(k—a—1,a+1). (5.10)

Henceforth, all “orthogonal” direct sum decompositions will hold for both the inner products (4.1) and
(4.3), unless stated otherwise.
We now give some technical results, related to the commutativity relation (3.16).

Lemma 5.3. The operators L and L* commute with R and R*, and we have

7", B Zj (Z] 0z wi ow; “ 0%; Wi awj)’ (5.11)
[L*,L]=L"L— LL" = E (zj - w; w, Z; = + w; wj)' (5.12)

J

Clearly, the right hand side of (5.11) and of (5.12) maps the monomial m, of (2.10) to a scalar multiple
of itself, and so we obtain

R*'Rf =RR*f+ (a—0b)f, f € Homp(a,b), (5.13)
L*Lf=LL*"f+ (a—0)f, f € Homg (a, b). (5.14)

We can iterate these to obtain formulas which interchange R and R*, and L and L*.
Lemma 5.4. We have

R*'RPf=R°R*f+Bla—b—B+1)R’'f, f e Homp(a,b), (5.15)
L*LPf=LPL*f +Bla—b—pB+1)L°P~1f, f e Homg(a,b), (5.16)

which also holds for 8 =0 (in the obvious way).
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Here are the most general formulas, which we will use (see [21] for a verification).

Lemma 5.5. For all choices of a and 3, we have

(R)*RPf = Z( ) Yelb—a+ B —a)RP(R)*°f, fcHompg(a,b), (5.17)
YR f = i ( ) (a—b+ B —a)(R)P°R*°f, fc Homyl(a,b), (5.18)
(L)LPf = i( ) —B)elb—a+ B —a)LP¢(L*)*°f, f € Homg/(a,b), (5.19)
YL f = za: ( ) (a—b+ B —a)(L*)P°L°f, f € Homg(a,b). (5.20)

Here the terms involving a negative power of an operator have a zero coefficient.
6. U (H?)-invariant subspaces

It follows from Lemma 5.5 that R and R* inverses of each other in some sense.

Lemma 6.1. Fora < 8, and 8 > a+a—b or § < a—b, we have

(R*)*RP(ker R* N Homy (a,b)) = R°~%(ker R* N Hompy (a, b)), (6.1)
R*(R*)P(ker R N Homp (b,a)) = (R*)?~*(ker RN Homp (b, a)), (6.2)

otherwise
(R*)*RP (ker R* N Homp (a, b)) = 0, R*(R*)P(ker R N Homp (b, a)) = 0. (6.3)

Proof. For f € ker R* NHompg (a,b), R*f =0, and so (5.17) reduces to
(R)*RPf = (=Blalb —a+ S —a)aR°°f.
The condition for the constant above to be nonzero is o < 3, and the « factors
b—a+pf—-—a, b—a+pf—-—a+l, ... b—a+p-1

of (b—a+ B —a), are not zero, i.e, b—a+f—a>0o0rb—a+ —1<0. This gives the first case, with
the other following by the same argument. [

By repeated applications of (5.5) and (5.6), we obtain the following.

Lemma 6.2. We have the orthogonal direct sums

R (ker R* NHomp (k — j,j)), b<k—b, (6.4)

P~

Hompg(k —b,b) =

~ .
>~ ©

Hompy (k — b,b) = @ (R*)* 7 (ker RN Hompy (j,k — j)), k—b<b (6.5)
j=0
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Further

(i) Fora >1b, R is 1-1 on Homy (a,b).
(ii) For a < b, R maps Homp (a,b) onto Hompy(a — 1,0+ 1).

Proof. Apply (5.5) and (5.6) repeatedly. For b < k — b, we have

Homyy (k — b,b) = (ker R* NHomp (k — b,b)) @ RHompg(k—b+1,b—1)
= (ker R* NHompg (k — b, b))
® R{(ker R* NHompy(k —b+1,b—1)) ® RHomgy(k —b+2,b—2)}
= (ker R* NHompg (k — b,b)) ® R(ker R* NHompy(k —b+1,b—1))
@® R?(ker R* NHomp(k —b+2,b—2)) @ --- @ R (ker R* N Homy (k,0)).

Similarly, for £k — b < b, we have

Homy (k — b,b) = (ker RN Homp (k — b, b)) ® R*(ker RN Homy (k—b—1,b+41))
@® (R*)*(ker RN Hompg(k —b—2,b+2)) @ ---
.- @ (R*)*’(ker RN Homp (0, k)),

which gives (6.4) and (6.5).
To show the injectivity of (i), it suffices to show that for K —b > b, i.e., b+1 < k — b, R is 1-1 on each

summand in (6.4), i.e.,

R' (ker R* N Hompy (k — 3,7)), 0<j<b.
This follows from

R*RRbij(kerR* NHompy (k — j,j))= Rbij(ker R* NHomy (k — j, 7)),
which is (6.1) of Lemma 6.1 fora=1,8=b—j+1,a=k —j, b= j, since
b+1<k—-b, 7<b = b+j+1<k, ie., thecondition 5 < a — b holds.

For a < b, a similar argument shows that R* is 1-1 on Hompg(a — 1,0+ 1). Here, when a = 0, Homg (a —
1,b+ 1) = 0. Therefore, (R*|tomy(a—1,b+1))" = RlHomy (a,p) 1S onto, and we have (ii). O

The following result says that the j-terms in the expansions of Lemma 6.2 (only one of which holds for
a given b, 2b # k) are in fact equal. This then allows for a single expansion for both cases (Lemma 6.5).

Lemma 6.3. (Row movements) For 0 < j < &, we have

— 27
RF=2%Y(ker R* N Homp (k — 7,5)) = 0, (6.6)
(R*)k=23+1 (ker RN Homy (j, k — 7)) = 0, (6.7
and for j < a <k — j, we have
R*7J(ker R* NHompy (k — j,7)) = (R*)*~*7I (ker R N Hompy (j, k — 7). (6.8)

Furthermore, all of the results above hold with Hompg (p, q) replaced by H(p,q).
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Proof. The equations (6.6) and (6.7) follow from Lemma 6.1 for the choicea =0, 8 =k—2j+1,a =k—7j,
b = j. These give the inclusions

R*=% (ker R* NHompg (k — 4,3)) C ker RN Homy (4, k — j),
(R*)*2 (ker RN Homy (j,k — j)) C ker R* N Homp (k — j, j).

We now prove the cases a = k — j and a = j in (6.8), i.e.,

RF=23 (ker R* N Hompy (k — 4,7)) = ker R N Hompg (5, k — j), (6.9)
(R*)*=2 (ker RN Hompg (4, k — 7)) = ker R* N Homp (k — j, 7). (6.10)

Taking « = 8 =k — 25 in Lemma 6.1 gives

(R*)*=2 RF=2J (ker R* N Homp (k — 4,7)) = ker R* N Homp (k — j, §), (6.11)
RF=21(R*)*=% (ker RN Homp (4, k — j)) = ker RN Homy (§, k — 7).

Thus we have

ker RN Hompy (j,k — j) = RF"27(R*)*~% (ker RN Hompy (4, k — j))
C R*% (ker R* N Homy (k — 7,7))
C ker RNHomp (4, k — j),

which gives (6.9), with (6.10) following similarly. Now (6.11) and (6.9) give

R* I (ker R* NHomy (k — j,7)) = R* 7 (R*)k¥=2I R*=2) (ker R* N Hompy (k — 4, 7))
= R (R*)*72J (ker R N Homy (4, k — 7). (6.12)

Taking « =a — j, § =k — 27 in Lemma 6.1 gives
RYI(R*)*~% (ker RN Homp (j, k — j)) = (R*)* 7~ %(ker RN Hompy (4, k — j)),
which together with (6.12) gives (6.8). O
Combining Lemma 6.3 and its counter part for L gives the following.

Lemma 6.4. (Square array) For 0 < j <% j <a,b<k—j, we have

>3,
Laijb,j (ker L*NkerR* N H}gjaj)) = (L*)kfafj(R*)kfbfj (kerL Nker RN Hék—j,k—j))
= La*]’ (R*)kfb*j (keI‘ L*Nker RN HIEJJC—]))
= (L*)kfaijb*j(kerL N ker R* N H]gk—j,j)),
with

dim (L9 R"J (ker L* Nker R* N HY?))) = dim(ker L* Nker R* N HZY).

We now present a key technical result.
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Lemma 6.5. We have the orthogonal direct sum decompositions

Hom;(H',C)= € €P Homp(k—b,b)ra;,

0<j<E j<b<k—j

Harm;, (H¢, C @ @ —b,b)k—2;,

0<j<k k j<b<k—j
into U(H?)-invariant subspaces, where

Homp (k — b,b)k—2; := Rb_j(ker R* N Homp (k — j’j))
= (R*)*=9 (ker R N Hompy (j, k — j))
C Hompg (k —b,b),
H(k = b,b)ia; := R (ker B OV H (K  j, )
= (R*)*"7I (ker RN H(j, k — j))
C H(k — b,b).

(6.13)

(6.14)

(6.15)

(6.16)

Proof. Since the Laplacian operator A commutes with R and R* (Lemma 4.3), the decomposition (6.14)

follows from (6.13) by taking the intersection with the harmonic polynomials. We therefore consider just

the decomposition of Hompg (k — b, b).

Since Hompg(k — b,b) and H(k — b,b) are invariant under U(C2?), they are invariant under U(H?).
Moreover, the action of U(H¢) commutes with R and R* (Lemma 4.4), and so the summands in (6.13) and

(6.14) are U(H9)-invariant. As an indicative calculation, let U € U(H?), then

fekerR* «— U-(R'f)=0 <= RU-f)=0 <= U-fckerR",

and so

U-H(k—bb)g_o; =U- R (ker R* N H(k —j,j))= R (U -ker R* N U - H(k — 4, 5))

=R' I (ker R* N H(k — j,§))= H(k — b,b)_o;.
Since
j<b<k—j << j<b, j<k—-b < j<min{bk -},
the direct sum (6.13) can be rearranged as
min{b,k—b}

Homy, (H?, C @ @ Homr (k — b, b)_o;.
0<b<k j=0

By Lemma 6.3,

R'(ker R* NHompy (k — j,5))= (R*)* "7 (ker RN Hompy (4, k — 7)),

which gives the equalities in (6.15) and (6.16), and so it suffices to show the orthogonal direct sums
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b
Homp (k — b, b) @Rbﬂ ker R* N Homp (k — j,j)), b<k—b,
=0
—-b

py‘m

Hompy (k — b,b) = @ (R*)* "7 (ker RN Hompy (j,k — 7)), k—b<b.

