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Abstract The prototypical example of a tight frame: theMercedes–Benz framecan
be obtained as the orbit of a single vector under the action ofthe group generated
by rotation by2π

3 , or the dihedral group of symmetries of the triangle. Many frames
used in applications are constructed in this way, often as the orbit of a single vector
(akin to a mother wavelet). Most notable are theharmonic frames(finite abelian
groups) used in signal analysis, and the equiangularHeisenberg frames, or SIC-
POVMs, (discrete Heisenberg group) used in quantum information theory. Other
examples include tight frames of multivariate orthogonal polynomials sharing sym-
metries of the weight function, and thehighly symmetric tight frameswhich can be
viewed as the vertices of highly regular polytopes. We will describe the basic the-
ory of suchgroup frames, and some of the constructions that have been found so far.
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1 The symmetries of a frame (its dual and complement)

Thesymmetriesof the Mercedes–Benz frame

are those rotations and reflections (unitary maps) which permute its vectors. We now
formalise this idea, with the key features of thesymmetry group(see [19] for full
proofs) being:

• It is defined forall finite frames as a group of permutations on the index set.
• It is simple to calculate from the Gramian of the canonical tight frame.
• The symmetry groups of similar frames are equal. In particular, a frame, its dual

frame and canonical tight frame have the same symmetry group.
• The symmetry group of various combinations of frames, such as tensor products

and direct sums, are related to those of the constituent frames in a natural way.
• The symmetry group of a frame and its complementary frame areequal.

Let SM be the (symmetric group of) permutations on{1,2, . . . ,M}, and GL(H )
be the (general linear group of) linear mapsH → H .

Definition 1. Thesymmetry group of a finite frameΦ = (ϕ j)
M
j=1 for H = F

N is

Sym(Φ) := {σ ∈ SM : ∃Lσ ∈ GL(H ) with Lσ ϕ j = ϕσ j , j = 1, . . . ,M}.

Let Φcan denote the canonical tight frame(ΦΦ∗)−1/2Φ of Φ .

Theorem 1. If Φ andΨ are similar frames, i.e.,Φ = QΨ , Q ∈ GL(H ), or are
complementary frames, i.e., GΦcan+GΨcan = Id, then

Sym(Ψ) = Sym(Φ).

In particular, a frame, its dual frame and its canonical tight frame have the same
symmetry group.

Proof. It suffices to show one inclusion. Supposeσ ∈ Sym(Φ), i.e., Lσ ϕ j = ϕσ j ,
∀ j. Sinceϕ j = Qψ j , this givesQ−1Lσ Qψ j = ψσ j , ∀ j, i.e.,σ ∈ Sym(Ψ). ⊓⊔
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Example 1.Let Φ be the Mercedes–Benz frame. Since its vectors add to zero,
Ψ = ([1], [1], [1]) is the complementary frame forR. Clearly, Sym(Ψ) = S3, and so
Sym(Φ) = S3 (which is isomorphic to the dihedral group of triangular symmetries).

Since a finite frameΦ is determined up to similarity byGΦcan, the Gramian of the
canonical tight frame, it is possible to compute Sym(Φ) from GΦcan. This is most
easily done as follows:

Proposition 1. Let Φ be a finite frame. Then

σ ∈ Sym(Φ) ⇐⇒ P∗
σ GΦcanPσ = GΦcan,

where Pσ is the permutation matrix given by Pσ ej = eσ j .

Since Sym(Φ) is a subgroup ofSM, it follows there aremaximally symmetric
frames ofM vectors inF

N, i.e., those with the largest possible symmetry groups.

Example 2.The M equally spaced vectors inR2 have the dihedral group of order
2M as symmetries. This is not always the most symmetric frame ofM vectors in
C

2, e.g., ifM is even, the (harmonic) tight frame given by theM distinct vectors

{

(

1
1

)

,

(

ω
−ω

)

,

(

ω2

ω2

)

,

(

ω3

−ω3

)

,

(

ω4

ω4

)

, . . .

(

ωM−2

ωM−2

)

,

(

ωM−1

−ωM−1

)

}

, ω := e
2π i
M

has a symmetry group of order1
2M2 (see [10] for details).

Example 3.The most symmetric tight frames of 5 vectors inR
3 are as follows

Fig. 1 The most symmetric tight frames of five distinct nonzero vectors inR
3. The vertices of the

trigonal bipyramid (12 symmetries), five equally spaced vectors lifted (10 symmetries), and four
equally spaced vectors and one orthogonal (8 symmetries).

The symmetry group of a combination of frames behaves as one would expect:

Proposition 2. The symmetry groups of a finite frame satisfy

1. Sym(Φ)×Sym(Ψ) ⊂ Sym(Φ ∪Ψ) (union of frames)
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2. Sym(Φ)×Sym(Ψ) ⊂ Sym(Φ ⊗Ψ) (tensor product)
3. Sym(Φ)∩Sym(Ψ) ⊂ Sym(Φ ⊕Ψ) (direct sum)

Here

Φ ∪Ψ :=
(

(

ϕ j

0

)

,

(

0
ψk

)

)

, Φ ⊗Ψ = (ϕ j ⊗ψk),

Φ ⊕Ψ :=
(

(

ϕ j

ψk

)

)

, where∑ j〈 f ,ϕ j〉ψ j = 0,∀ f .