<
[}

These are given by Lemma 6.2. [
To calculate the dimensions of various irreducibles, we will need the following.
Lemma 6.6. Let 0 < j < % For d =1, we have the following dimensions

1, 7=0

dim(kerR*ﬂHomH(k_jaj)):k_2j+1’ dim(kerR*mH(k—jJ)):{O P20

For d > 2, we have

(k—j+2d—1)!(j+2d—2)!
(k—j+1)j!1(2d —1)!(2d — 2)!"
(k—j+2d—2)1(j + 2d — 3)!
(k—j+1D)j1(2d —1)!(2d — 3)I"

dim(ker R* NHompy (k — j,j))= (k — 2j + 1) (6.17)

dim(ker R* N H(k —j,5))= (k—2j + 1)(k +2d — 1)

(6.18)

Proof. From (5.5), and the fact R is 1-1 on Hompg(k — j 4+ 1,7 — 1) (Lemma 6.2), we have

dim(Hompg (k — 4,7) Nker R*) = dim (Homg (k — j,7)) — dim (RHompg(k —j+ 1,5 — 1))
= dim (Hompg (k — 4,7)) — dim (Hompg(k —j+ 1,5 — 1)).

Using this and (5.1), with p = k — j, ¢ = j, we calculate (6.17) for d > 1

dim(ker R* NHompg (k — 7, 7))
1 {(p+2d—1)!(q+2d—1)!_(p—|—2d)(q+2d 2)!}

T @d-DP plg! (p+1)g—1)!
- (P—(F2d—>'q)|l<(q+2d) D gt 2d—1)(p+1) — (p+2d)g}
2d —1)!(q + 2d — 2)!
(p _|(—p+ 1)'(])'((;]d+ e ) (p—q+1)(2d—1).

The other formula follows in a similar way, from
dim(ker R* N H(k — 4,j)) = dim(H(k — j,j)) —dim(H(k—j+ 1,5 — 1))
_(k—j+2d-1\(j+2d—-1\ [(k—j+2d\(j+2d-2
B 2d — 1 2d — 1 2d — 1 2d—1 )’
with the d = 1 case calculated separately, which completes the proof. [

Example 6.7. For j = 0, (6.18) reduces to

(k +2d — 1)!

= dim(H (k,0)),
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so that ker R* N H(k,0) is the holomorphic polynomials, i.e.,

ker R* N H(k,0) = H(k,0) = @ span{z®w”} (orthogonal direct sum).
lo+B|=k

We also observe, from the proof of Lemma 6.6, that for 0 < j < % we have

ker R*NH(k —j,j)={f € Hk—j,j): f L P H(k-a,a)},
0<a<y

so the by applying Gram-Schmidt to a spanning sequence ordered so that its elements are in H(k,0), H(k —
1,1),... H(k — j,j), successively, the corresponding elements are an orthonormal basis for ker R* N
H(k,0),...,ker R*NH(k —34,7).

The results of this section can found or deduced from those of the work of [4]. Their variables z1, ..., 22,
correspond to ours via

Rly.wyR2p S Z1,W1,...,Zp, Wp,
and they define operators
e=R* ' =R

The decomposition (6.14) for H(k—b,b) of Lemma 6.5 is presented as the two cases in Lemma 6.2 (Theorems
5.1 and 5.2 of §5 [4]).

7. Visualising the action of L and R on subspaces
The action of L and R given in Lemma 5.2 leads to the following orthogonal direct sums.

Lemma 7.1. We have the orthogonal direct sum decomposition into (k + 1) subspaces

Homy(H%,C) = € Hom{"" (H). (7.1)
0<a,b<k

For0<a,b<k,letm, = m = min{a, k —a}, my = ml()k) :=min{b, k — b}, and
m= m((lkg = min{mg,, mp}, M = M( b) := max{mg, mp}, c¢:=min{a,b}. (7.2)
Then
Homfﬁa’b)(Hd) = span{z®w*?ZCW™ } (o, as,a5,04)€A> (7.3)
where A = Aqp 1 15 given by
A={a:|la|=k—(a+b—c)—j,|asl =a—c+j|ag|=c—j,las] =b—c+70<j<m}.

In particular, we have
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(a,b) jrid B o k—M—-—j4+d—-1\/j+d-1
dim (Hom, " (H¢, C)) —Z( d1 d—1

j=0
m—j+d—1\(M—-m+j+d—1
(P (M) e

Proof. To establish (7.1), it suffices to show that the direct sums

Homy, (H?, C) @ Homp (a,b) @ Homxk (p, q
a+b=k p+q=k

are orthogonal, which follows immediately since the monomials are orthogonal for (4.3).
We now consider (7.3). Let f = 2¥1w®2z*w™ € Hom,ga’b)(Hd,C), ie.,

laa| + los| =k —a, |oo|+las| =a,  Jai|+]oe|=k—b, |as|+ |as] =b.
The above equations imply that once an allowable value of |aq], |az], |as], |a4| is specified, then the others
are uniquely determined. The allowable values are determined by an equation where the right hand side is

m = min{a, k—a,b, k—b}, and so we must treat (four) cases. First consider the case a < b, i.e., m = a,k—b,
for which we have

0§j=|a2|§m6{a7k—b}, ‘043‘:(1—]'7 |a1|:k_b_j7 |a4|:j+b_a7
and hence

Hom,ia’b)(Hd,C) = span{ 2w ZBW* : lay| =k —b— j,|as]| = j, |laz| = a — j,
laa| =j+b—a,0<j<m}.
The corresponding condition for the case a > b is
0<j=lag|<me{bk—a}, |lau|=k—a—j, |azl=a—-b+j |ag|=0b—7j,
and so we obtain (7.3).

It follows from symmetries of the space Hom(a b)(Hd C), or by direct calculation, that its dimension, the
cardinality of A, depends only on m, M (and k). Therefore, by the case m = a = ¢, M = b, and the fact
a1,...,04 € Z4, we obtain (7.4). O
Example 7.2. For d = 1, we have

dim(Hom;a’b)(H)) =m+1, m = min{a, k — a,b, k — b}. (7.5)

Example 7.3. For k = 1, we have

m{"% (H) = span{z1,..., 24},  Hom{™(H) = span{wy, ..., wa},

Homgl’o)(Hd) = span{ws, ..., w4}, Homgl’l)(Hd) = span{z1,...,Zq}.

The corresponding result for harmonic polynomials is the following (see [21]).
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Lemma 7.4. We have the orthogonal direct sum decomposition into (k + 1) subspaces

Harmy (HY,C) = @ HP (19), (7.6)
0<a,b<k
where
dim(H"" (H?)) = dim(Hom " (H%)) — dim(Hom\* """~V (H)). (7.7)
In particular, for d =1, we have
dim(H"Y M) =1, 0<a,b<k, (7.8)

and for d > 1, with m and M given by (7.2), we have

dim(H“" (H?,C)) = F(k,m,M,d),  0<a,b<k, (7.9)
where
R (jFd-1\(M-—m+j+d-1
F(k,m,M,d)._;o< g1 )< i1 (7.10)
(m—j+1)g2k—M—j+1)42 ‘
k—M+4+m—2j+d—1).
X d—1)d—2)! ( Fm=2jtd=1)

Example 7.5. For k = 2, we have three cases (m, M) = (0,0), (0,1),(1,1), giving

dim(H{"Y (HY) = F(2,0,0,d) = %d(d +1),  (a,b) €{(0,0),(2,0),(0,2),(2,2)},
dim(H"Y (HY) = F(2,0,1,d) = d?, (a,b) € {(1,0),(0,1),(1,2), (2, 1)},
dim(H"Y (HY) = F(2,1,1,d) = 2d* — 1, (a,b) € {(1,1)}.

These formulas also hold for d = 1. We also have

k+d—-1

(e ) = (V7

) = dim(Hom{" (). (a.0) € (0.0, (5,0) 0.8), (1),
with the corresponding spaces given by A = A, 1 of Lemma 7.1, e.g.,

HEO’O)(Hd) = @ span{z®}, (orthogonal direct sum).
|| =k

The results of this section for Harmy (H?, C) can be summarised as follows.

Schematic 7.6. The orthogonal decomposition (7.6) of Harmy,(H?, C) can be displayed as a square matriz/ar-
ray/table

H(k,0) H(k—1,1) --- H(0,k)
K(ko)  [EOV@EY BOV@EY g0 @ a
Kk-1,1) [ g"O@Y) 7gEYHDY - B (H) - R (7.11)
. . . P —+

KOR - L g®omsy a0 md) - mt ) al
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where the rows are indexed by K (k — a,a) and the columns by H(k — b,b). Here

o Harmy(H?, C) is the orthogonal direct sum of the (k + 1)? entries of the matriz.
e The subspace in the K(k — a,a) row and H(k — b,b) column is

H"Y(HY) = K(k — a,a) N H(k — b,b).

e H(k—a,b) is the orthogonal direct sum of the entries of its column.

o K(k—a,a) is the orthogonal direct sum of the entries of its row.

o Multiplication by L moves down the columns, and L* up them.

e Multiplication by R moves right along the rows, and R* to the left of them. Further, multiplication by
R is 1-1 on the left hand side (half) of the table, and is onto on the right hand side.

o Left multiplication by H* (and more generally by U(H?)) moves within the columns.

o Right multiplication by H* moves within the rows.

o Multiplication by Lo, L&, Ry and Rg does not move the entries of the matriz.

There is a similar “square” for the decomposition (7.1) of Homy (H¢, C).
There are also “symmetries” which permute the entries of the square, such as

It is convenient to imagine zero subspaces outside of the square matrix, which then encodes properties such
as

R*1!'Harmy(H? C)=0, R*H(k,0)=0, L?°K(1,k—1)=0.
8. The one variable case

We now consider the d = 1 case in great detail. Though this is somewhat degenerate, and usually not
considered, it provides motivation and illustrates the main features of the general case.

By Lemma 7.4, dim(Harmy(H,C)) = (k + 1)2, and the square matrix/table (7.11) for Harmy (H, C)
consists of the one-dimensional subspaces { H éa’b)(H)}0§a7b§ %. Since the polynomial z* is holomorphic, it is
harmonic, and so

ngo.,o) (H) = spanc{z*}.
We consider what are the other harmonic monomials in Homy (H, C).

Example 8.1. The monomial z**w*2Z*3w*, |a| = k, is harmonic if and only if

02 02
( + 22 2 FBTN = apazz® T w2 T 4 agayz® w2z = 0,

0zZ0z Owow

i.e., ajag = agay = 0. This gives 4k harmonic monomials of degree k.