Since linear maps are determined by their action on a spanning set, it follows that
if σ ∈ Sym(Φ), then there is a uniqueLσ ∈ GL(H ) with Lσ f j = fσ j , ∀ j. Further,

Sym(Φ) → GL(H ) : σ 7→ Lσ (1)

is a group homomorphism, i.e., arepresentationof G = Sym(Φ). If the symmetry
group acts transitively onΦ under this action, i.e.,Φ is the orbit of any one vector,
e.g., the Mercedes–Benz frame, then we have what is called aG–frame.

2 Representations andG–frames

The Mercedes–Benz frame is the orbit under its symmetry group of a single vector.
Formally, the symmetry group is a group of permutations (an abstract group) which
acts as unitary transformations. This is a fundamental notion in abstract algebra:

Definition 2. A representationof a finite groupG is a group homomorphism

ρ : G 7→ GL(H ),

i.e., a linear action ofG onH = F
N, usually abbreviatedgv= ρ(g)v, v∈ H .

Representations are a convenient way to study groups which appear as linear
transformations, whilst being able to appeal to abstract group theory (cf. [12]).

Example 4.If Φ is a frame, then we have already observed that the action of
Sym(Φ) on H given by (1) is a representation. IfΦ is tight, then this action is
unitary. We will build this into our definition of agroup frame.

Definition 3. Let G be finite group. Agroup frame or G–frame for H is a frame
Φ = (ϕg)g∈G for which there exists a unitary representationρ : G→ U (H ) with

gϕh := ρ(g)ϕh = ϕgh, ∀g,h∈ G.

This definition implies that aG–frameΦ is the orbit of a single vectorv∈ H , i.e.,

Φ = (gv)g∈G,

and so is anequal–normframe.
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Example 5.An early example of group frames is the vertices of theregular M–gon
or theplatonic solids. These were some of the first examples of frames considered
(see [3]). Thehighly symmetric tight frames(see§7) are a variation on this theme.

Fig. 2 The vertices of the platonic solids are examples of group frames.

In the remaining sections, we outline the basic properties and constructions for
G–frames. In particular, we will see:

• There is afinite number ofG–frames ofM vectors inF
N for abelian groupsG.

These are known asharmonic frames(see§5)
• There is aninfinite number ofG–frames ofM vectors inF

N for nonabelianG.
Most notably, theHeisenberg frames(see§9) of M = N2 vectors inC

N, which
provide equiangular tight frames with the maximal number ofvectors.

3 Group matrices and the Gramian of aG–frame

Since the representation defining aG–frame is unitary, i.e.,

ρ(g)∗ = ρ(g)−1 = ρ(g−1), so thatg−1v = g∗v,

the Gramian of aG–frameΦ = (ϕg)g∈G = (gv)g∈G has a special form:

〈ϕg,ϕh〉 = 〈gv,hv〉 = 〈v,g∗hv〉 = 〈v,g−1hv〉 = η(g−1h), whereη : G→ F.

Thus the Gramian of aG–frame is agroup matrix or G–matrix , i.e., a matrixA,
with entries indexed by elements of a groupG, which has the form

A = [η(g−1h)]g,h∈G.

One important consequence of the fact the Gramian of aG–frame is a group matrix
is that it has a small number of angles:{η(g) : g ∈ G}, which makes them good
candidates for equiangular tight frames (see§9). We have the characterisation ([18]):

Theorem 2.Let G be a finite group. ThenΦ = (ϕg)g∈G is a G–frame (for its span
H ) if and only if its Gramian GΦ is a G–matrix.
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Proof. If Φ is aG–frame, then we observed that its Gramian is aG–matrix.
Conversely, suppose that the Gramian of a frameΦ for H is a G–matrix. Let

Φ̃ = (φ̃g)g∈G be the dual frame, so that

f = ∑
g∈G

〈 f , φ̃g〉φg, ∀ f ∈ H . (2)

For eachg∈ G, define a linear operatorUg : H → H by

Ug( f ) := ∑
h1∈G

〈 f , φ̃h1〉φgh1, ∀ f ∈ H .

Since Gram(Φ) = [〈φh,φg〉]g,h∈G is aG–matrix, we have

〈φgh1,φgh2〉 = ν((gh2)
−1gh1) = ν(h−1

2 h1) = 〈φh1,φh2〉. (3)

It follows from (2) and (3) thatUg is unitary by the calculation

〈Ug( f1),Ug( f2)〉 = 〈 ∑
h1∈G

〈 f1, φ̃h1〉φgh1, ∑
h2∈G

〈 f2, φ̃h2〉φgh2〉

= ∑
h1∈G

∑
h2∈G

〈 f1, φ̃h1〉〈 f2, φ̃h2〉〈φgh1,φgh2〉

= ∑
h1∈G

∑
h2∈G

〈 f1, φ̃h1〉〈 f2, φ̃h2〉〈φh1,φh2〉

= 〈 ∑
h1∈G

〈 f1, φ̃h1〉φh1, ∑
h2∈G

〈 f2, φ̃h2〉φh2〉 = 〈 f1, f2〉.

Similarly, we have

Ugφh = ∑
h1∈G

〈φh, φ̃h1〉φgh1 = ∑
h1∈G

〈φgh, φ̃gh1〉φgh1 = φgh.

This impliesρ : G→ U (H ) : g 7→Ug is a group homomorphism, since

Ug1g2φh = φg1g2h = Ug1φg2h = Ug1Ug2φh, H = span{φh}h∈G.

Thusρ is a representation ofG with

ρ(g)φh = φgh, ∀g,h∈ G,

i.e.,Φ is aG–frame forH . ⊓⊔
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4 The characterisation of all tight G–frames

A complete characterisation of whichG–frames are tight, i.e., which orbits(gv)g∈G

under a unitary action ofG give a tight frame, was given in [17]. Before stating the
general theorem, we give a special case with an instructive proof.

Theorem 3.Let ρ : G→ U (H ) be a unitary representation, which is irreducible,
i.e.,

span{gv : g∈ G} = H , ∀v∈ H ,v 6= 0.

Then every orbitΦ = (gv)g∈G, v 6= 0 is a tight frame.

Proof. Let v 6= 0, so thatΦ = (gv)g∈G is a frame. Recall the frame operatorSΦ is
positive definite, so there is an eigenvalueλ > 0 with corresponding eigenvectorw.
Since the action is unitary, we calculate

SΦ(gw) = ∑
h∈G

〈gw,hv〉hv= g ∑
h∈G

〈w,g−1hv〉g−1hv= gSΦ(w) = λ (gw),

so thatSΦ = λ (Id) on span{gw : g∈ G} = H , i.e.,Φ is tight. ⊓⊔

Example 6.The symmetry groups of the five platonic solids acting onR
3 as unitary

transformations give irreducible representations, as do the dihedral groups acting on
R

2. Thus the vertices of the platonic solids and theM equally spaced vectors inR2

are tightG–frames.

For a given representation, if there exists aG–frameΦ = (gv)g∈G, i.e., span{gv :
g∈ G}= H , then the canonical tight frame is a tightG–frame. To describe all such
tight G–frames, we need a little more terminology.

Definition 4. Let G be a finite group. We sayH is an FG–module if there is a
unitary action(g,v) 7→ gvof G onH , i.e., a representationG→ U (H ).

A linear mapσ :Vj →Vk betweenFG–modules is said to be anFG–homomorphism
if σg= gσ , ∀g∈ G, and anFG–isomorphism if σ is a bijection. AnFG–module is
irreducible if the corresponding representation is, and it isabsolutely irreducible
if it is irreducible when thought of as aCG–module in the natural way.

We can now generalise Theorem 3.

Theorem 4.Let G be a finite group which acts onH as unitary transformations,
and

H = V1⊕V2⊕·· ·⊕Vm

be an orthogonal direct sum of irreducibleFG–modules for which repeated sum-
mands are absolutely irreducible. ThenΦ = (gv)g∈G, v= v1 + · · ·+vm, vj ∈Vj is a
tight G–frame if and only if

‖v j‖2

‖vk‖2 =
dim(Vj)

dim(Vk)
, ∀ j,k,
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and 〈σv j ,vk〉 = 0 when Vj is FG–isomorphic to Vk via σ : Vj → Vk. By Schur’s
Lemma there is at most oneσ to check.

This result is readily applied, indeed if there isG–frame, then there is a tight one:

Proposition 3. Let G be a finite group which acts onH as unitary transformations.
If there is a v∈ H for which (gv)g∈G is frame, i.e., spansH , then the associated
canonical tight frame is a tight G–frame forH .

This can be used as an alternative way to construct tightG–frames, but requires
calculation of the square root of the frame operator.

Example 7.One situation where Theorem 4 applies is to orthogonal polynomials
of several variables for a weight function with some symmetriesG, e.g., the inner
product on bivariate polynomials given by integration overa triangle. By analogy
with the univariate orthogonal polynomials, the orthogonal polynomials of degree
k in N variables are those polynomials of degreek which are orthogonal to all the
polynomials of degree< k. It is natural to seek aG–invariant tight frame for this
space of dimension

(k+N−1
N−1

)

. Using Theorem 4,G–invariant tight frames with one
orbit, i.e.,G–frames, can be constructed, e.g., [17] gives an orthonormal basis for
the quadratic orthogonal polynomials on the triangle (withconstant weight), which
is invariant under the action of the dihedral group of symmetries of the triangle.