The harmonic monomials of degree k lie on the four “edges” (of length k + 1) of the square table, which
are given by as = a3 = 0 (top edge), az = ay = 0 (left edge), a1 = as = 0 (right edge), a1 = a4 =0
(bottom edge), with

H}ga2+a3,a3+a4)(H) = spang {2 w2z w1}, la| =k, aiaz = asay =0.
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An elementary calculation shows that
LFRF(2%) = (—1)F k12", (8.1)

and so it follows from the Schematic 7.6, that by applying L and R to the upper left corner z* € H,go’o)(]H[),
that we can “fill out the table” with nonzero polynomials in the subspaces, which (in this case) gives a basis
for them, e.g., for kK = 2, we have

H(2,0) H(1,1) H(0,2)

22 B K(2,0) 22 22T 21> (8.2)
Ll K(1,1) 2zw  2ww — 22z —4zZw )
K(0,2) | 2w? —4zw 472

Since L and R commute, it makes no difference how one fills out the table by applying L and R, e.g., the
middle entry can be obtained as either of

RL(2%) = R(2zw) = 2w — 227, LR(2%) = L(2:W) = 2uww — 22Z.
Even in this simple example, one can observe the following features of the general case:

e The harmonic functions on the edges of the square have the simplest description, with the formulas
becoming more complicated as one moves towards the centre.

e There are symmetries of the polynomials given by certain permutations of z,w,z, w.

e One can move around the square table by applying L and L* (down and up) and R and R* (across and
back).

We now show that L?R’(z*) has an increasingly complicated formula as one moves towards the centre
of the table.

Lemma 8.2. The unique harmonic polynomial pé ) i H(a b)(H) is given by

pgca,b) _ Z (_'1)1 (_C)j (a‘ +b—c— k)] Zk:f(a+bfc)fjwafc+jchjwac+j
2 (b-dl+ D),
(k—a—b+c)! bk
=—“>]° 8.3
k!(c_a_b)c R (Z )3 ( )

where
. . 1
m = min{a, b,k —a,k — b}, c¢=min{a,b} = 5((1 +b—1b—a|).

Proof. We consider the case a < b, i.e., m = min{a, k — b}, the other being similar.
By Lemma 7.4, there is a unique (up to a scalar multiple) harmonic polynomial in Hom,(f’b)(]HI7 C), which
by (7.3) has the form

m
E k b— jw]—a jwb a+]

7=0

The condition that f be harmonic, i.e., Vf = 0, gives
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H

m—

Z Cj —bh— .7 a _]> k—b—j— 1wj2a—j—1wb a+j
=0
m—1
+ Z cji1(G+ 1) (b—a+j+ 1) lyizai-igb=ati —
7=0

and equating coefficients of the monomials gives

cilk—=b—j)a—j)+cip(G+1)(b—a+j+1)=0, 0<j<m—1,

so that
(kb= j)a—j) (1) (k—b+1—j);la+1—j)
= —cs — _-
ST TG0 a1 9T (b—a+1); o
which gives the desired formula. O
(a,b)

The indices {(a,b)}o<ap<k for the polynomials p, H,Ea’b)(H) in the square table can be partitioned

into nested squares

k
Sm={(a,b) :minfa,b.k —ak—b}=m},  0<m<g, (8.4)
with Sy giving the “edges of the table”. These have size
4(k—2m), 0<m <k,
|Sm| = { L (8.5)
5 m = 5-

>
| |

Here is an illustration for the case

SO = {@}a Sl = {}7 SQ = {}

SEEEE
SEEEE
SEEEE

From the formula (8.3), we have the first instance of a general phenomenon:
e The polynomials p(a ), (a,b) € S,,, have m + 1 terms, i.e., the complexity of the formula for p(a b)
increases as one gets closer to the centre of the square array.

We now consider the decomposition of Harmy (H¢?, C) into irreducibles.

The irreducible representations of the simply connected compact nonabelian Lie group Sp(1) = U(H) =
SU(2) are well known [14]. For now, we need only that there is precisely one irreducible representation Wi,
of dimension k + 1, for each k£ > 0.

Theorem 8.3. For left multiplication by H*, equivalently Sp(1), we have the following orthogonal direct sum
of irreducibles

Harmy, (H,C) = € H(k—a,a) = (k + )Wy,
0<a<k
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and for right multiplication by H*, we have the direct sum of irreducibles

Harm,,(H,C) = @ K(k—b,b) = (k + 1)Wi.
0<b<k

Proof. From the Schematic 7.6 for Harmy (H, C), it follows that by taking columns (respectively rows) of
the table gives an orthogonal direct sum of invariant subspaces for action given by left (respectively right)
multiplication by H* (Lemma 3.8), and so it remains only to show that these (k+ 1)-dimensional subspaces
are irreducible.

We now show K (k — a,a) is irreducible for the action given by right multiplication. The other case is
similar, and can be found in [12] Theorem 5.37. We have

K(k — a,a) = spang {p{"" Yo<per = span{ R’p\"* Yo<per.

Consider a nonzero polynomial

f= Y an”eK(k—aa), - #0.
0<b<b*

Let V be an invariant subspace of K(k — a,a) containing f. Since R* maps nonzero polynomials left

across the table, we have that (R*)b* f is a nonzero multiple of p,(:’o). Thus, V' contains p’ga,o)’ and hence

Rp,(ﬂa’o), ... ,Rkp,(ca’o), giving V = K(k — a,a), i.e., V is irreducible. 0J
In both cases, there is a single homogeneous component corresponding to W.
Example 8.4. For left multiplication by H*, i.e., the action given by
(o +3B) (2 + jw) = (az — Bw) + j(@w + Bz),
we have the irreducible representation
H(k,0) = spanc{zF, 257w, 2*72w?, ... w”},
which is given by Folland [12] for the action of SU(2) C H* given by
(5 @) (2)- (%)
5 «@ w aw+ Bz )
Here L and L* reduce to L = wa% and L* = z%.

We now consider the combined action given by both left and right multiplication by H*, i.e., the action
of Sp(1) x Sp(1), equivalently H* x H*, given by

((q1,42) - f)(q) := fq14q)-

The invariant subspaces for this action are invariant under both L and R (and their adjoints). This leads
to the following.

Theorem 8.5. The action of Sp(1l) x Sp(1) given by left and right multiplication by H* is irreducible on
Harmy (H, C), i.e., for all nonzero f € Harmy(H, C), we have

spanc{q — f(q14%) : ¢1, ¢ € H*} = Harmy (H, C). (8.6)
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We consider the special case of the linear polynomials (k = 1).
Example 8.6. The linear polynomial
flq) :=q =1 4+ ixg + jrg + kay, x1,T2,23,%4 € R,

is in Harm, (H, H) = Hom; (H, H), as are the coordinate maps g — x,, which are also in Harm;(H,R) =
Hom; (H, R). These can be written explicitly in the form (8.6) as follows

1 L 1 L
T = Z(q —iqi — jqj — kqk), T = 4—( —iqi + jqj + kqk),
1 S 1 L
T3 = 4—j(q +iqi — jqj + kqk), T4 = @(q +iqi + jqj — kagk). (8.7)

The formula (8.7) is used by [24] to show that the “polynomials of degree k in ¢”, i.e., sums of the “mono-
mials”

q — apqaiqaz - - - qar—19ag, ag,ai, ..., ar € H,

is precisely Homy (H, H) as we have defined it, or, equivalently, the H-linear combinations of the monomials
in real variables x1, x2, T3, T4.

9. The irreducible representations of Harmy (H<, C)

We now consider the irreducible representations of Harmy(H¢9, C) for d > 2 (the case usually considered
in the literature). Here, there is more than just the one irreducible Wy involved. Our method is to construct
rectangular arrays, like that in Schematic 7.6, corresponding to a given irreducible Wy, Wi_o, Wi_4,.... We
will say that these are commuting arrays if we can move over them using L, R, L*, R*, as in the d = 1 case.
They can be visualised as the “layers on (square) wedding cake”.

We follow the development of Bachoc and Nebe [6]. For the action given by right multiplication by H*,
let I(W,)*) be the homogeneous component of Harmy(IH¢, C) corresponding to the irreducible W, (of
dimension p + 1), which gives the orthogonal decomposition

Harmy( Hd @ (w, (k)
p>0
The values of p involved in this sum are p =k —2j,0 < j < & 5, which is observed in [6], and follows from

our explicit decomposition (Theorem 9.1).
There is also the well known decomposition [17], [22] (Chapter 12, §12.2) into irreducibles for the action
of left multiplication by U(C?2?)

Harmy (H?,C) = @ H(a,b).
a+b=k

Since U (HY) is the subgroup of U(C?2?) ¢ O(R*?) characterised as those elements of U (C??) which commute
with right multiplication by H* (in the group O(R*?)), we have the orthogonal direct sum of invariant
U (H%)-modules

Harm,(HY,C)= € & H(k—b,b) NI(Wi_o)*). (9.1)

0<j<E j<b<k—j
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This is in fact an orthogonal direct sum of U(H?)-irreducibles
R, = H(k —b,b) N I(Wi_z))®, 92)

(see [16] §1.2, [6] Theorem 4.1, for k even).

We now give the irreducibles for right multiplication by H*. For d = 1, these were obtained by taking a
row of the square array (7.11), i.e., by choosing a (particular) nonzero element f € H(k,0) = H(k,0)Nker R*,
and applying R to it k times. Since R* moves back in the opposite direction to R, it followed that

Span(c{fa Rf7 R2f7"'7ka} = Wk (93)

was an irreducible. Exactly the same argument holds for d > 2, i.e., for a nonzero f € H(k,0) = H(k,0) N
ker R* the subspace (9.3) is irreducible. These are all the irreducibles for Wy, and for d = 1 this is the end of
the story (Theorem 8.3). For d > 2, there are other irreducibles, constructed in a similar way: starting with
a nonzero f in the second column, which does not give the irreducible Wy, i.e., f € H(k — 1,1) N ker R*,
one obtains the irreducible subspaces

spanc{f, Rf,R%f,...,RF"2f} 2 W) _o,
and so forth.

Theorem 9.1. For the action on Harmy(H?,C) given by right multiplication by H*, the homogeneous com-

ponent corresponding to the irreducible Wi_o;, 0 < j < g, ]

[(Wk_gj)(k) = Z spanc{f, Rf,... ,RE-21 f} (sum of irreducibles),
f€H (k—j,j)Nker R*

= @ R (H(k — j,7) Nker R*) (orthogonal direct sum).
J<b<k—j

Moreover, these are the only irreducibles that appear, i.e., we have

Harm,, (H¢, C) = @ T(Wh_qj)® (orthogonal direct sum),

0<j<k
where the summands above are all nonzero for d > 2, and Harmy(H, C) = I(W,,)*),

Proof. From Lemma 6.5, we have the orthogonal direct sum decomposition

Harmi(HY,C)= € € R"7(H(k—j.j) NkerR),

0<j<k j<b<k—j

and so it suffices to show that every nontrivial irreducible subspace

Ve @ RUHE-jj)nkerR)= @ RI(H(k-jj)Nker R*)
0<a<k—2j J<b<k—j

has the form

V =spanc{f,Rf.....R*"%f}, feH(k—jj)NkeR",
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so that V = Wy_o;.
Choose a nonzero g € V, and write

9= >, R  fo€H(k—jj)NkerR".
0<a<k—2j

Let a* be the largest value of a for which f, # 0. Then, by (5.17) of Lemma 5.5,
fi=(R)" g = (R)" R for = (=a")ar (2] = k)ar far,
which is a nonzero scalar multiple of f,+ (for 2j — k =0, «* = 0), and
W =spanc{f, Rf,...,RF"21f}y cV, RF2f+o0.