Example 8.For G abelian, all irreducible representations are one dimensional, and
it follows that there are only finitely many tightG–frames which can be constructed
from these so called “characters”. We discuss the resultingharmonic framesnext.

5 Harmonic frames

TheM×M Fourier matrix

1√
M















1 1 1 · · · 1
1 ω ω2 · · · ωM−1

1 ω2 ω4 · · · ω2(M−1)

...
...

...
...

1 ωM−1 ω2(M−1) · · · ω(M−1)(M−1)















, ω := e
2π i
M (4)

is a unitary matrix, and so its columns (or rows) form an orthonormal basis forCM.
Since the projection of an orthonormal basis is a tight frame, an equal norm

tight frame forCM can be obtained as the columns of any submatrix obtained by
taking N rows of the Fourier transform matrix. Tight frames of this type are the
most commonly used in applications, due to their simplicityof construction and
flexibility (various choices for the rows can be made). They date back at least to [9],
early applications include [8], [11], and have been calledharmonicor geometrically
uniform tight frames. They provide a nice example of unit–norm tight frames:
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Proposition 4. Equal–norm tight frames of M≥ N vectors inCN exist. Indeed, har-
monic ones can be constructed by taking any N rows of the Fourier matrix (4).

For G an abelian group, the irreducible representations are 1–dimensional, and
are usually called (linear) characters ξ : G → C. If G = ZM, the cyclic group of
orderM, then theM characters are

ξ j : k 7→ (ω j)k, j ∈ ZM,

i.e.. the rows (or columns) of the Fourier matrix (4). Thus itfollows from Theorem
4, that allZM–frames forCN are obtained by takingN rows (or columns) of the
Fourier transform matrix. We now present the general form ofthis result.

Let G be a finite abelian group of orderM, andĜ be thecharacter group, i.e.,
the set ofM characters ofG which forms a group under pointwise multiplication.
The groupsG andĜ are isomorphic, which is easily seen forG = ZM, though not
in a canonical way. Thecharacter table of G is the table with rows given by the
characters ofG. Thus the Fourier matrix is, up to a normalising factor, the character
table of ZM, and takingN rows corresponds to takingn characters, or takingN
columns corresponds to restricting the characters toN elements ofZM.

Definition 5. Let G be a finite abelian group of orderM. We call theG–frame for
C

N obtained by takingN rows or columns of the character table ofG, i.e.,

Φ =
(

(ξ j(g)
)

)N
j=1)g∈G, ξ1, . . . ,ξN ∈ Ĝ,

or Φ =
(

(ξ (g j)
)

)N
j=1)ξ∈Ĝ, g1, . . . ,gN ∈ G,

aharmonic frame.

It is easy to verify that the frames given in this definition are G andĜ frames,
respectively. We now characterise theG–frames forG abelian (see [17] for details).

Theorem 5.Let Φ be an equal–norm finite tight frame forC
N. Then the following

are equivalent:

1. Φ is a G–frame, where G is an abelian group.
2. Φ is harmonic (obtained from the character table of G).

Since there is afinitenumber of abelian groups of orderM, we conclude:

Corollary 1. Fix M ≥ N. There is a finite number of tight frames of M vectors for
C

N (up to unitary equivalence) which are given by the orbit of anabelian group of
N×N matrices, namely the harmonic frames.

Example 9.Taking the second and last rows of (4) gives the following harmonic
frame forC2

Φ = (

[

1
1

]

,

[

ω
ω̄

]

,

[

ω2

ω̄2

]

, . . . ,

[

ωM−1

ω̄M−1

]

).

This is unitarily equivalent to theM equally spaced unit vectors inR2, via
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U :=
1√
2

[

1 1
−i i

]

,
1√
2

U

[

ω j

ω j

]

=

[

cos2π j
n

sin2π j
n

]

, ∀ j.

By taking rows in complex conjugate pairs, as in the example above, and the row
of 1’s whenN is odd, we get:

Corollary 2. There exists a real harmonic frame of M≥ N vectors forRN.

Example 10.The smallest noncyclic abelian group isZ2 ×Z2. Its character table
can be calculated as theKronecker productof that forZ2 with itself, giving

[

1 1
1 −1

]

⊗
[

1 1
1 −1

]

=









1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1









.

Taking any pair of the last three rows gives the harmonic frame

{
[

1
1

]

,

[

−1
1

]

,

[

−1
−1

]

,

[

1
−1

]

},

of four equally spaced vectors inR2, which is also given byZ4 (see Ex. 9). Taking
the first row and any other gives two copies of an orthogonal basis.

Thus, harmonic frames may be given by the character tables ofdifferent abelian
groups; frames which arise from cyclic groups are calledcyclic harmonic frames.
There exist harmonic frames ofM vectors which arenot cyclic. These seem to be
common (see Table 1 for when noncyclic abelian groups of order M exist).

Table 1 The numbers of inequivalentnoncyclic,cyclic harmonic frames ofM ≤ 35 distinct vectors
for C

N, N = 2,3,4 when a nonabelian group of orderM exists.

N = 2 N = 3 N = 4
M non cyc total
4 0 3 3
8 1 7 8
9 1 6 7

12 2 13 15
16 4 13 17
18 2 18 20
20 3 19 22
24 6 27 33
25 1 15 16
27 3 18 21
28 4 25 29
32 9 25 34

M non cyc total
4 0 3 3
8 5 16 21
9 3 15 18

12 11 57 68
16 28 74 102
18 19 121 140
20 29 137 166
24 89 241 330
25 8 115 123
27 33 159 192
28 57 255 312
32 158 278 436

M non cyc total
4 0 1 1
8 8 21 29
9 5 23 28

12 30 141 171
16 139 228 367
18 80 494 574
20 154 622 776
24 604 1349 1953
25 37 636 673
27 202 973 1175
28 443 1697 2140
32 1379 2152 3531

The calculations in Table 1 come from [10]. Even more efficient algorithms for
calculating the numbers of harmonic frames (up to unitary equivalence) can be based
on the following result (see [5] for full details).



Group frames 11

Definition 6. We say that subsetsJ andK of a finite groupG aremultiplicatively
equivalent if there is an automorphismσ : G→ G for whichK = σ(J).

Definition 7. We say that twoG–framesΦ andΨ areunitarily equivalent via an
automorphism if

ϕg = cUψσg, ∀g∈ G,

wherec > 0,U is unitary, andσ : G→ G is an automorphism.

Theorem 6.Let G be a finite abelian group, J,K ⊂ G. The following are equivalent

1. The subsets J and K are multiplicatively equivalent.
2. The harmonic frames given by J, K are unitarily equivalentvia an automorphism.

To make effective use of this result, it is convenient to have:

Theorem 7. ([5]) Let G be an abelian group of order M, andΦ = ΦJ = (ξ |J)ξ∈Ĝ

be the harmonic frame of M vectors forC
N given by J⊂ G, where|J| = N. Then

• Φ has distinct vectors if and only if J generates G.
• Φ is a real frame if and only if J is closed under taking inverses.
• Φ is a lifted frame if and only if the identity is an element of J.

Example 11. Seven vectors inC
3. For G = Z7, the seven multiplicative equivalence

classes of subsets of size three have representatives

{1,2,6}, {1,2,3}, {0,1,2}, {0,1,3}, {1,2,5} (class size 6)

{0,1,6} (class size 3) {1,2,4} (class size 2).

Each gives an harmonic frame of distinct vectors (nonzero elements generateG).
None of these are unitarily equivalent since their angles are different (see Fig. 3).

Example 12.For G = Z8 there are 17 multiplicative equivalence classes of subsets
of 3 elements. Only two of these give frames with the same angles, namely

{

{1,2,5},{3,6,7}
}

,
{

{1,5,6},{2,3,7}
}

.

The common angle multiset is

{−1, i, i,−i,−i,−2i −1,2i −1}.

These frames are unitarily equivalent, but not via an automorphism.

Due to examples such as this, there is not a complete description of all harmonic
frames up to unitary equivalence. There is ongoing work to classify the cyclic har-
monic frames. These are the building blocks for all harmonicframes, since abelian
groups are products of cyclic groups, and we have the following (see [19]):
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Fig. 3 The angle sets{〈ϕ0,ϕ j 〉 : j ∈ G, j 6= 0} ⊂ C of the seven inequivalent harmonic frames of
7 vectors inC3. Note one is real, and three are equiangular.

Theorem 8.Harmonic frames can be combined as follows:

• The direct sum of disjoint harmonic frames is a harmonic frame.
• The tensor product of harmonic frames is a harmonic frame.
• The complement of a harmonic frame is a harmonic frame.

6 Equiangular harmonic frames and difference sets

We have seen in Example 11 that there exist harmonic frames which are equiangular.
These are characterised by the existence of adifference setfor an abelian group,
which leads to some infinite families of equiangular tight frames.

Definition 8. An N element subsetJ of a finite groupG of orderM is said to be
an (M,N,λ )–difference setif every nonidentity element ofG can be written as a
differencea−b of two elementsa,b∈ J in exactlyλ ways.

Equiangularharmonic frames are in 1–1 correspondence with difference sets:

Theorem 9. ([20]) Let G be an abelian group of order M. Then the frame of M
vectors forCN obtained by restricting the characters of G to J⊂ G, |J| = N is an
equiangular tight frame if and only if J is an(M,N,λ )–difference set for G.

The parameters of a difference set satisfy
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1≤ λ =
N2−N
M−1

,

and so an equiangular harmonic frame ofM vectors forCN satisfies

M ≤ N2−N+1.

The cyclic case has been used in applications, see, e.g., [21], [13].

Example 13.For G = Z7 three of the seven harmonic frames in Example 11 are
equiangular, i.e., the ones given by the (multiplicativelyinequivalent) difference
sets

{1,2,4}, {1,2,6}, {0,1,3}.
Example 14.TheLa Jolla Difference Set Repository

http://www.ccrwest.org/diffsets/diff_sets/

has numerous examples of difference sets.