Hence dim(V') > dim(W) = k — 2j 4+ 1. By construction, W is invariant under the action of R and R*, and
hence under right multiplication by H* (Lemma 3.8). [

We will call a sequence

fiRf,... RN, 0<j<
or any nonzero scalar multiples of it, an R-orbit (for Wj_o;) if
feHomH(kfjaj)a R*f:()

It follows from Theorem 9.1 that RF=27 f £ 0, and

R{f} := spanc{f, Rf,..., RF"27 f}, (9.4)

is an irreducible subspace (of dimension k + 1 — 2j) for right multiplication by H*.
We can now give an explicit form for the U(H¢%)-irreducibles.

Theorem 9.2. Let d > 2. For the action on Harmy(H¢, C) given by U(H?) = Sp(d), we have the following
orthogonal direct sum of irreducibles

Harmy( Hd @ @ —b,b))— 2j

OSJSk I<b<k—j

=~ @ (k-2 +1)RY,, (9.5)

0<j<k
where

H(k —b,b)5_2; == R* I (ker R* N H(k — j, 7))
= (R*)F" (ker RN H(j, k — j))
= H(k —b,b) N I(Wg_z,)®
~ R, =ker R* N H(k - j,j), (9.6)

and

(k—j+2d—2)1(j + 2d — 3)!
(k—j+ 1)ljl(2d — 1)I(2d — 3)!"

dim(R{Y,,) = (k — 2j + 1)(k +2d — 1)
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Proof. By Lemma 6.5, we already have that (9.5) is an orthogonal direct sum of U (H¢)-invariant subspaces,
with H(k — b,0)k—2; C H(k — b,b), given by the first two formulas in (9.6). We therefore need only show
that they are U(H?)-irreducible, i.e., given by the formula (9.1), i.e., the third formula, with (9.2) holding
(the fourth formula). By Theorem 9.1, we have

I(Wioy))® = € R*(H(k - j,j) Nker RY).
j<a<k—j

Since R*(H (k—j,j)Nker R*) C H(k—j—a,j+a), the only contribution to the intersection with H(k—b,b)
is when b = j + a, which gives the third formula, i.e.,

H(k—b,b) N I(Wy_;)® = R (ker R* N H(k — j, 7).

We now show, that for j fixed, the H(k—b, b)j_2; are isomorphic U(H%)-irreducibles. Taking o = 3 = b—j
in Lemma 6.1 gives

(R*)" ™ H(k —b,b)g—2; = (R*)* T R" I (ker R* N H(k — j,j))=ker R* N H(k — j, ).

This implies the subspaces have the same dimension as ker R* N H(k — j, ), which is given by equation
(6.18) of Lemma 6.6. Finally, since the action of U(H?) commutes with the action of R (and its powers),
these subspaces are all U(H%)-isomorphic to R,(Ck_)Qj s=kerR*NH(k—j,7). O

This decomposition is given in [6] Theorem 4.1 (for k even, the summands not given explicitly), and in
[4] (Theorems 1 and 2). The presentation of [4] involves two separate cases for the decomposition of H (a, b),
namely

RVI(H(k — j,j) Nker R¥), k—b>b;

H(k = b,b)_a; = |
( )k‘ 27 {(R*)k_b_](H(j,k—j)ﬂkerR), ]{—bgb

We now consider the irreducibles for the action on Harmy(H¢?, C) given by both left multiplication by
U € U(H%) and right multiplication by ¢* € H*, i.e.,

(U, q") - ) == f(Uqq").

Theorem 9.3. For the action on Harmy,(H¢, C) given by U(H?) xH*, d > 2, we have the following orthogonal
direct sum of irreducibles

Harmi (H,C) = €D Q.. (9.8)
0<j<%
where
Q;(Ji)gj = @ H(k/’ — b, b)k:72j
J<b<k—j
= @ R (kerR*NH(k—j,j))=T(Wi_2;)", (9.9)
J<b<k—j
and

(k—j+2d—2)1(j + 2d — 3)!
(k—j+1)jl(2d — 1)I(2d — 3)!"

dim(QY,,) = (k —2j + 1)*(k +2d — 1) (9.10)
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Proof. The subspace Q,@z ; 1s invariant under the actions of U (H?) and H*, as it is a sum of irreducibles
for each of these actions. We now show that it is irreducible.

Suppose V C Q,(i)% is irreducible under the action of U(H¢) x H*. By Theorem 9.1, V C I(Wk_Qj)(k),
and V contains an irreducible for the action of H* of the form

spanc{f, Rf,...,R*"¥f},  0#R'Ife H(k—bbg o5, j<b<k—j

Since each H(k — b,b)y_a; is U(H?)-irreducible, we have that H(k — b,b)_2; C V, and hence V = Q;Ck_)%

is irreducible. O

In other words, the Sp(d) x Sp(1)-irreducibles Q;ck_)Q ; are precisely the homogeneous components I (Wi—2;)
for right multiplication by H*.

The decomposition (9.8) of Harmy (H?, C) into Sp(d) x Sp(1)-irreducibles is given in [23] Theorem 2.4,
and [3] Proposition 2.1 (as the joint eigenfunctions of operators Ag and I'), where the following notations
are used (respectively)

H. . ., (k even); (k)
QW = iz QM =My,
k—2j Hj,%,j’ (k odd), k—2j k.j

Both observe that Q,(Ck_)2 ; 18 invariant under conjugation, and so has a basis of real-valued polynomials, and
a real-valued zonal function (a function invariant under the subgroup of Sp(d) x Sp(1) that fixes a point).
The structural form of this zonal is given in [23] Proposition 2.8, and it is given explicitly in [3] Proposition
3.1.

The invariance of Q,@Q ; under conjugation follows directly from (4.7), i.e.,

H(k —0,b)j_o; = Rb=J (ker R* NHomy (k — j, 7))
= (R*)bij (ker R*NHompg (k — ],J))
= (R*)"77 (ker RN Homp(j, k — j))
= H(bk—b)p_aj. (9.11)

Schematic 9.4. (Wedding cake) The orthogonal decomposition (9.5) of Harmy,(H?, C) into U(H?)-irreducibles
can be displayed as layers of a “wedding cake”

| H(k,0)  H(k—1,1) H(k —2,2) S H(2,k - 2) H(1,k—1) H(0, k)
R* X R
<~ : =
R, H(k—2,2)k—a - H(2,k—2)k_s
R, H(k—1,)p—2 H(k—2,24_2 --- H2k—2)_2 H(,k—1)_2
R | H(k,0)p H(k—1,1) H(k—2,2) cee H(2,k—2) H(1,k — 1) H(0, k)

where the layers (rows) correspond to the irreducible Rl(i)% (the bottom layer is R,(Ck)), and the slices
(columns) correspond to the decomposition of a given H(k — b,b) into min{b,k — b} + 1 different irre-
ducibles. One can move along the layers using R and R*, as indicated. Therefore, the left most irreducibles
(shaded in grey), i.e.,

)

H(k—j,j)r = H(k = j,j) Nker R", 0<j<

[

are a distinguished copy of each irreducible, from which the other summands in the layer can be obtained
by applying R. Further, in view of the symmetries (9.11), i.e., that conjugation reflects the cake around its
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centre, only half of these summands need be calculated, in practice. Similarly, the right most entries are
distinguished, and give the other summands by applying R*.

Example 9.5. We consider Harmy(H<, C), for which (2.5) gives
dim(Harmy (H¢, C)) = 2d(4d + 1) — 1 = (2d + 1)(4d — 1).

For d = 2, we have the following table, where each line is an R-orbit, as in (9.4).

H(2,0) H(1,1) H(0,2)

23 2 Wy wi?
K (2,0){ % 2202 T
’ 2122 Z1W2 + 22W1 W1W2

Z1Wg — 22W1

zZ1w1 2121 — W1W1 Ziwy
Z1Ww2 WiwWg — 2122 w122
ZoW1 Wawy — 2221 Waz1
K(1, 1){ ZoWa Z9Z3 — Wz ZoWsy

Z129 + wiwWe
z1%Z2 + Wiwse
2272 + WoW2 — 2121 — W1W1

wi Z1wq z1
w? Z3Wo 752
K(0, 2){ 2 = el
w1W2 Z1we + Zawy Z122

Z1We — Zowy

For example, we have the decomposition into irreducibles for right multiplication by H*
K(2,0) = (R{z} © R{23} @ R{z122}) ® R{z1W3 — 201} = 3W> © W,
where
R{2?} = span{z}, zyw7, w12} & Wa, R{z1W3 — 20W1} = span{z Wy — 20707} = W,

etc. This calculation was done for Homsy(H?), which has a dimension 1 higher. Apart from applying R
to fill out the rows, the only other calculation done was solving Rf = 0 or R*f for f € H2(1’1)(H2) =
K(1,1)Nn H(1,1) gives a 4-dimensional space spanned by

2121 + w1Wy, 2222 + Wz, Z122 + wiWz, 2122 + Wiws.

The first two have nonzero constant Laplacian, so their difference is harmonic, and the second two are
harmonic. Similar calculations give the general decomposition

K20 = (@ ri=}) o ( @ Rz - 2m}) = %d(d+ 1)Ws & %d(d — )W,

|or|=2 1<j<k<d
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K(1,1) = ( @ R{zjwk}> ® (@ R{z;Z; + wjwi} ® @ R{z;Z; + wjw; — 2171 — wlﬁl})

1<j,k<d J#k 2<j<d

= d2W2 (5] (d2 — 1)WQ,

K0,2)= (P riw}) o ( P Rizw - zwuy}) %d(d+ W, & %d(d — )W,

|or|=2 1<j<k<d

into irreducibles (sums of R-orbits). In particular, the homogeneous components, i.e., the Sp(d) x Sp(1)-
irreducibles, are

Harm, (HY) = Q¥ @ QY = 1(W,)@ @ I(W,)@ = d(2d + )W @ (d — 1)(2d + 1)Wg.

Example 9.6. Since H(k,0) Nker R* = H(k,0), we have

1W)® = @ R{=2w’} =

(k +2d—1
la+Bl=k

i )Wk (orthogonal direct sum).

10. Zonal polynomials

Here we consider the “zonal polynomials” for our irreducible representations of the groups G =
U(H%),U(H?) x H* on Harmy (H¢, C). There are two common notions of zonal functions:

o The functions fixed by the action of the subgroup G, which fixes a point ¢’.
o The Riesz representer of point evaluation at a point ¢’ (the reproducing kernel).