7 Highly symmetric tight frames (and finite reflection groups)

For G abelian, we have seen there arefinitely manyG–frames. ForG nonabelian,
there are infinitely many. This follows from Theorem 4, but ismost easily under-
stood by an example. LetG= D3 be the dihedral group of symmetries of the triangle
(|G| = 6), acting onR2, so as to express the Mercedes–Benz frame as the orbit of a
vectorv which is fixed by a reflection. Ifv is not fixed by a reflection, then its orbit
is a tight frame (by Theorem 3), and it is easily seen that infinitely many unitarily
inequivalent tightD3–frames of six distinct vectors forR2 can be obtained in this
way (see Fig. 4).

All is not lost! We now consider two ways in which a finite classof G–frames
can be obtained from a nonabelian (abstract) groupG. The first seeks to identify
the distinguishing feature of the Mercedes–Benz frame amongst the possibilities of
indicated by Fig. 4, and the second (§8) generalises the notion of a harmonic frame.

Motivated by the Mercedes–Benz example:

Definition 9. A finite frameΦ of distinct vectors ishighly symmetric if the action
of its symmetry group Sym(Φ) is irreducible, transitive, and the stabiliser of any
one vector (and hence all) is a nontrivial subgroup which fixes a space of dimension
exactly one.

Example 15.The standard orthonormal basis{e1, . . . ,eN} is not a highly symmetric
tight frame forFN, since its symmetry group fixes the vectore1+ · · ·+eN. However,
the vertices of the regular simplex always are (the Mercedes–Benz frame is the case
N = 2). Since both of these frames are harmonic, we conclude thata harmonic frame
may or may not be highly symmetric. Moreover, for many harmonic frames ofM
vectors the symmetry group has orderM (cf. [10]), which implies that they are not
highly symmetric.
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Fig. 4 Unitarily inequivalent tightD3–frames forR2 given by the orbit of a vectorv.

Example 16.The vertices of the platonic solids inR3, and theM equally spaced unit
vectors inR

2 are highly symmetric tight frames.

Theorem 10.Fix M ≥ N. There is a finite number of highly symmetric Parseval
frames of M vectors forFN (up to unitary equivalence).

Proof. Suppose thatΦ is a highly symmetric Parseval frame ofM vectors forFN.
Then it is determined, up to unitary equivalence, by the representation induced by
Sym(Φ), and a subgroupH which fixes only the one–dimesional subspace spanned
by some vector inΦ . There is a finite number of choices for Sym(Φ) since its order
is ≤ |SM| = M!, and hence (by Maschke’s theorem) a finite number of possible
representations. As there is only a finite number of choices for H, it follows that the
class of such frames is finite.⊓⊔

The highly symmetric tight frames have only recently been defined in [4], where
those corresponding to the Shephard–Todd classification ofthe finite reflection
groupsandcomplex polytopeswere enumerated. We give a couple of examples ([4]):

Example 17.Let G = G(1,1,8) ∼= S8, a member of one of the three infinite families
of imprimitive irreducible complex reflection groupsacting as permutations of the
indices of a vectorx∈C

8 in the subspace consisting of vectors withx1+ · · ·+x8 = 0.
The orbit of the vector

v = 3w2 = (3,3,−1,−1,−1,−1,−1,−1).

gives an equiangular tight frame of 28 vectors for a 7–dimensional space.

Example 18.The Hessianis the regular complex polytope with 27 vertices and
Schl̈afli symbol 3{3}3{3}3. Its symmetry group (Shephard–Todd) ST 25 (of order
648) is generated by the following three reflections of orderthree

R1 =





ω
1

1



 , R2 =
1
3





ω +2 ω −1 ω −1
ω −1 ω +2 ω −1
ω −1 ω −1 ω +2



 , R3 =





1
1

ω



 , ω = e
2π i
3 ,
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and it hasv= (1,−1,0) as a vertex (cf. [6]). These vertices are theH–orbit ofv, with
H the Heisenberg group, which is aHeisenberg frame(see§9). In particular, they
are a highly symmetric tight frame. We observe thatH is normal inG= 〈R1,R2,R3〉.

The classification of all highly symmetric tight frames is inits infancy.

8 Central G–frames

To narrow down the class of unitarily inequivalentG–frames forG nonabelian
(which is infinite), we impose an additional symmetry condition:

Definition 10. A G–frameΦ = (ϕg)g∈G is said to becentral if ν : G→ C defined
by

ν(g) := 〈ϕ1,ϕg〉 = 〈ϕ1,gϕ1〉
is a class function, i.e., is constant on the conjugacy classes ofG.

It is easy to see being central is equivalent to thesymmetry condition

〈gϕ,hϕ〉 = 〈gψ,hψ〉, ∀g,h∈ G, ∀ϕ,ψ ∈ Φ .

Example 19.ForG abelian, allG–frames are central, since the conjugacy classes of
an abelian group are singletons.

Thus centralG–frames generalise harmonic frames toG nonabelian.

Definition 11. Let ρ : G → U (H ) be a representation of a finite groupG. The
character of ρ is the mapχ = χρ : G→ C defined by

χ(g) := trace(ρ(g)).

We now characterise all central ParsevalG–frames in terms of the Gramian. In
particular, it turns out that the class of centralG–frames isfinite.

Theorem 11.([18]) Let G be a finite group with irreducible charactersχ1, . . . ,χr .
ThenΦ = (ϕg)g∈G is a central Parseval G–frame if and only if its Gramian is given
by

Gram(Φ)g,h = ∑
i∈I

χi(1)

|G| χi(g
−1h), (5)

for some I⊂ {1, . . . , r}.

The centralG–frames can be constructed from the irreducible charactersof G, in
a similar way to the harmonic frames.

Corollary 3. Let G be a finite group with irreducible charactersχ1, . . . ,χr . Choose
Parseval G–framesΦi for Hi , i = 1, . . . , r, with
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Gram(Φi) =
χi(1)

|G| M(χi), dim(Hi) = χi(1)2,

e.g., take the columns ofGram(Φi). Then the unique (up to unitary equivalence)
central Parseval G–frame with Gramian(5) is given by the direct sum

⊕i∈I Φi ⊂ H := ⊕i∈IHi .

Further, if ρi : G → U(Cdi ) is a representation with characterχi , thenΦi can be
given as

Φi :=

√

χi(1)

|G| (ρi(g))g∈G ⊂U(Cdi ) ⊂ C
di×di ≈ C

d2
i , (6)

where the inner product on the space of di ×di matrices is〈A,B〉 := trace(B∗A).

Example 20.Let G = D3
∼= S3 be the dihedral group (symmetric group) of order 6

G = D3 = 〈a,b : a3 = 1,b2 = 1,b−1ab= a−1〉,

and write class functions andG–matrices with respect to the order 1,a,a2,b,ab,a2b.
The conjugacy classes are{1},{a,a2},{b,ab,a2b}, and the irreducible characters
are

χ1 =

















1
1
1
1
1
1

















, χ2 =

















1
1
1
−1
−1
−1

















, χ3 =

















2
−1
−1
0
0
0

















.

Corresponding to each of these, there is a central ParsevalG–frameΦi for a space
of dimensionχi(1)2. Sinceχ1 andχ2 are 1–dimensional, (6) gives

Φ1 =
1√
6
(1,1,1,1,1,1), Φ2 =

1√
6
(1,1,1,−1,−1,−1).

A representationρ : D3 →U(C2) ⊂ C
2×2 ≈ C

4 with trace(ρ) = χ3 is given by

ρ(1)=

(

1 0
0 1

)

≈









1
0
0
1









, ρ(a)=

(

ω 0
0 ω2

)

≈









ω
0
0

ω2









, ρ(a2)=

(

ω2 0
0 ω

)

≈









ω2

0
0
ω









,

ρ(b)=

(

0 1
1 0

)

≈









0
1
1
0









, ρ(ab)=

(

0 ω
ω2 0

)

≈









0
ω
ω2

0









, ρ(a2b)=

(

0 ω2

ω 0

)

≈









0
ω2

ω
0









,

and so we obtain from (6)
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Φ3 =
1√
3

(









1
0
0
1









,









ω
0
0

ω2









,









ω2

0
0
ω









,









0
1
1
0









,









0
ω
ω2

0









,









0
ω2

ω
0









)

.

Thus there are seven central ParsevalD3–frames, namely

Φ1,Φ2 ⊂ C, Φ1⊕Φ2 ⊂ C
2, Φ3 ⊂ C

4

Φ1⊕Φ3,Φ2⊕Φ3 ⊂ C
5, Φ1⊕Φ2⊕Φ3 ⊂ C

6.

9 Heisenberg frames (SIC-POVMs) Zauner’s conjecture.

The Mercedes–Benz frame gives three equiangular lines inR
2. The search for such

sets of equiangular lines inRN has a long history, and effectively spawned the area
of algebraic graph theory(see [7]).

Recently, sets ofM = N2 equiangular lines inCN, equivalently equiangular tight
frames ofM = N2 vectors inC

N, have been constructed numerically, and, in some
cases, analytically. We note thatN2 is the maximum number of vectors possible for
an equiangular tight frame forCN ([15]). Such frames are known asSIC-POVMs
(symmetric informationally complete positive operator valued measures) in quan-
tum information theory (see [15]), where they are of considerable interest. The claim
that they exist for allN is usually known asZauner’s conjecture (see [22]).

We now explain how such equiangular tight frames have been, and are expected
to be constructed – as the orbit a (Heisenberg) group.

Fix N ≥ 1, and letω be the primitiveN–th root of unity

ω := e2π i/N.