When G is a maximal compact subgroup of G these are equivalent. We will consider the first notion. For
a group G acting on HY, we define the stabiliser (or isotrophy) subgroup of ¢’ € H? to be those elements
which fix ¢/, i.e.,

Gy ={9€eG:9-¢=¢}.

A function HY — C which is fixed by the action of Gy is said to zonal (with pole ¢'). We denote the
subspace of zonal functions in a space V of polynomials by

VO = {fecV:g-f=FfVgeGy}
We now consider the zonal polynomials for the group G = U(H?).

Recall (v, w) = v*w is the Euclidean inner product (2.2). For vectors ¢ = z + jw, ¢ = 2’ + jw’ in H%, we
define two inner products

/
@ Qe = (¢ q) €H,  {d,q)coa = <<§}> : (5})) eC. (10.1)
Lemma 10.1. For q,q¢' € H¢, we have

(@' @)me = (¢’ @) c2a + j(d'J, @) c2a (10.2)

!

For the action of U(H?) the following are zonal polynomials H® — C with pole q

g (q'q)c2a = 2421 + - + Zhza + whwy + -+ - + wlwg,
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q—(q'j,q)c2a = 2jw1 + -+ Zjwg — Wiz — - — whza.
When ¢’ = e1, the zonal polynomials above are
zZ+Jw — 21, z 4+ jw — wy.
Proof. Using (2.1), we calculate
¢j = +ju)j=2j+ju=—w +j7,
and so

(¢, q)ma = (2 + jw')*(z + jw) = ((2')" — (w')"))(z + jw)
= ()2 + (W) w4+ jZ)w—j(w) =

—((;//)7(;)>+J<< ) ( ) (¢, a)cea + 5(d'J, @),

which is (10.2). Let U € U(HY) with Uq’ = ¢/, then we have
(@ @ue = (Uq \ Uq)wa = (¢",Ug)ma = (¢, Ug)c2e + (¢4, Ug)cae,
so that
(¢, Uq)c2a = (¢, @)c2e, (45, Uq)c2a = (d'4,9)coa,
which shows that the linear polynomials given are zonal. [J
We note that z; and w; are zonal polynomials in the U (H¢)-irreducible subspace
H(1,0); =span{z1,..., 24, w1,... wq},

and so the space of zonal polynomials in a given U(H%)-irreducible is not 1-dimensional, as it is in the real
and complex cases.

Example 10.2. The quadratic polynomial ¢ — |q||* = (¢, q)me is zonal (for any ¢’). By folk law (the real
and complex cases), the zonal polynomials should be a function of this and the quaternionic inner product
g+ {¢,¢)me = (¢')*q. Using (8.7), we have the explicit formulas:

L (e +ild's Draad)-

1 ‘ . ‘
(¢ q)c2a = 5(<q’,q>Hd —i{q', q)mat), (d'4,q)c2a = 5

Using the zonal polynomials above, which commute, since they are complex-valued, [6] define zonal
polynomials in Homy,(H¢?, C) by

[ar, o, s, 0, 7] (@) = (0 @) gha(d', 0) 824 (0, @) coa (07, @) 2alla]|*", (10.3)

where o +ao+a3+ay+2r = k. These span and hence are a basis for the zonal polynomials in Homy (H¢, C)
(Proposition 4.2, [6]).
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Example 10.3. For a general ¢/, we have
[a1, a2, a3, 04,7]y € Homp (a1 + ag + 1, a3 + ag + 1),
and for ¢’ = e1, we have
[, a2, a3, g, 7]e, = 20 WP ETSWT |2 4 jw||*T, ar + oo+ az +ag +2r =k, (10.4)
so that
’(€a2+ag+r,a3+a4+r)(Hd)'

[, g, a3, g, 7]e, € Hom

We can take advantage of (10.4) to simplify the proof and presentation of results, since if U is unitary
with Uq' = ey, then we have the following correspondence between zonal polynomials with poles ¢’ and e;

[ala az,0as, a4, 7ﬂ]q’ = [a17 az,as, a4, r]el (V)
This follows from the calculation
(¢, q)yme = (Uq', Uq)ma = (e1,Uq)ma,

and the fact that such a U can always be constructed, since U (H¢Y) is transitive on the quaternionic sphere.
In effect, a zonal polynomial for ¢’ can be obtained from one with pole e; by making the substitution

21— (¢, q)c2a, wy > (q'J, @)c2a. (10.5)

We now show that R and L map the space of zonal polynomials for ¢’ = e; to itself. This was assumed
to be true for a general ¢/, but calculations show otherwise (for L).

Lemma 10.4. R and R* map zonal polynomials to zonal polynomials, i.e.,

R([a,b,c,d,r]) =ala—1,b,e,d+ 1,7] — bla,b—1,¢+ 1,d, 7], (10.6)
R*(la,b,c,d,r]) = —cla, b+ 1,c— 1,d,r] +d[la+ 1,b,¢c,d — 1, 7], (10.7)

and L and L* map zonal polynomials for ¢ = 2z’ + jw' as follows

L(la,b,c,d,r]) = ala —1,b,¢,d,7][0,1,0,0,0];7 — d[a, b, ¢,d — 1,7][0,0, 1,0,0],+

—bla,b - 1,¢,d,7][1,0,0,0,0] ;7 + cla,b, ¢ — 1,d,7][0,0,0, 1,0] 75, (10.8)
L*([a,b,c,d,r]) =bla,b—1,¢,d,7][1,0,0,0,0]; — cla, b,c — 1,4d,7][0,0,0,1,0];-
—ala—1,b,¢,d,7][0,1,0,0,0); + dla, by, d — 1,7][0,0,1,0,0] 7. (10.9)

For ¢ =2 € R™, L and L* map zonal polynomials to zonal polynomials, i.e.,

L([a,b,c,d,r]) = ala—1,b+ 1,¢,d,7] — d[a,b,c+ 1,d — 1,7], (10.10)
L*([a,b,c,d,r]) =bla+1,b—1,¢,d,r] — cla,b,c — 1,d + 1,7]. (10.11)

The action of A on zonal polynomials is similar to the real and complex cases.
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Lemma 10.5. The Laplacian maps zonal polynomials H™ — C to zonal polynomials, i.e.,
1
ZA([QJ)’ ¢, d,r]) =acla—1,b,c—1,d,r] + bdla,b — 1,¢,d — 1,7]
+rk+2n—-1-1)a,b,c,d,r—1]. (10.12)

The number of zonal functions given by (10.3) is independent of the dimension d. For d = 1, these zonal
polynomials have linear dependencies, e.g.,

[1,0,1,0,0] +[0,1,0,1,0] = z1z1 + w7 = [0,0,0,0, 1],
and for d > 1 they are linearly dependent. Thus we obtain the following dimensions.

Lemma 10.6. For Z := U(Hd)q/, d > 2, the zonal polynomials have dimensions

k—2j+3
s d Zy\ _
dim(Homy,(H?,C)%) = > ( 5 ) (10.13)
0<j<%
. 4 k+3 o
dim (Harmy (H, C)%) = ( ;7 ) = > (k—2j+1)° (10.14)
0<j<%
Further, if ¢ =2 € C%, e.g., ¢ = ey, then
1
dim(Hom!"" (H*)?) = 5 (m+1)(m+2), (10.15)
dim(H"P (0 ?) = m +1, (10.16)

where
m := min{a, k — a,b, k — b}.

Proof. Since the zonal polynomials in (10.4) are clearly linearly independent and span Homy (H?, C)? (see
[6] Proposition 4.2), it suffices to count them, which gives

dim(Homy,(H?,C)?) =} dim(Homy_o,(H,C)) = (k E 3)'

0<r<k 0<r<k 3
When ¢ = 2’ (w' = 0), each of these zonal polynomials is in some Hom,(ca’b)(Hd), so that

ar+ag=k—a-—r, a2+a3:a—r}
b

o+ =k—b—r, agt+as=b—r (10.17)

Homéa’b) (Hd)Z = @ spallc { [ala 2, a3, (4, T] :
mgrgg

(k—2r)

and counting again, using (7.4) and m, 5"

=m+1—r, gives

dim(Hom,(:’b)(Hd)Z) = dim(HOm;(::ng’b_T)(H))

m<r

IN
[SIES

1
:1+2+-~-+m+(m+1):§(m+1)(m+2).
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Since the Laplacian maps Homfca’b) (H?) onto Hom(a Lo-1) (H?) and zonal polynomials to zonal polynomials

(Lemma 10.5), we have

dim(Harmy,(H?, C)?) = dim(Homy,(H?, C)?) — dim(Homy, o(H?,C)?) = <k?’>_3)7

dim(H{*” (H")?) = dim(Hom\""” (H*)?) — dim(Hom """~V (H%)?)
1 1
= §(m+1)(m—|—2)—5(m—1+1)(m—1+2) =m+1,

which completes the proof. [

We will give a simple example first, which motivates the general and constructive result to follow.

Example 10.7. For ¢’ = e1, the unique zonal polynomial in H,go’o)(Hd) is

[£,0,0,0,0] = 2.

We may apply L (down) and R (right) to this, as in the univariate case (Schematic 7.6 and Lemma 8.2), to

obtain (k 4 1)? zonal polynomials in I(W;,)®*),

2F kM lwr klwr®
kz’f‘lwl k(k — 1)zf_2w1w1 sz‘lz_l —k\kzrw Rt
k(k — 1) 2w} k(k—D){(k - 2)2F3wiwr — 228 2wizm) - Bk(E - 1)z%wb 2
k'zlwk ! klwh 'y k'(k Dzywh =%z s (=1)R 2 by
klwk —k!kw’f 17 (—1)Fk!12ZF

Theorem 10.8. Let ¢’ = e1. For d > 2, there is a unique harmonic zonal polynomial

g k
P, =P, eker L' Nker R*NHPD(HY),  0<j< 3
given by
P2,
pk) (=" ( b b
k=2 Z blelr! (/<;+2d—1—7’),.[ J rb,¢,b,1],

b+ct+r=j
which has +(j + 1)(j + 2) terms. Let

P

Cib—i ok . )
f—2j.ab = LRt JP,gi)Qj, j<a,b<k-—j.