Let T ∈ C
N×N be the cyclic shift matrix, andΩ ∈ C

N×N the diagonal matrix

T :=

















0 0 0 · · · 0 1
1 0 0 · · · 0 0
0 1 0 · · · 0 0
· · ·
· · ·
0 0 0 1 0

















, Ω :=

















1 0 0 · · 0
0 ω 0 · · 0
0 0 ω2 0
· · ·
· · ·
0 0 0 ωN−1

















.

These have orderN, i.e.,TN = Ω N = Id, and satisfy thecommutativity relation

Ω kT j = ω jkT jΩ k. (7)

In particular, the group generated byT andΩ contains the scalar matricesω r Id.
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Definition 12. The groupH = 〈T,Ω〉 generated by the matricesT andΩ is called
thediscrete Heisenberg group moduloN, or for short theHeisenberg group.

In view of (7), the Heisenberg group has orderN3, and is given explicitly by

H = {ω rT jΩ k : 0≤ r, j,k≤ N−1}.

Sinceω,T,Ω have orderN, it is convenient to allow the indices ofω rT jΩ k to be
integers moduloN. SinceT andΩ are unitary,H is a group of unitary matrices.

The action ofH onC
N is irreducible, and so by Theorem 3, every orbit(gv)g∈H ,

v 6= 0 is a tight frame forCN. For j,k fixed, theN vectorsω rT jΩ kv, 0≤ r ≤ N−1
are scalar multiples of each other, which we identify together. It is in this sense that
the orbit ofH is interpreted as a set ofN2 (hopefully equiangular) vectors:

Φ := {T jΩ kv}( j,k)∈ZN×ZN
. (8)

This Φ is theGabor systemgiven by the subsetΛ = ZN ×ZN
∼= G× Ĝ, G = ZN

(see Chapter X – Gabor frames).

Definition 13. We call a tight frameΦ of the form (8) aHeisenberg frameif it is
an equiangular tight frame, i.e., a SIC–POVM, and thev agenerating vector.

Example 21.The vector

v =
1√
6

(
√

3+
√

3

e
π
4 i
√

3−
√

3

)

generates a Heisenberg frame of 4 equiangular vectors forC
2. To date (see [16]),

there are known analytic solutions forN = 2,3, . . . ,15,19,24,35,48.

Starting with [15], there have been numerous attempts to findgenerating vectors
v for various dimensionsN, starting from numerical solutions. The current state of
affairs is summarised in [16]. We now outline some of the salient points.

The key ideas for finding generating vectors are:

• Solve an equivalent simplified set of equations.
• Find a generating vector with special properties.
• Understand the relationship between generating vectors.

For a unit vectorv∈ C
N, the condition that it generate a Heisenberg frame is:

|〈gv,hv〉| = 1√
N+1

, j 6= k ⇐⇒ |〈v,T jΩ kv〉| = 1√
N+1

, j,k∈ ZN.

This isn’t ammenable to numerical calculation. In [15], thesecond frame potential

f (v) =
N−1

∑
j=0

N−1

∑
k=0

|〈v,T jΩ kv〉|4,
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was minimised over allv satisfyingg(v) = ‖v‖2 = 1. A minimiser of this constained
optimisation problem with

f (v) = 1+(N2−1)
1

(
√

N+1)4
=

2N
N+1

is a generating vector. Various simplified equations for finding generators have been
proposed, most notably (see [1], [2], [14]):

Theorem 12.A vector v= (zj) j∈ZN is a generating vector for a Heisenberg frame
if and only if

∑
j∈ZN

zjzj+szt+ jzj+s+t =











0, s, t 6= 0;
1

N+1, s 6= 0, t = 0, s= 0, t 6= 0;
2

N+1, (s, t) = (0,0).

If v generates a Heisenberg frame,b is a unitary matrix which normalises the
Heisenberg group, thenbv is also a generating vector, since

|〈(bv),g(bv)〉| = |〈v,b∗gbv〉| = |〈v,b−1gbv〉| = 1√
N+1

, g∈ H,g 6= Id.

The normaliser ofH in the unitary matrices is often called theClifford group . This
group contains the Fourier matrix, since

F−1(T jΩ k)F = ω− jkTkΩ− j ∈ H.

and the matrixZ given by

(Z) jk :=
1√
d

µ j( j+d)+2 jk, µ := e
2π i
2N = ω

1
2 ,

since
Z−1(T jΩ k)Z = µ j(d+ j−2k)Tk− jΩ− j .

A scalar multiple ofZ has order 3, i.e.,Z3 =
√

i
1−d

,
√

i := e
2π i
8 . The strong form of

Zauner’s conjecture is:

Conjecture 1.(Zauner). Every generating vector for a Heisenberg frame (up to uni-
tary equivalence) is an eigenvecter ofZ.

All known generating vectors (both numerical and analytic)support this conjec-
ture. Indeed, many were found as eigenvectors ofZ. Without doubt, the solution of
Zauner’s conjecture, and the construction of equiangular tight frames in general, is
one of the central problems in the construction of tight frames via groups. This field
in still in its infancy: frames given as the orbit of more thanone vector (G–invariant
fusion frames) have scarcely been studied.
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