(10.18)

(10.19)

Then the zonal polynomials (with pole e1) in Harmy(HY, C) have the following orthogonal direct sum de-

composition into one-dimensional subspaces

Harmy (H?,C)? = @ @ Span{Pk 2Jab}

OSJSk 7<a,b<k—j
Proof. By (10.17), a general zonal polynomial in Hom,(cj -9) (H?) has the form

Z Cbcr[k_j_b_rvbac7bar]a CbCTEC,
b+c+r=j

(10.20)
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which involves %(] +1)(j + 2) terms. By Lemma 10.5, the condition for f to be harmonic is

1 . .
ZAf:IH_; 'Cbcr{(k—j—b—r)c[k—j—b—r—l,b,c—l,b,r]
ct+r=j

+Vk—j—b—rb—1,¢b—1,1]
+r(k+2d—1-7r)k—j—b—rbcbr—1]} =0,

which gives 3j(j + 1) equations, and hence j + 1 = dim((H, ,gj " ))Z ) free parameters. Hand calculations

indicated that Af = 0 together with the conditions R*f = 0 and L* f = 0 leads to a unique (one parameter)

solution f. From these special cases, we “guessed” the formula (10.18). We will now verify directly that f

defined by (10.18) has the desired properties, and then conclude that it is unique (by a cardinality argument).
By Lemma 10.5 and Lemma 10.4, we have

Alk—j—b—rbebr])=(kk—-—j—b—r)lk—j—b—r—1,b,c—1,b,7]
+Vk—j—b—rb—1,¢b—1,r7]
+rk+2d—1-r)k—j5—b—rbecbr—1],

R([k—j—b—rbc,byr])=—clk—j—b—r,b+1,c—1,b,r]
+bk—j—b—r+1,bcb—1,r],

L(k—j—b—rbc,byr])=bk—j—b—r+1,b—1,¢b,7]
—ck—j—b—rbc—1,b+1,r]

Hence, the [k —j — & — ' — 1,¥', ', b, r'] coefficient of Af is
2y
NN (k+2d—1—7)w L+ 1
1 (k+2—-j5—1"-1)
r+1(k+2d—1—-1"-1)

(k—7-b0 —7)( +1)

+ b +1)% -

’ 1 _
P (" +1)(k+2d—1—r 1)} 0,

the [k —j—b —r4+ 1,0, 0 —1,7], ¥’ # 0, coefficient of R*f is

(=D (k+2—-5—7)r 1

/ 1 N
" (kr2d—1-1), ((b’ e @ (b’)!(c’)!b) =0,
and the [k —j —b —r+ 1,0/ = 1,0, 7], b/ # 0, coefficient of L* f is
(_l)r (k—|—2—j—7“),« 1 / 1 / _
M (hr2d-1-1), { e T oo @t n}=o

so that f = P,gzj € ker(L*) N ker(R*) N H,ij’j)(Hd)Z. Since P,gli)% € H,Ej’j)(Hd), by Lemma 6.4 and
Lemma 10.4, we have the orthogonal direct sum decomposition

@ @ Span{La_ij_jP,gzj} C Harmy,(H¢,C)?,
0<j<k j<a,b<k—j
and by a dimension count using (10.14), we obtain (10.20), and hence the uniqueness of P,E@Q ; up to a scalar
multiple. O
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Tt follows from Theorem 10.8 (also see [6]) the zonal functions satisfy

dim((I(Wy_25) "N %) = (k — 25 +1)%,
dim(H(k = b,0)7 ;) =k —2j+1, j<b<k—j

and for ¢’ = e1, we have

1, j<a,b<k—j;

)

dim(H (k — b, b)g_o; N H*P (HY)Z) = { (10.21)

0, otherwise.

Let Zlgli)Qj,a,b be the zonal polynomial with pole ¢’ obtained from P,gg b by making the substitution

(10.5).

Corollary 10.9. The zonal polynomials in Harmy,(H¢, C) have the following orthogonal direct sum decompo-
sition into one-dimensional subspaces

Harmy (H¢, C)Z = @ @ span{Z,gk_)Zj,a,b}. (10.22)

0<j<k j<a,b<k—j
Proof. Apply the substitution (10.5) to the orthogonal direct sum (10.20). O

The existence of the zonal polynomials Z,i]i)2 ap i (10.20) is proved inductively in [6], where they are
denoted by z®)

p,w,w’ "
w,w’ are related to (a,b), as follows

We now outline how the two are related. Here p = k — 27, and the “weight” parameters

b= ——, w=k—2a, w==k-—2b, (10.23)
which gives the correspondence between indices
(a,b) € {0,1,... .k} = (w,w)e{-k ~k+2,...k—2k}?>

We note that for k even (the case considered in [6]) the weights w and w’ are even, and for k odd, they are
odd. They define the space of zonal polynomials
Efukzﬂ, = span{[aq, ag,a3,04,7)g 1 + 2 a3+ s+ 2r =k,

a1+ ay—a3— g =w,a1 —ag —ag+ag=w'}, (10.24)
which satisfies

EW = Homgz’b) (HZ, for ¢ =2 e C4,

w,w
and the space

vk — H(HTU}, k_Tw)

w

= H(k—b,b).

In [6] (Proposition 4.5), the zonal polynomials 2z , are characterised by the following properties:

p,w,w

« Zpww €EY) ie, Z",. ., has the structural form given by (10.18) and (10.19).

w,w’?
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o {Zpww twe{—p,.. p—2,p} s a basis of (the zonal polynomials in) I(W,)*) NV e, {Zéj%a’b}jgagk_j
is a basis of the zonal polynomials in I(Wy_2;)*) N H(k — b, b).
o {Z, ww twel—p.... p—2.1 18 a basis of zonal polynomials for an irreducible subspace for right multiplica-
Dyw, €{-p,....p—2,p} y g

tion by H*, (which is isomorphic to Wp), i.e., {Z,gk_)zj wbti<b<k—j is an R-orbit for a Wj_o;.
These follow from our construction, and the observation (by Lemma 10.4) that

Z® Rv-—i 78

—2j,a,b — k—2j,a,0° JSb<k-—j.

Example 10.10. The first three polynomials Z,i]i)zj = Zl(c’i)Qj,O,O given by (10.18) are

Z® = [k,0,0,0,0],

k) _ . B ko
2%, = =2,1,0,1,0] + [k = 1,0,1,0,0] = ——7— [k = 2,0,0,0,1],
2(k —1
24, = 1k~ 4,202,014 [k~ 2,0,2,0,0 42k 3,1,1,1,0)~ 2D —a 10,11
2(k—1) (k—1)(k—2)
- k—3,0,1,0,1 k—4 2.
Frad—ah SO LUt e S kv ad gy 40002

We observe that, except for the first, these depend on the dimension d.
Example 10.11. For k = 1, the zonal polynomials in (10.22) are

7 =11,0,0,0,0] =z,  RZ" =10,0,0,1,0] = wy,
LzM =00,1,0,0,0) =w;, —LRZ" =10,0,1,0,0] = 77,

and for k = 2, they are given by the schematic

H(lvl)O
K(1,1) [1,0,1,0,0]+[0,1,0,1,0] — £[0,0,0,0,1]
H(2,0)2 H(1,1), H(0,2),
K(2,0) [2,0,0,0,0] [1,0,0,1,0] [0,0,0,2,0]
K(1,1) [1,1,0,0,0] [0,1,0,1,0] —[1,0,1,0,0] [0,0,1,1,0]
K(0,2) [0,2,0,0,0 [0,1,1,0,0] 0,0,2,0,0]

with the indexing of rows and columns as before.

Similarly to the Schematic 9.4, the summands {Z; 2,46} j<a,b<k—j, 0 < j < g, in (10.22) can be arranged
as the layers of a “wedding cake” (see Fig. 1).

We now seek an explicit formula for the zonal polynomial L*R? P,EE)Q y of Theorem 10.8. We first determine
its structural form. The Lemma 10.12, below, says that the complexity of the formula depends on how far
the index (a, 3) is from the edges of the array of indices A = {0,1,...,k — 25}2. Partition A into “nested
squares”; as in (8.4),

k
Sk,jom ={(a,8) min{j+a,j+6,k—j—a,k—j—F}=m}, j<m< 7 (10.25)
Lemma 10.12. Let 0 < o, B < k—2j, 0< j < & and

m:i= mln{]+aak_j _Ba]+67k_.7 —Oé} i.@., (avﬁ) S Sk,j,m~
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H(2,2)0
K(2,2) [P0 = P57 |
H(3,1)2 H(2,2)>  H(1,3)s
K(3,1) P, = P} RP, R%P,
K(2,2) LP; LRP; LR?*P,
K(1,3) L2P, L?>RP; L2R%P,
H(4,0)4 H(3,1)4 H(2,2)s  H(1,3)s H(0,4),
K(4,0) | P, =PJ) RP, R%P, R3P, R*P,
K(3,1) LP, LRP, LR?P, LR®Py LR*P,
K(2,2) L?Py L?RP, L?’R’P, L?’R%P, | L?R*Py
K(1,3) L*P, L®RP, L*R*P, L*R*P, | L3R'P,
K(0,4) L*P, L*RP, L*R*P, L*R3P, | L*R*P,

Fig. 1. Schematic of the 12 + 32 + 52 zonal functions for Harm, (H¢, C) given by (10.19).
Then LO‘RBPIEI?QJ- eKk—-—j7j—a,j+a)NH(k—j—p8,5+8) has the form

LRPY, = Y O Pk—j-p-b-rbatj-r—bf—atbr], a<p,

0<r<j
o<b<m-—r

LuRﬂP;EIi)gj: Z C’,S?”B)‘[k—j—a—b—r,a—ﬁ—i—b,j—l—b’—b—r,b,r], a >,

0<r<j
o<b<m—r

which involves % (j + 1)(2m + 2 — j) terms.

Proof. A general zonal polynomial of degree k£ has the form

f = Z Cabcdr [(l, bv C, da ’f’] .

a+b+c+d+2r=k

By Lemma 10.4, L and R applied to [a, b, c,d, ] preserves the value of r, so that
_Ta (k)
f=LR°P,,

has the same restriction on r as P,igj does, i.e., 0 <r < j.
The condition that f = L*R°P",. € K(k—j —a,j+a) N H(k—j— B.j + ) gives

a+b+r=k—j—-p, ct+d+r=j5+p,

(10.26)
a+d+r=k—j—a, b+c+r=j+a.
First consider the case a < 3, i.e, m=j+aorm=%k—j— 5. If m =j+ «a, then (10.26) gives
b+c=m—r, a=k—j—0—b—r, d=j+B8—c—r,
so that
L“RﬁP,S’i)sz Z Coerlk—j—B—b—r,bc,j+B—c—rr], m=j+a.
0<r<j
b+c=m—r
Using b+ ¢+ r = j + « to eliminate ¢ above, gives
LRPPL, = 3 Cyulk—j—B-b—rbj+a—r—>bh—a+br] (10.27)

0<r<j
0<b<m—r



44 M. Mohammadpour, S. Waldron / J. Math. Anal. Appl. 547 (2025) 129297

Now consider m = k — j — /3. Then (10.26) gives
a+b=m-r, a=k—j—-p—-b—r, c=j+a—r—0>7, d=p—a+b,

so that (10.27) holds form=j4+aand m =k —j — 3, i.e.,, a < .
For the case a > 3, i.e., m = j+ 8 or m = k — j — a, we have, respectively

c+d=m-r, a=k—j—a—-d—-r, b=a—-0+d, c=j+p8—-d—r,

a+d=m-r, a=k—j—a—-d—-r, b=a—-0+d, c=j+06—-d-—r,

which (replacing d by b) gives the second formula.
In the sum, we can have r =0,1,...,j (j + 1 choices), with m + 1 — r choices for b, and so the number
of terms is

(m+&)+m&%m71%%~+%m+l—j%:%Q+&X%n+2—j) O

An explicit formula for L®R? P,gz ; can by found by applying (10.6) and (10.10). This gives very compli-
cated coefficients. Instead, we used Lemma 8.2 and numerous symbolic calculations for low values of o and
B, such as Lemma 10.13 below, to conjecture the formulas of Theorems 10.14 and 10.16, which were then
proved for a general (o, 3).

Lemma 10.13. For 0 < <k —2j,0<j < %, we have

5z(k)_: (_l)r (k+2_j_r)r _9i_ 1 _9i_
W02 b+§:jb!c!r! hr2a—1=r), " 2= AHDelk =2 =B+ cbebtfirl

Proof. Use induction on 0 < 8 < k — 24, see [21] for details. O

Theorem 10.14. For 0 < a<f<k—-25,0<5< g, we have

LR zZF, = N Pk —j—B—b—rbjta-—r—bp—a+brl,

0<r<j
o<b<m-—r

where m = min{j + o,k —j — B} and CIEO"B) _ Agi"ﬂ)Béf’B), with

T

Alh) . = (k+2—j—1)
br lj+a—-b—r)rt(k+2d—1—-7),

(k—2j—B+1)s, (10.28)

o al . ;
ut+v=a

. —a,—bk—2j—a+1
:(1+J_T)a(_5)a3F2( r—j—a,ﬂj—i—l—a ;1) (1029)
The constant Bé?’ﬁ) can also be calculated from Bég’ﬁ) =1 and the recurrence

B =(k—j—p—b+1-mbB ) —(B—a+1+b0)(+a—b—r)Be 0. (10.30)
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Proof. We first prove the result for Béf’ﬁ ) given by the recurrence relation (10.30), by using induction on
a. This is true for @ = 0 and all § by Lemma 10.13 (where m = j). Let Agafi) and B(fal’fi) take some value
(it matters not which). Then we have

AT = pAl? AT = a—b-n) AT, a>0, (10.31)
Suppose that o > 0, then by the inductive hypothesis, we have

LR zZP, = N o k-t —r b jta—1—r =V, f—a+1+b,r].
0<r<j
0<b' <m—r
We apply L to this, using (10.10), i.e
L(k—j—B—=b—-rb,j+a-1—r—b,—a+1+0V,1])
=k—-j—pB-V-1k—-G—-B-b—-r—-1,0+1,j+a-1—-r—b,B—a+1+V, 1]
—(6—&—}—1+b/)[k—j—B—b'—T,b/,j—l—a—r—b’,b’—a—&—b’m]
and (10.31), to obtain

O =(k—j—B-(b-1) -0 —(B—a+1+b)Ce™

=(k—j—B-b+ 1A B —(B—a+1+0)(+a—b—r)AS B

Since Agf’ﬂ) # 0, we may divide the above by it, to obtain
By =(k—j—f—b+1=mbB" " — (B —a+1+0)(+a—b-r)B "7,

i.e., (10.30), which completes the induction.

Finally, we show that the formula (10.29) for Béf"ﬁ ) involving a 3F5 hypergeometric series holds, i.e., it
satisfies the recurrence. This we do by induction on a. The case o = 0 is immediate, and the inductive step
follows from the contiguous relation

—n,a,c 1—n,a+1,c+1
(de)gFg( e ;1):(a+c—d—e+1—n)(—a)3F2< P ;1)

1—n,a,c+1
—(e—a)a—d)sPr( 7% ),

for hypergeometric functions, for the choice
n=a a=-b c=k—-2j—a+1, d=r—j—a, e=pf+1—a O

The recurrence relation (10.30) was determined first. It suggests that (b, 3) — Bgr’ﬁ is a polynomial of
degree 2a, where in fact it has degree «, as is indicated by (10.29). We could not prove formula (10.29)
directly, without recourse to the contiguous relation. To indicate the complexity of such a calculation, we
give the inductive step for a = 1,2

By =(k=j—=B=b+1=r)b—(B+b)(i+1=b=r)=(k=2))b—(j —r+1)3,
BEA) = (k= —B—b+1-mb{(k—2)(b— 1)~ (—r+1)8)
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~ (B 148G +2= b= (k= 2)b— ( — 7+ 1B}
= (G =7+ Da(=B)a + 20k — 27— DB =+ (=) + (5 — 2] — 2a(b — 12,

Example 10.15. For r = j, the hypergeometric series in (10.29) can be summed using the generalised binomial

theorem, or Gauss’s summation for the resulting 5 F7, to obtain

b

. ! , bl
=3 -
o (B2,

(=1)° (=a)u(B =k +25)s
B (B+1—a)

C(a,ﬂ) _ (*1)j (k +2- 2j)j

& i Grzd—1-j), T H AL

For the case j = 0, this further reduces to

(=1)® (—a)u(B — K)o
b! B+1—a) ’

Cio™” = (k= B+ 1)s(~B)a
and we recover the Lemma 8.2 as the particular case j =0 and d = 1.
The case a >  can easily be obtained in a similar way to Theorem 10.14.
Theorem 10.16. For 0 < o, 8 <k —2j, 0<j < &, let
m:=min{j+a,k—j—0,j+8,k—j—a}, ¢ := min{«, 8}.
Then we have

LO‘RBZ,ik_)Qj: Z C’éf’ﬁ)[k—j—l—c—a—ﬂ—b—r,a—c—i—b,j—i—c—b—r,ﬁ—c—l—b,r],

0<r<j
0<b<m—r

where and Céf’ﬂ) = Aéi"ﬁ)Béf’ﬁ) is given by (10.28) and (10.29) for o < B, and by
(.B) . 4(Ba) (e.8) ._ p(Be)
AT =AY By =By, az=p.
For B > «, the constant Blgfﬁ) can be calculated from Béf’o) := 1 and the recurrence

B = (k—j—a—b+1-mbB " —(a—B+1+b)(j+B—b—r)B’ Y.

(10.32)

(10.33)

Proof. In light of Theorem 10.14, we need only consider the case > (. It follows from (10.30) that
Béf’ﬁ) = Béf’a), a > 3, satisfies (10.33). The formula (10.32) can be proved as in Theorem 10.14, using

induction on S and by applying R to B(S,Of’ﬁ_l)- 0

We now consider an alternative formula for the zonal polynomial of (10.18), i.e.,

(k )" (k+2—5—1), ,
P = —
o b+§;=j blelrl (k+2d =1 —7), h=j=b=rbebr

where
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[k —j—=b=mrbebr] =27 " Twim w2 4 jullT = w2+ ol

By the binomial identity, we have

j . .
(k) _ (—1) (k +2—j— T)r k—2j . n2r 1 (b + C)! 2c 2b
ETED D R sy i s LR L (j—r)!b+Z AR

r=0 ' ) c=j—r

j , ,
_ k—2j (=D)" (k+2—j—7) Conor L 2 2yj—r
This has the structural form
PE, = A H (| + jull?, |2 + [w?), (10.34)

where F' is a homogeneous polynomial of degree j with real coefficients. An elementary calculation shows
that the polynomial

(2 + jw, e1) > = |z1* + w1 | = 2171 + wiw1
is in the kernel of R, R*, L and L*, e
R(z171 +wiwy) = Wiz — z1wr = 0.
Hence, by (3.7), all polynomials of the form
g=G(xn1Z1 + w1, -+ , 24Zd + W), (10.35)
which include ||z + jw||? and |21|? + |w1|?, are in the kernel of R, R*, L and L*, and hence
T(fg) =T(f)g+ [T(9)=T(f)g, T=RR",LL" (10.36)
Applying this to (10.34) gives the following.
Theorem 10.17. Let ¢’ = e1. Ford >2,0< j < g, the zonal polynomials of Theorem 10.8 are given by
LRPPY, = L°RP(:{")F,  0<a,<k-2j, (10.37)

where F = F(||z + jw||?,|21]* + |w1|?) does not depend on o and 3, and is given by

F= il Jj—s)
(k+2d—1—] le 2]+2)s S!||z+3w|| (Jz1]? + |w1]?)
(—1)7 25 p(k—2j+1,2d—3) |z1]2 + w2
- P! : (1 - 27), 10.38
Fr2d—1—g), =TI o+ jul? 1059

. (k—2j+1,2d—3)
with Pj

a Jacobi polynomial.
Proof. Since the function F' of (10.34) is of the form (10.35), we may apply (10.36) repeatedly, to obtain

L*ROPY,; = LR (™) F (|l + juwl, ] + ),
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where F' does not depend on a and (3, and is given by

Py LD (kt2—j ), 1 »
F=—"2 — 2+ jwl|*" — 2112 + |wq|?)7 T
T X ot b Gl )
By making the change of variables s = j — r, we obtain
_ (1) (k -2 +2); Z —2J+2d 1+j)s 1 120=8) ([ |2 2\5
~ (k+2d—1—j);j! —2j+2) s!”ZJr‘]w” (1 e )

_ k=242, Hw“zji(—j)s(k‘?j“d—1+J’>sl(|Z1l2+'w1'2)s,

T k+2d—1-j),) 2 (k—2j +2), Iz + juwl

so that F' can be expressed in terms of a Jacobi polynomial, i.e.

_ (—1)
F=tra—i—,

iy ) i o(k—2j+1,2d—3 |z1|” + Jw: |?
Iz + jool 7 P (1- W)

The formula (10.38) for the zonal polynomial (reproducing kernel) P,gk)2 ;= Z1 %I F, involving the Jacobi

polynomial, appears in [9] (Theorem 8). An explicit formula for the factor L*R” (2} b %7 is given by the
formula (8.3) for the univariate case (replace z by z1, etc).

By writing the zonal polynomials in the form (10.37), the squares in the table/schematic for the zonal
polynomials (see Fig. 1) become essentially those for the univariate cases Harmy_o;(H, C), as depicted in
(8.2).

11. Symmetries
The polynomials L* R” Pég y and the spaces H. ,Ea’ﬁ ) (H?) have certain natural symmetries that correspond
to the symmetries of the square (see the array in Example 10.7).

Let the permutation group Sym(4) act on functions of four variables in the natural way, i.e.,

o- fz1, 22,23, 24) = f(ZTo1, To2, To3, Tod),

and hence on functions f(z,w,z,w) € Homy(H? C). There is a subgroup G of Sym(4) which maps
Harmy, (H?, C) to itself, which is generated by the permutations

=(24), 7:=(14)(23). (11.1)
This group is the dihedral group of symmetries of the square
Dy = (a,bla* = b* = (ba)? = 1), a=or, b=o,
and hence has order eight. By considering the action on monomials, one obtains
o-H*P W, c)=HP W, c), - H>@®!,C)=H** P WH, ), (11.2)
and so G permutes the subspaces H,ia’b)(Hd, C), where

(a7b) € {(0‘7/8)’(0‘7]{: _ﬁ)’(k_avﬁ)’(k_avk —6),(5,0&),(ﬂ,k‘—0&— k)v(k - 5705)7(]{ _ﬁ7k_a)}7
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via the action on the indices given by

o (o, ) = (B,a), 7 (a, ) := (a, k = B).

It clear from Lemma 7.4 that these subspaces do indeed have the same dimension. The number of subspaces
above can be 1,2, 4,8, depending on the position of the index (a, 3) in the square array {0,1,...,k}2. The
corresponding symmetries of the zonal polynomials

L*RPPY, e BEPP@IC),  0<a,8,< k-2, (11.3)
are as follows.

Lemma 11.1. (Eight symmetries) The zonal polynomials (LO‘RBP,&)%)OSQ,[;’S;C_QJ- have the following basic
symmetries corresponding to the o and T of (11.1)

LRPPY, (z,w,2,@) = L°R*P", (2,w,Z,w) (o)

= casL°R¥"H70P, (w,z,w,2) (1), (11.4)

where ¢ g s a constant. The identities for the remaining nontrivial elements of G are

LRPPY, (2w, %, @)
= ca’ﬁLk_%_BRO‘P,&)Qj (W, z,w,Z) (o)
=csol’RF%70PP, (0,z,w,2) (o)
= CB}aLk_Qj_"‘RﬁP,g’i)Qj(w, 2,0, Z) (oT0)

= CagChzj-pal’ U PRUPM, (z w2 @) (ro7)

k)

= ca’ﬁck,gj,ﬁ,aLk_Qj_aRk_Qj_ﬁZ,g_Qj(E,E,z,w) (ocToT). (11.5)

Proof. The permutations o and 7 map zonal polynomials to zonal polynomials, and so, in light of (11.2)
and (11.3), we obtain (11.4). This could also be established, with values of the constants, from the formulas
for L*RS P,gli)Qj given in Theorem 10.14, or by using identities such as

U(Rf):Lf7 U(Lf):Rfa T(Rf):R*f, T(Lf):_Lfa
together with Lemma 5.5. 0O

The formulas in Lemma 11.1 for P,Sﬁ)%a,b = La*ij’jPlggj, a=a—7j,8=b—j, donot have a simple
formula for the constants, as the normalisation of L*R? P,gz ;s biased towards the (starting) polynomial

Pk(:]i)2j e H ,gj 7 )(Hd, C), which corresponds to a corner of the array of indices. For k even, one could start
with the “centre” polynomial

ok kk
Ci,y, = P;ili)%%,% =L IRIIRY, € Hy> 2 (H,C),

to obtain zonal polynomials

Lmax{a,gfj}(L*)max{gfjfa,O}Rmax{B,g7j}(R*)max{gfjfﬁ,o}clg’i)zj.
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By using Lemma 5.5, these can be written as

(@.8) ._ Ma! Mgl 5,
Pk = o g BT Py,

where
M, = max{a, k — 2j — a}, Mp := max{f,k — 2j — a}.
The ¢ and 7 symmetries of Lemma 11.1 then become
P50 (2 0,2, @) = P, (2, 2w) (o)
a plok—2j—8) /— —
= ()P @ s w, ) (). (11.6)

12. The fine scale decomposition for left and right multiplication by H*

By taking the intersection of the decomposition into irreducibles for right multiplication by H* (Theo-
rem 9.1) with the corresponding one for left multiplication, we obtain the following decomposition into low

dimensional subspaces. All of our decompositions, and others, can be built up from this.

Theorem 12.1. (Fine scale decomposition) Let

o

VI (HY) .= ker L* Nker R* N HIY(HY),  0< j1,js < =

[\)

Then for d > 2, we have the orthogonal direct sum

min{j1,j2}
HOmk(Hd, C) = @ @ @ || . ||2iLafj1Rb*j2 Vk(ilgzhh_l)(Hd), (121)
0<j1,j2<% j1<ask—j i=0
J2<b<k—js

and in particular

Harm;(H%,C) = P @ LRV (HY), (12.2)
0<j1,42<% J1Sa<k—j1
J2<b<k—j2

where
dim(Laijl Rbfjgvk(jl’jz)(Hd)) _ dim(Vk(jI’jZ)(Hd)).
Proof. We note that for j < g, j <k—j,so that min{j,k — j} = j, and

J
Homy (k —j,5) = @ |- 1*H(k - j —i,5 —i). (12.3)
=0

|2 commutes with the action of

We observe that Lemma 10.4 implies multiplication of polynomials by || -
R,L,R*,L*. Thus from (12.3), we obtain
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Hompg (k — j, j)k—2;j := ker R* N Hompg (k — j, j)

J
=@ I1*ker R N H(k —j —i,j — 1)),

=0

so that Lemma 6.5 gives the orthogonal direct sum decomposition

Homy, (H?, C) @ @ @H IRV (ker R* NH(k — j —i,j —1)).

0§]§k3<b<k 7 1=0

Similarly, we obtain the orthogonal direct sum decomposition

Hom,, (H¢, C) @ @ @H 1L (ker L* N K (k — j — i, —1)).

0<j<& j<a<k—j i=0
Thus Homy (H?, C) is an orthogonal direct sum of subspaces
|- [P L7 (ker L* N K (k — 1 — i1, 51 — i1)) O || - [|*2 RV 772 (ker R* N H(k — jo — 2, jo — i2)).

In view of the uniqueness of the Fischer decomposition, these can be nonzero only if i1 = is = i < min{j, j2}.
Since L, R and || - ||> commute, the intersection above can be written

| - |* L9 R*=92 (ker L* Nker R* N K (k — j1 — i1, j1 — i1)) N H(k — jo — 2, jo — 42)),
which gives (12.1), with the ¢ = 0 terms giving (12.2). The dimension formula follows from Lemma 6.4 O
Theorem 12.1 also holds for d = 1, in a degenerate way, with
VIYD(H) =0, (j1,42) # (0,0).

Corollary 12.2. The decomposition of zonal polynomials for Z = U(H),, ¢ = 2’ € C%, corresponding to

(12.2) is
o b z
Harmyi (HY,C)2 = @ P (LRI M), (12.4)
OSJSk]<ab<k 7
where

dim(L*~ RV -IVID () = 1.
Moreover, we have

H™ M) = @ LRy (), (12.5)
0<j1<mi)
0<jo<m{™

Proof. The decomposition (12.4) is given in Theorem 10.8, and the decomposition (12.5) follows from (12.2)
by grouping the terms L%/t Rb=72 Vk(ﬁ’”)(Hd) € H,ga’b)(Hd). O

The dimension of V" (H) is as follows (see [21]).
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Lemma 12.3. For 0 < a,b < E  we have that

— 27

dim (V" (H?)) = F(k,m, M, d) + F(k,m —1,M —1,d)

— F(kym —1,M,d) — F(k,m, M —1,d), (12.6)
where F is given by (7.10), and m = min{a, b}, M = max{a,b}. In particular,
dim (V" (H?)) = (m + 1)(k — 2M + 1).

The zonal polynomials in Vk(a’b) (H)Ya 4s given by

1, a=b
dim(V{*P (HYV) = 7 7Y
0, a#b.

For d > 2, it follows from Lemma 12.3 that all the summands in (12.1) and (12.2) are nontrivial.

Example 12.4. We have

-1
VPO ) = B (HY) = span{z : |a| = k}, dim<v,§0’0><Hd>>=(k§d1 )

For k=2,d=2, VQ(O’O) (H?) = span{z?, z1 20, 25}, and
V"V (H?) = span{zw3 — 20wi}, V3 (H?) = span{ziws — zpwn},
ViU (H2) = span{zi21 + wi W7 — 2975 — woWz, 217 + 22 + wiW3 + Wiws).

Here we can see explicitly, that the zonal polynomials for Z = U(H?),, are given by

V"7 = spanfzf), VPV =0, V()T =0,

VRV ()7 = span{2(2171 + wim) — | (2, w) [*}.
The decomposition of (12.4) involves subspaces of dimensions 3 (nine), 2 (one) and 1 (six), with
dim(Harmy(H?) =9-34+1-2+6-1 = 35.

13. Conclusion

The fine scale decomposition of Theorem 12.1 refines all the decompositions of the harmonic polynomials
Harmy (H?, C) under the action of a group G' C U(R*?) that we have given or described. These can be
summarised as follows:
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U(R4) (a single irreducible) [1]
U((é%) (the spaces H(k —b,b)) [18], [11], [22], [8]
U (HY) |X U (H) (Theorem 9.3) [23], [3]
U(]l&ld) (Theorem 9.2) [6], [4]
U(|H) (Theorem 9.1) [6]
l (a single homogeneous component).

Here the action of U(H?) x U(H) = Sp(d) x Sp(1), and similar products, is not faithful, since the real
unitary scalar matrix —I belongs to U(H¢) and U(H), where it has the same action. One can naturally
obtain irreducible decompositions by applying the given group to components of the fine scale decomposition.
For example, we have the following.

Corollary 13.1. Let d > 2. For the action given by left and right multiplication by H* = Sp(1), i.e., the
group G = Sp(1) x Sp(1), we have the following orthogonal direct sum of homogeneous components

Harmk(Hd, (C) — @ { @ e~ Rb*]évk(jl,jz)(Hd)} — @ I(Wk—2j17k_2j2)(k)

0<jrga<y DSeshoi 0<j1.2< %
= B dimVHD)  Wiaj, ks, (13.1)
0<j1.j2<%
for the irreducibles
Wi—ajy —2ja = spang {L RV f} ) cocyr, f#0, fe VI (MY, (13.2)
j2<b<k—ja

Proof. The orthogonal direct sums in (13.1) are immediate, and the I(Wy_s;, 1—2;,)"*) defined is a sum of
the subspaces in (13.2). It is easily seen from Theorem 9.1, and its analogue for L, that these subspaces,
ie.,

spanc{L* R’ f}o<a<i—2j,, [f#0, f€ Vk(jhj?)(Hd)a
0<B<k—2j2

are invariant under left and right multiplication by H*, that the action is irreducible, and they are isomorphic
CG-modules. O

There has be recent work on the H-valued slice regular functions on H¢, e.g., [13], but it is not clear
whether our results could be adapted here, as their definition is involved and the theory of H-modules is
far less developed that of C-modules.

Finally, we observe that the central idea underlying our development is the Lie correspondence of
Lemma 3.8, which allows us to replace invariance under the continuous group H* (or Sp(1)) by invari-
ance under the finite set of operators {R, R*}. The same development can be applied directly to (a left
action) of the simply connected matrix Lie group Sp(n) = U(H?), see, e.g., [4].
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